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We propose to simulate bosonic pair creation using large arrays of long-lived dipoles with mul-
tilevel internal structure coupled to an undriven optical cavity. Entanglement between the atoms,
generated by the exchange of virtual photons through a common cavity mode, grows exponentially
fast and is described by two-mode squeezing (TMS) of effective bosonic quadratures. The mapping
between an effective bosonic model and the natural spin description of the dipoles allows us to realize
the analog of optical homodyne measurements via straightforward global rotations and population
measurements of the electronic states, and we propose to exploit this for quantum-enhanced sensing
of an optical phase (common and differential between two ensembles). We discuss a specific imple-
mentation based on Sr atoms and show that our sensing protocol is robust to sources of decoherence
intrinsic to cavity platforms. Our proposal can open unique opportunities for next-generation optical
atomic clocks.

The generation of robust and scalable quantum squeez-
ing on an optical transition has the potential to vastly
improve optical frequency standards in state-of-the-art
atomic clocks and significantly advance capabilities in a
variety of fields ranging from gravimetry [1] to fundamen-
tal physics [2–9]. Despite this promise, experiments have
not yet used squeezing to make any practical improve-
ments to optical frequency standards in state-of-the-art
clocks beyond proof-of-principle experiments [10, 11], due
to a variety of physical and technical challenges. As
a result, the development and theoretical study of new
proposals to generate scalable, robust entangled states
that simultaneously minimize experimental complexity
and respect technical constraints are a crucial task to
make concrete progress in the field of quantum-enhanced
metrology [1, 12–19].

In this Letter, we introduce two-mode squeezing
(TMS) of atoms in a cavity-QED platform as a feasible
path to quantum-enhancement of state-of-the-art clocks.
TMS is realized as the result of a process that produces
entangled pairs of particles. Prior realizations of TMS in
photonic systems generated entangled photons via, e.g.,
four-wave mixing (FWM) of optical fields in a nonlin-
ear medium [20]. Complementary efforts in ultracold
bosonic gases have used the intrinsic nonlinearity pro-
vided by contact interactions [12, 21–26], including spinor
Bose-Einstein condensates (BECs) [27–33], wherein spin-
changing collisions between atoms of different internal
spin states simulate pair production analogous to de-
generate FWM of optical fields [34]. Experiments have
also generated TMS via quantum non-demolition mea-
surements of thermal gases [35–40]. However, these ex-
periments have all been challenged by a variety of fac-
tors – short interaction times in photonics, finite detec-

tion efficiency in QND measurements, and complex spa-
tial dynamics in spinor BECs that limits their scalabil-
ity [41, 42].

We propose to simulate a pair production process
through light-mediated interactions between atoms con-
fined in an undriven optical cavity and exploit it for
quantum-enhanced metrology. Pairs of entangled exci-
tations are generated by the exchange of virtual photons
between a quartet of internal spin states coupled to a
common, far-detuned cavity mode, in a process analo-
gous to FWM. The pinning of the atoms in a deep optical
lattice supported by the cavity, in combination with the
global range of the effective interaction [43], avoids un-
desirable motional decoherence and can enable the study
of large systems. The exploitation of light-mediated uni-
tary exchange interactions realized by coupling an optical
transition to an undriven cavity complements prior work
involving Raman transitions [16, 44], and avoids poten-
tial sources of technical noise introduced by driving the
cavity with an external field, such as fluctuations in the
drive intensity or detuning. Nevertheless, our proposal
can in principle be extended to these systems.

TMS states are well known to have excess quantum
fluctuations in the phase and amplitude quadratures of
each bosonic mode, but suppressed fluctuations of com-
bined quadratures of the two modes. We demonstrate
that, despite the complexity of our underlying physical
system, the generated quadrature squeezing can be read-
ily accessed and exploited for quantum-enhanced sensing
by a sequence of rotations and population measurements
that are straightforward to implement and shown to be
equivalent to a standard Ramsey sequence. Moreover,
engineering TMS on two distinct long-lived optical tran-
sitions lets us design protocols to sense both differential



2

and sum phases imprinted on the atoms. This is a dis-
tinct advantage of our scheme compared to, e.g., atomic
homodyne techniques that have been developed in spinor
BECs but require simultaneous mixing of multiple inter-
nal states [27, 45, 46], or alternatively nonlinear readout
protocols to exploit the correlated noise [47]. We verify
that our protocol is robust to typical sources of decoher-
ence in cavity-QED realizations and thus can be imme-
diately relevant for state-of-the-art time and frequency
standards.

Engineered FWM – We consider an ensemble of atoms
trapped by a deep one-dimensional magic optical lattice
within an optical cavity, such that the spatial dynamics
are effectively frozen. A single cavity mode, with angu-
lar frequency ωc and power decay linewidth κ, couples
to a long-lived optical transition, with angular frequency
ωa and natural decay rate γ � κ, between a manifold
of ground (g) and excited (e) states with single-photon
Rabi frequency 2g0 [see Fig. 1(a)]. We focus on the far-
detuned limit, |∆| = |ωc − ωa| � g0

√
N,κ, for N atoms,

where the dynamics is near-unitary. The cavity field can
be adiabatically eliminated and serves only to mediate
effective interactions between the atoms [48]. For con-
creteness of the following, we consider a system based
on the Zeeman levels of the 1S0 (g) and 3P0 (e) elec-
tronic states in 87Sr with F = 9/2, which are separated
by an optical transition frequency forming the basis of
state-of-the-art optical lattice clocks [49]. However, our
discussion can be generalized to alternative implementa-
tions using, e.g., spatially divided ensembles to emulate
the multiple internal transitions [44, 50].

We assume the atomic ensemble is prepared with
an equal population of atoms in the electronic states
|g,m = −9/2〉 and |e,m = 9/2〉 where m labels the spin
projection of the Zeeman sublevel along the quantization
axis set to be perpendicular to the cavity axis (e.g. by
an external magnetic field). This initial state can be
prepared using a combination of optical pumping and
state-resolved transitions, as explained in [51]. Therein
(see also Fig. 1(b)), we also verify that under this initial
condition, the full atomic spin Hamiltonian involving all
20 levels in 87Sr dominantly drives cavity-mediated dy-
namics only in the quartet of states, |g,m = ±9/2〉 and
|e,m = ±9/2〉, as the population of other Zeeman sub-
levels is suppressed by a combination of collective effects
and favourable Clebsch-Gordan coefficients [51, 52].The
atomic evolution is then described by the effective spin
Hamiltonian [48, 51],

Ĥ = ~χ
(
Ŝ+
A + Ŝ+

B

)(
Ŝ−A + Ŝ−B

)
+ ~δ

(
ŜzB − ŜzA

)
. (1)

Hereafter, we denote the m = −9/2(9/2) manifold as the
A(B) ensemble. We have introduced collective operators

Ŝ+
A =

∑N
i=1 |e,A〉i 〈g,A|i, Ŝ+

B = −∑i |e,B〉i 〈g,B|i and

Ŝzα = 1/2
∑
i (|e, α〉i 〈e, α|i − |g, α〉i 〈g, α|i) for α = A,B,

where the summation runs over all N atoms. The sign
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FIG. 1. (a) Schematic of cavity implementation: Interactions
(χ) between multilevel atoms (internal structure shown in in-
set) are mediated by exchange of virtual photons through a
common cavity mode of angular frequency ωc = ωa+∆ where
∆ is the detuning and ωa is the atomic transition angular fre-
quency. The cavity leaks photons through the mirrors at rate
κ and the atoms undergo spontaneous emission at rate γ. A
magnetic field perpendicular to the cavity axis provides a Zee-
man shift, and sets the quantization direction. (b) Possible
exchange processes (blue) and self-interactions (red) caused
by cavity-mediated interactions. (c) Visualization of the spin
squeezing generated during the dynamics, in the combined
basis of the A and B manifolds. Blue arrows label the Bloch
vector. (d) Squeezing, quantified by the normalized variance
ξ2 = 4

N
(∆S1,−)2 = 4

N
(∆S2,+)2, for δ = Nχ/2 and different

atom numbers N . The UPA prediction (dashed line) agrees
with TWA calculations (solid lines) until corrections beyond
UPA become important (see text). The minimum squeezing

is ξ2min ≈ 0.88/
√
N as shown in the inset.

convention for the B ensemble accounts for the differing
sign of Clebsch-Gordan coefficients for the relevant tran-
sitions in each ensemble, which we absorb in the rais-
ing/lowering operators rather than Hamiltonian defini-
tion for convenience. The cavity detuning ∆ controls the
strength of the interaction, χ ≈ −g2

F /∆ where the ad-

justed Rabi frequency 2gF = 2g0

√
F/(F + 1) includes

an additional factor
√
F/(F + 1) arising from Clebsch-

Gordan coefficients [51]. A relative Zeeman shift, ∝ δ,
splits the energies of the two ensembles.

The first term of Eq. (1) is a flip-flop process that
includes: i) an exchange of an excitation between the
A and B ensembles, e.g., Ŝ+

A Ŝ
−
B + h.c., and ii) a self-

interaction Ŝ+
A Ŝ
−
A + Ŝ+

B Ŝ
−
B . Both can be understood as

the simultaneous destruction of a pair of particles in two
atomic levels and subsequent creation of a pair in two lev-
els, which is analogous to the process of FWM familiar
from quantum and atom optics. We rigorize this analogy
by defining Schwinger boson operators âg,α and âe,α via



3

Ŝ+
α = â†e,αâg,α to rewrite the spin Hamiltonian as,

ĤFWM = ~χ
(
â†e,Aâg,A + â†e,B âg,B

)(
â†g,Aâe,A + â†g,B âe,B

)

+
~δ
2

(
â†g,Aâg,A + â†e,B âe,B − â†e,Aâe,A − â†g,B âg,B

)
,

(2)

where the first line describes a set of FWM processes.
The Hamiltonian (2) is closely related to that realized
via spin-changing interactions in spin-1 BECs [51] un-
der the assumption that all atoms are restricted to a
single common spatial mode. This assumption is not
required in cavity-QED implementations [43, 44, 48]
wherein the infinite-range interactions are generated by
a uniform atomic coupling to a single common cavity
mode, achieved by selective loading of the atoms in the
spatial lattice or by adopting a ring cavity configuration.

Dynamics of pair creation – In quantum optics it is
common to make an undepleted pump approximation
(UPA) [53] to study FWM, corresponding to replacing
âg,A, âe,B ∼

√
N/2 in ĤFWM. For simplicity, we have as-

sumed that the two pump modes are equally populated
and treat the general case with unequal pump popula-
tions in [51]. Further assuming δ = Nχ/2 to effectively
remove the mean-field interaction shift due to the self-
interaction terms χ(Ŝ+

A Ŝ
−
A + Ŝ+

B Ŝ
−
B ) [51] we obtain,

ĤTMS =
N~χ

2

(
â†e,Aâ

†
g,B + h.c.

)
. (3)

This final form elucidates a resonant production of pairs
of bosons, or equivalently the correlated transfer of atom
pairs to the internal levels |e,A〉 and |g,B〉. Using ĤTMS,

the number of entangled particles is n̄(t) = 〈â†e,Aâe,A +

â†g,B âg,B〉 = 2 sinh2(Nχt/2) [32, 54]. We benchmark the
pair production and other predictions by Eq. (3) against
the exact dynamics produced by Eq. (1) in [51].

Two-mode squeezing for enhanced metrology with an
optical transition – It is well established in quantum op-
tics that the Hamiltonian Eq. (3) generates squeezing of
combined two-mode quadrature fluctuations [55]. Con-
sidering χ > 0 without loss of generality, within the
UPA Ĥ produces squeezing along two bosonic quadra-
tures labelled Y+ and X− and anti-squeezing along con-
jugate quadratures X+ and Y− [51], with exponentially
fast suppression or growth of the associated quantum
noise (∆X̂±)2 = 1

2e
±Nχt and (∆Ŷ±)2 = 1

2e
∓Nχt. In

our proposal, the two-mode quadrature squeezing can
be observed in collective spin operators that act on our
four-level system. Specifically, the squeezed quadratures
can be directly mapped to a combination of spin opera-

tors,
√

N
2 X̂− = Ŝ1,− ≡ ŜxB − ŜyA and

√
N
2 Ŷ+ = Ŝ2,+ ≡

ŜyB + ŜxA. Correspondingly, the anti-squeezed quadra-

tures are
√

N
2 Ŷ− = Ŝ2,− ≡ ŜyB − ŜxA and

√
N
2 X̂+ =

Ŝ1,+ ≡ ŜxB + ŜyA.

We can visualize the squeezed quantum noise of the
combined spin state corresponding to the A and B tran-
sitions on a pair of coupled Bloch spheres defined by axes
(S1,−,S2,−,S3,−) and (S1,+,S2,+,S3,−) that share a com-
mon vertical component S3,− = SzB − SzA and for which
the corresponding operators obey standard SU(2) com-
mutation relations [51]. As shown in Fig. 1(c), the state is
squeezed in both Bloch spheres, (∆Ŝ1,−)2 = (∆Ŝ2,+)2 =
Ne−Nχt/4, relative to the level of the initial separable
state.

The UPA prediction for the squeezing, (∆S1,−)2 and
(∆S2,+)2, is verified in Fig. 1(d) by comparing to a cal-
culation of the variances based on a numerical simulation
of the full multilevel cavity implementation, and we find
excellent agreement up to n̄ ∼ 0.76

√
N . The multilevel

cavity dynamics are obtained using a truncated Wigner
approximation (TWA), which approximates the quantum
dynamics by averaging over an ensemble of classical tra-
jectories with initial conditions chosen to reproduce the
quantum fluctuations of the initial state [56–60]. We in-
clude all possible exchange processes between the com-
plete set of 4F+2 ground and excited atomic levels in our
TWA simulation, including, e.g., those mediated by pho-
tons with polarization perpendicular to the quantization
axis [51, 61].

A Ramsey protocol [62] that uses only collective rota-
tions and population measurements of the spins encoded
in the A and B manifolds can be used to take advantage
of the squeezing in the Bloch sphere for enhanced sensing
of phase shifts imprinted on the optical transition. The
protocol is analogous to optical homodyne techniques in
quantum optics, as well as atomic homodyne [45, 63] or
measurements of squeezing in spin-1 BECs [46, 64]. How-
ever, as our atomic realization is based on four internal
levels, as opposed to three in spin-1 BECs, we do not
require any coherent mixing of the F = ±9/2 manifolds.
This also distinguishes our approach from prior demon-
strations of interferometry with Dicke-like states realized
in spin-1 BECs [28], which treat the mF = ±1 modes
as the two internal levels of a collective spin-1/2 system
and uses a Holland-Burnett-type protocol [65]. Such an
approach is sensitive to decoherence [66] and readout er-
rors [19], while in our system it would also add the com-
plex requirement of engineering a coupling between the
F = ±9/2 states.

Here, we present Ramsey protocols for measuring sum
and difference optical phases imprinted on the atoms,
illustrated in Fig. 2. Measuring differential phases has
several applications including gravimetry [67], measur-
ing gravitational redshifts [68–71], and detecting gravi-
tational waves [72, 73] and dark matter [74]. Measuring
the sum phase is useful for improving state-of-the-art op-
tical atomic clocks.

To measure a differential phase imprinted by a rotation
about SzB − SzA, we begin our protocol with a π/2-pulse
that rotates atoms in the A ensemble about Sx and those
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<latexit sha1_base64="fU68I3LAKMs/5N2uYFfQ5fFCunU=">AAACJ3icbVBNS8NAFNzU7++qRy/BIghqSVTUo+jFo6JVoanlZfPaLt3dhN2NUkJ+ilfFX+NN9Ogv0U3bg1UHFoaZ93izEyacaeN5H05pbHxicmp6ZnZufmFxqby8cq3jVFGs0ZjH6jYEjZxJrBlmON4mCkGEHG/C7mnh39yj0iyWV6aXYENAW7IWo2Cs1CwvBwJMhwLPLvNm5m/v5M1yxat6fbh/iT8kFTLEebP8FUQxTQVKQzloXfe9xDQyUIZRjvlskGpMgHahjXVLJQjUjawfPXc3rBK5rVjZJ43bV39uZCC07onQThZB9W+vEP/z6qlpHTUyJpPUoKSDQ62UuyZ2ix7ciCmkhvcsAaqYzerSDiigxrY1ciVU0EVj/yHxgcZCgIyyYCvP7oII2m1URWP+737+kuvdqn9Q3bvYrxyfDLubJmtknWwSnxySY3JGzkmNUPJAHskTeXZenFfnzXkfjJac4c4qGYHz+Q2fbKbd</latexit>S1,�
<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="fU68I3LAKMs/5N2uYFfQ5fFCunU=">AAACJ3icbVBNS8NAFNzU7++qRy/BIghqSVTUo+jFo6JVoanlZfPaLt3dhN2NUkJ+ilfFX+NN9Ogv0U3bg1UHFoaZ93izEyacaeN5H05pbHxicmp6ZnZufmFxqby8cq3jVFGs0ZjH6jYEjZxJrBlmON4mCkGEHG/C7mnh39yj0iyWV6aXYENAW7IWo2Cs1CwvBwJMhwLPLvNm5m/v5M1yxat6fbh/iT8kFTLEebP8FUQxTQVKQzloXfe9xDQyUIZRjvlskGpMgHahjXVLJQjUjawfPXc3rBK5rVjZJ43bV39uZCC07onQThZB9W+vEP/z6qlpHTUyJpPUoKSDQ62UuyZ2ix7ciCmkhvcsAaqYzerSDiigxrY1ciVU0EVj/yHxgcZCgIyyYCvP7oII2m1URWP+737+kuvdqn9Q3bvYrxyfDLubJmtknWwSnxySY3JGzkmNUPJAHskTeXZenFfnzXkfjJac4c4qGYHz+Q2fbKbd</latexit>S1,�
<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="fU68I3LAKMs/5N2uYFfQ5fFCunU=">AAACJ3icbVBNS8NAFNzU7++qRy/BIghqSVTUo+jFo6JVoanlZfPaLt3dhN2NUkJ+ilfFX+NN9Ogv0U3bg1UHFoaZ93izEyacaeN5H05pbHxicmp6ZnZufmFxqby8cq3jVFGs0ZjH6jYEjZxJrBlmON4mCkGEHG/C7mnh39yj0iyWV6aXYENAW7IWo2Cs1CwvBwJMhwLPLvNm5m/v5M1yxat6fbh/iT8kFTLEebP8FUQxTQVKQzloXfe9xDQyUIZRjvlskGpMgHahjXVLJQjUjawfPXc3rBK5rVjZJ43bV39uZCC07onQThZB9W+vEP/z6qlpHTUyJpPUoKSDQ62UuyZ2ix7ciCmkhvcsAaqYzerSDiigxrY1ciVU0EVj/yHxgcZCgIyyYCvP7oII2m1URWP+737+kuvdqn9Q3bvYrxyfDLubJmtknWwSnxySY3JGzkmNUPJAHskTeXZenFfnzXkfjJac4c4qGYHz+Q2fbKbd</latexit>S1,�
<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="33CgaqBYK/yWu7Mk+wZOM9JGZ4I=">AAACJ3icbVBNS8NAFNzUr/pd9eglWARBLYmKehS9eFS0KjS1vGxe69LdTdjdWErIT/Gq+Gu8iR79JbqpPah1YGGYeY83O2HCmTae9+6UxsYnJqfK0zOzc/MLi5Wl5Ssdp4pincY8VjchaORMYt0ww/EmUQgi5Hgddk8K//oelWaxvDT9BJsCOpK1GQVjpVZlKRBg7ijw7CJvZbtb23mrUvVq3gDuKPGHpEqGOGtVPoMopqlAaSgHrRu+l5hmBsowyjGfCVKNCdAudLBhqQSBupkNoufuulUitx0r+6RxB+rPjQyE1n0R2skiqP7rFeJ/XiM17cNmxmSSGpT0+1A75a6J3aIHN2IKqeF9S4AqZrO69A4UUGPb+nUlVNBFY/8hsUdjIUBGWbCZZ7dBBJ0OqqIx/28/o+Rqp+bv13bP96pHx8PuymSVrJEN4pMDckROyRmpE0p65IE8kifn2XlxXp2379GSM9xZIb/gfHwBotSm3w==</latexit>S3,�

(a) First pulse Final pulsePhase accumulation

<latexit sha1_base64="+1B/hzqMe8CZ/m+IN+QYRXRZQQY=">AAACJ3icbVDLSsNAFJ34rPXV6tJNsAiCUhIVdSm6cVnRWqGp5WZyW4fOTMLMRCkhn+JW8WvciS79Ep3ULnwdGDiccy/3zAkTzrTxvDdnYnJqema2NFeeX1hcWq5UVy51nCqKTRrzWF2FoJEziU3DDMerRCGIkGMrHJwUfusWlWaxvDDDBDsC+pL1GAVjpW6lGggwNxR4dp53M397K+9Wal7dG8H9S/wxqZExGt3KRxDFNBUoDeWgddv3EtPJQBlGOeblINWYAB1AH9uWShCoO9koeu5uWCVye7GyTxp3pH7fyEBoPRShnSyC6t9eIf7ntVPTO+xkTCapQUm/DvVS7prYLXpwI6aQGj60BKhiNqtLb0ABNbatH1dCBQM09h8S72gsBMgoC7by7DqIoN9HVTTm/+7nL7ncqfv79d2zvdrR8bi7Elkj62ST+OSAHJFT0iBNQskduScP5NF5cp6dF+f1a3TCGe+skh9w3j8BnAim2w==</latexit>S1,+
<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="33CgaqBYK/yWu7Mk+wZOM9JGZ4I=">AAACJ3icbVBNS8NAFNzUr/pd9eglWARBLYmKehS9eFS0KjS1vGxe69LdTdjdWErIT/Gq+Gu8iR79JbqpPah1YGGYeY83O2HCmTae9+6UxsYnJqfK0zOzc/MLi5Wl5Ssdp4pincY8VjchaORMYt0ww/EmUQgi5Hgddk8K//oelWaxvDT9BJsCOpK1GQVjpVZlKRBg7ijw7CJvZbtb23mrUvVq3gDuKPGHpEqGOGtVPoMopqlAaSgHrRu+l5hmBsowyjGfCVKNCdAudLBhqQSBupkNoufuulUitx0r+6RxB+rPjQyE1n0R2skiqP7rFeJ/XiM17cNmxmSSGpT0+1A75a6J3aIHN2IKqeF9S4AqZrO69A4UUGPb+nUlVNBFY/8hsUdjIUBGWbCZZ7dBBJ0OqqIx/28/o+Rqp+bv13bP96pHx8PuymSVrJEN4pMDckROyRmpE0p65IE8kifn2XlxXp2379GSM9xZIb/gfHwBotSm3w==</latexit>S3,�

<latexit sha1_base64="ATyu/suuui5Q1H6vyJJLzFhI2+4="></latexit>

�
<latexit sha1_base64="+1B/hzqMe8CZ/m+IN+QYRXRZQQY=">AAACJ3icbVDLSsNAFJ34rPXV6tJNsAiCUhIVdSm6cVnRWqGp5WZyW4fOTMLMRCkhn+JW8WvciS79Ep3ULnwdGDiccy/3zAkTzrTxvDdnYnJqema2NFeeX1hcWq5UVy51nCqKTRrzWF2FoJEziU3DDMerRCGIkGMrHJwUfusWlWaxvDDDBDsC+pL1GAVjpW6lGggwNxR4dp53M397K+9Wal7dG8H9S/wxqZExGt3KRxDFNBUoDeWgddv3EtPJQBlGOeblINWYAB1AH9uWShCoO9koeu5uWCVye7GyTxp3pH7fyEBoPRShnSyC6t9eIf7ntVPTO+xkTCapQUm/DvVS7prYLXpwI6aQGj60BKhiNqtLb0ABNbatH1dCBQM09h8S72gsBMgoC7by7DqIoN9HVTTm/+7nL7ncqfv79d2zvdrR8bi7Elkj62ST+OSAHJFT0iBNQskduScP5NF5cp6dF+f1a3TCGe+skh9w3j8BnAim2w==</latexit>S1,+

<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="33CgaqBYK/yWu7Mk+wZOM9JGZ4I=">AAACJ3icbVBNS8NAFNzUr/pd9eglWARBLYmKehS9eFS0KjS1vGxe69LdTdjdWErIT/Gq+Gu8iR79JbqpPah1YGGYeY83O2HCmTae9+6UxsYnJqfK0zOzc/MLi5Wl5Ssdp4pincY8VjchaORMYt0ww/EmUQgi5Hgddk8K//oelWaxvDT9BJsCOpK1GQVjpVZlKRBg7ijw7CJvZbtb23mrUvVq3gDuKPGHpEqGOGtVPoMopqlAaSgHrRu+l5hmBsowyjGfCVKNCdAudLBhqQSBupkNoufuulUitx0r+6RxB+rPjQyE1n0R2skiqP7rFeJ/XiM17cNmxmSSGpT0+1A75a6J3aIHN2IKqeF9S4AqZrO69A4UUGPb+nUlVNBFY/8hsUdjIUBGWbCZZ7dBBJ0OqqIx/28/o+Rqp+bv13bP96pHx8PuymSVrJEN4pMDckROyRmpE0p65IE8kifn2XlxXp2379GSM9xZIb/gfHwBotSm3w==</latexit>S3,�

<latexit sha1_base64="+1B/hzqMe8CZ/m+IN+QYRXRZQQY=">AAACJ3icbVDLSsNAFJ34rPXV6tJNsAiCUhIVdSm6cVnRWqGp5WZyW4fOTMLMRCkhn+JW8WvciS79Ep3ULnwdGDiccy/3zAkTzrTxvDdnYnJqema2NFeeX1hcWq5UVy51nCqKTRrzWF2FoJEziU3DDMerRCGIkGMrHJwUfusWlWaxvDDDBDsC+pL1GAVjpW6lGggwNxR4dp53M397K+9Wal7dG8H9S/wxqZExGt3KRxDFNBUoDeWgddv3EtPJQBlGOeblINWYAB1AH9uWShCoO9koeu5uWCVye7GyTxp3pH7fyEBoPRShnSyC6t9eIf7ntVPTO+xkTCapQUm/DvVS7prYLXpwI6aQGj60BKhiNqtLb0ABNbatH1dCBQM09h8S72gsBMgoC7by7DqIoN9HVTTm/+7nL7ncqfv79d2zvdrR8bi7Elkj62ST+OSAHJFT0iBNQskduScP5NF5cp6dF+f1a3TCGe+skh9w3j8BnAim2w==</latexit>S1,+
<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="33CgaqBYK/yWu7Mk+wZOM9JGZ4I=">AAACJ3icbVBNS8NAFNzUr/pd9eglWARBLYmKehS9eFS0KjS1vGxe69LdTdjdWErIT/Gq+Gu8iR79JbqpPah1YGGYeY83O2HCmTae9+6UxsYnJqfK0zOzc/MLi5Wl5Ssdp4pincY8VjchaORMYt0ww/EmUQgi5Hgddk8K//oelWaxvDT9BJsCOpK1GQVjpVZlKRBg7ijw7CJvZbtb23mrUvVq3gDuKPGHpEqGOGtVPoMopqlAaSgHrRu+l5hmBsowyjGfCVKNCdAudLBhqQSBupkNoufuulUitx0r+6RxB+rPjQyE1n0R2skiqP7rFeJ/XiM17cNmxmSSGpT0+1A75a6J3aIHN2IKqeF9S4AqZrO69A4UUGPb+nUlVNBFY/8hsUdjIUBGWbCZZ7dBBJ0OqqIx/28/o+Rqp+bv13bP96pHx8PuymSVrJEN4pMDckROyRmpE0p65IE8kifn2XlxXp2379GSM9xZIb/gfHwBotSm3w==</latexit>S3,�

<latexit sha1_base64="+1B/hzqMe8CZ/m+IN+QYRXRZQQY=">AAACJ3icbVDLSsNAFJ34rPXV6tJNsAiCUhIVdSm6cVnRWqGp5WZyW4fOTMLMRCkhn+JW8WvciS79Ep3ULnwdGDiccy/3zAkTzrTxvDdnYnJqema2NFeeX1hcWq5UVy51nCqKTRrzWF2FoJEziU3DDMerRCGIkGMrHJwUfusWlWaxvDDDBDsC+pL1GAVjpW6lGggwNxR4dp53M397K+9Wal7dG8H9S/wxqZExGt3KRxDFNBUoDeWgddv3EtPJQBlGOeblINWYAB1AH9uWShCoO9koeu5uWCVye7GyTxp3pH7fyEBoPRShnSyC6t9eIf7ntVPTO+xkTCapQUm/DvVS7prYLXpwI6aQGj60BKhiNqtLb0ABNbatH1dCBQM09h8S72gsBMgoC7by7DqIoN9HVTTm/+7nL7ncqfv79d2zvdrR8bi7Elkj62ST+OSAHJFT0iBNQskduScP5NF5cp6dF+f1a3TCGe+skh9w3j8BnAim2w==</latexit>S1,+
<latexit sha1_base64="fRQO6dboJWRvcvrbKOstelzsg3g=">AAACJ3icbVDLSsNAFJ34tr5aXboJFkFQSlJFXYpuXCraKjS13Exu69CZSZiZWErIp7hV/Bp3oku/RCe1C18HBg7n3Ms9c8KEM208782ZmJyanpmdmy8tLC4tr5Qrq00dp4pig8Y8VtchaORMYsMww/E6UQgi5HgV9k8K/+oOlWaxvDTDBNsCepJ1GQVjpU65EggwtxR4dpF3svrOdt4pV72aN4L7l/hjUiVjnHXKH0EU01SgNJSD1i3fS0w7A2UY5ZiXglRjArQPPWxZKkGgbmej6Lm7aZXI7cbKPmnckfp9IwOh9VCEdrIIqn97hfif10pN97CdMZmkBiX9OtRNuWtit+jBjZhCavjQEqCK2awuvQUF1Ni2flwJFfTR2H9IHNBYCJBRFmzn2U0QQa+HqmjM/93PX9Ks1/z92u75XvXoeNzdHFknG2SL+OSAHJFTckYahJIBuScP5NF5cp6dF+f1a3TCGe+skR9w3j8Bnbym3A==</latexit>S2,+

<latexit sha1_base64="33CgaqBYK/yWu7Mk+wZOM9JGZ4I=">AAACJ3icbVBNS8NAFNzUr/pd9eglWARBLYmKehS9eFS0KjS1vGxe69LdTdjdWErIT/Gq+Gu8iR79JbqpPah1YGGYeY83O2HCmTae9+6UxsYnJqfK0zOzc/MLi5Wl5Ssdp4pincY8VjchaORMYt0ww/EmUQgi5Hgddk8K//oelWaxvDT9BJsCOpK1GQVjpVZlKRBg7ijw7CJvZbtb23mrUvVq3gDuKPGHpEqGOGtVPoMopqlAaSgHrRu+l5hmBsowyjGfCVKNCdAudLBhqQSBupkNoufuulUitx0r+6RxB+rPjQyE1n0R2skiqP7rFeJ/XiM17cNmxmSSGpT0+1A75a6J3aIHN2IKqeF9S4AqZrO69A4UUGPb+nUlVNBFY/8hsUdjIUBGWbCZZ7dBBJ0OqqIx/28/o+Rqp+bv13bP96pHx8PuymSVrJEN4pMDckROyRmpE0p65IE8kifn2XlxXp2379GSM9xZIb/gfHwBotSm3w==</latexit>S3,�

<latexit sha1_base64="+1B/hzqMe8CZ/m+IN+QYRXRZQQY=">AAACJ3icbVDLSsNAFJ34rPXV6tJNsAiCUhIVdSm6cVnRWqGp5WZyW4fOTMLMRCkhn+JW8WvciS79Ep3ULnwdGDiccy/3zAkTzrTxvDdnYnJqema2NFeeX1hcWq5UVy51nCqKTRrzWF2FoJEziU3DDMerRCGIkGMrHJwUfusWlWaxvDDDBDsC+pL1GAVjpW6lGggwNxR4dp53M397K+9Wal7dG8H9S/wxqZExGt3KRxDFNBUoDeWgddv3EtPJQBlGOeblINWYAB1AH9uWShCoO9koeu5uWCVye7GyTxp3pH7fyEBoPRShnSyC6t9eIf7ntVPTO+xkTCapQUm/DvVS7prYLXpwI6aQGj60BKhiNqtLb0ABNbatH1dCBQM09h8S72gsBMgoC7by7DqIoN9HVTTm/+7nL7ncqfv79d2zvdrR8bi7Elkj62ST+OSAHJFT0iBNQskduScP5NF5cp6dF+f1a3TCGe+skh9w3j8BnAim2w==</latexit>S1,+
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FIG. 2. (a) Ramsey sequence to measure a differential clock
phase shift imprinted on the atoms. A first π/2 pulse rotates
the Bloch vector to the equator. Next, a phase accumulation
rotates the Bloch vector about Sz

B−Sz
A by an angle φ, before

a final π/2 pulse rotates the Bloch vector for readout via mea-

suring Ŝz
B − Ŝz

A. (b) Ramsey sequence to measure the sum
phase imprinted on the atoms. The first π/2 pulse defines the
squeezed distribution on a joint Bloch sphere of A and B de-
fined by the axes (S1,−,S2,+,S3,+). After phase accumulation

about Ŝz
B + Ŝz

A, the final pulse again rotates the Bloch vector
for readout via measuring Ŝz

B+Ŝz
A. In both cases, dashed blue

arrows mark the Bloch vector at each stage. The subscript
x(y) for the pulses denote the axis of rotation Sx(Sy), and the
degree 0◦(90◦) in the subscript conveys the same information
via the phase of the laser pulse.

in the B ensemble by Sy, i.e implements exp(−iπ2 Ŝ2,+).
Next, we accumulate a relative phase shift by a rotation
of φ about −SzA and SzB (i.e. S3,−), and finally apply a
second π/2-pulse which rotates atoms in the A and B en-
sembles about Sy and Sx, i.e. implements exp(−iπ2 Ŝ1,+).
The action of this pulse sequence on the state is best vi-
sualized by looking at the spin distribution on the Bloch
spheres, as shown in Fig. 2(a), where the initial spin dis-
tribution is to that of the lower Bloch sphere in Fig. 1(c).
The final pulse converts the rotation Ûφ into a change in
the difference in atomic inversions

〈ŜzB − ŜzA〉 =
N

2
sinφ. (4)

This Ramsey sequence does not imprint any information
about the differential phase on the upper Bloch sphere
in Fig. 1(c) [51].

The sum phase, imprinted by a collective rotation
around S3,+ ≡ SzA + SzB , is similarly inferred by an-
other Ramsey protocol shown in Fig. 2(b). Note that
neither Bloch sphere in Fig. 1(c) has S3,+ as an axis.
Therefore, the first pulse in this Ramsey protocol, im-
plementing exp(−iπ2 Ŝ2,−), is chosen such that it rotates
the axes in the Bloch sphere from (S1,+,S2,+,S3,−) to
(−S3,+,S2,+,S1,−), thus introducing S3,+ into relevance.

The remainder of the sequence proceeds analogously to
that for the differential phase.

The sensitivity of both protocols, computed within the
UPA, is:

(∆φ)2 ≡ (∆O)2

(d 〈Ô〉 /dφ)2
=
e−Nχt

N
+
n̄(n̄+ 2)

4N2
tan2 φ, (5)

where Ô is the observable measured. Equation (5) pre-
dicts an advantage relative to the SQL, (∆φ)2 = 1/N ,
for any n̄ > 0 and a wide dynamic range of φ, | tanφ| <
2
√
N/n̄, which can be O(1).

The sensitivity [Eq. (5)] can be degraded by other ef-
fects not included in the ideal analysis, including (i) cor-
rections beyond the UPA, (ii) decoherence, and (iii) fluc-
tuations in the total and relative populations of the A and
B ensembles. We discuss (i) and (ii) below, and leave the
discussion on (iii) to [51]. There, we show that number
fluctuations at the level of shot noise provide a compa-
rable degradation of the sensitivity to that generated by
(i) and (ii).

The leading corrections to ĤTMS can be captured by
iteratively modifying the UPA to include depletion of the
pump states |g,A〉 and |e,B〉 by n̄/2. This is achieved

by setting âg,A, âe,B ≈
√

N−n̄
2 where n̄ = 2 sinh2 Nχt

2 is

taken to be the original UPA result as a first approxi-
mation. Making this correction has two physical conse-
quences [51]: i) the effective nonlinearity χ(N−n̄)/2 driv-
ing pair production is reduced relative to the UPA, and ii)
the pair production is no longer resonant as the Zeeman
shift δ = χN/2 is static and does not completely can-
cel the mean-field shift introduced by the self-interaction
terms in Eq. (2). For 1 � n̄ � N we then obtain the
beyond-UPA sensitivity [51]

(∆φ)2 ≈ 1

2Nn̄
+

n̄3

2N3
+
n̄(n̄+ 2)

4N2
tan2 φ. (6)

The optimal sensitivity remains enhanced relative to the
SQL, with a lower bound of (∆φ)2 = 2/(33/4N3/2) that
occurs for n̄ =

√
N/31/4, in agreement with TWA results.

Decoherence – Dissipative noise in our system intrin-
sically arises from superradiant decay, at a rate Γ ≈
g2
Fκ/∆

2, due to leakage of the photons that mediate the
effective atom-atom interaction from the cavity, and sin-
gle particle spontaneous emission into free space at the
rate γ. While both are deleterious for sensing, we show
that our protocol can achieve sub-SQL sensitivity even
with these sources of decoherence.

Collective decay is treated by solving a Lindblad mas-
ter equation with jump operator L̂ =

√
Γ(Ŝ−A + Ŝ−B ),

which captures the dominant process where an emitted
photon polarized along the quantization axis is lost from
the cavity [51]. Spontaneous emission is included through
jump operators L̂i =

√
γ(σ̂−A,i + σ̂−B,i), where σ̂−m,i is the

spin-lowering operator in the manifold with azimuthal
quantum number m for the ith atom.
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FIG. 3. (a) Scaled sensitivity,
√
N∆φ, versus time for dif-

ferent cavity detunings ∆, and C = 10 and N = 105. The
best sensitivity is achieved at an optimum time for each ∆.
(b) Scaled best sensitivity, N3/4∆φ, versus ∆/(

√
Nκ). In

each case, the minima occur at similar ∆/(
√
Nκ), and have

similar values (up to logarithmic corrections).

In Fig. 3(a) we plot the scaled sensitivity,
√
N∆φ, as a

function of time in the presence of decoherence for a range
of cavity detunings. It decreases from the initial SQL to a
minimum value at an optimum time that depends on the
detuning. This optimum time balances the gain obtained
by reaching a higher n̄ versus the loss in squeezing due
to decoherence. Optimising this interplay via ∆ (thus
tuning χ relative to Γ and γ), we obtain a best achievable
sensitivity [see Fig. 3(b) and [51]]

(∆φ)2 =

√
2 ln(2NC)

N3/2
√
C

, (7)

for ∆ = κ
√
NC

2
√

ln(2NC)
, with C = 4g2

F /κγ the single-atom

cooperativity. Current experimental setups [43, 52], with
κ/2π ∼ 150 kHz and g/2π ∼ 4 Hz, can reach a collective
cooperativity NC = 4 × 105 with N = 106 atoms, and
NC = 107 is within reach. The sensitivity in Eq. (7) is
only slightly degraded from the ideal case [see Fig. 1(d)
and Eq. (6)] and is competitive with the best sensitivities
achievable with the paradigmatic approach of one-axis
twisting when decoherence is incorporated [1, 13, 75].

Outlook – Our proposal offers new opportunities to
study and exploit the exponentially rapid generation of
entanglement in atomic systems, driven by connections to
well established concepts in quantum optics. Moreover,
our proposal highlights new possibilities for the realiza-
tion and investigation of diverse models of bosonic pair
production in highly tunable quantum simulators featur-
ing spin-spin interactions.
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[28] B. Lücke, M. Scherer, J. Kruse, L. Pezzé, F. Deuret-
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