ars CHGRUS

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Artificial Non-Abelian Lattice Gauge Fields for Photons in
the Synthetic Frequency Dimension
Dali Cheng, Kai Wang, and Shanhui Fan
Phys. Rev. Lett. 130, 083601 — Published 22 February 2023
DOI: 10.1103/PhysRevlLett.130.083601


https://dx.doi.org/10.1103/PhysRevLett.130.083601

Avrtificial non-Abelian lattice gauge fields for photons in the synthetic frequency dimension

Dali Cheng,! Kai Wang,! and Shanhui Fan*"
1Ginzton Laboratory and Department of Electrical Engineering, Stanford University, Stanford,
California 94305, USA

*shanhui@stanford.edu

Abstract

Non-Abelian gauge fields give rise to nontrivial topological physics. Here we develop a scheme
to create an arbitrary SU(2) lattice gauge field for photons in the synthetic frequency dimension using
an array of dynamically modulated ring resonators. The photon polarization is taken as the spin basis
to implement the matrix-valued gauge fields. Using a non-Abelian generalization of the Harper—
Hofstadter Hamiltonian as a specific example, we show that the measurement of the steady-state photon
amplitudes inside the resonators can reveal the band structures of the Hamiltonian, which show
signatures of the underlying non-Abelian gauge field. These results provide opportunities to explore

novel topological phenomena associated with non-Abelian lattice gauge fields in photonic systems.

Introduction—An important theme of physics research in the past decades is to use gauge fields
to create systems with nontrivial topological properties. A canonical example is the quantum Hall effect
[1], where a U(1) gauge field is coupled to electrons in two dimensions, resulting in electronic band
structures with a nontrivial topology and topologically robust edge states. As a generalization of the
guantum Hall effect, a topological insulator can be described as electrons coupled to a spin-dependent
Abelian gauge field [2,3]. More recently, there is emerging interest in more complex topological physics
based on non-Abelian gauge fields [4-14]. While the concept of gauge fields was initially developed
for electronic systems, in recent years there are significant efforts in synthesizing gauge fields for other
systems including photons [15-23], phonons [24-30] and cold atoms [7,31-43].

Different from the U(1) gauge field which manifests in nature as the magnetic field coupled to
electrons, non-Abelian gauge fields do not naturally exist for either electrons or photons. Therefore, to
explore the associated physics, non-Abelian gauge fields need to be artificially synthesized [44], as has
been demonstrated on diverse experimental platforms, including cold atoms [7,31-34,36,40,42,43],
exciton-polaritons [45-51], mechanics and acoustics [24,28], superconducting circuits [52], electrical
circuits [53], and molecular systems [54]. For photons, there have also been recent works that create
non-Abelian gauge fields [15,16,21,22]. These works, however, have not incorporated the synthetic

non-Abelian gauge fields into lattice systems to achieve topological insulator physics.
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In this Letter we propose to create a lattice system with an arbitrary SU(2) non-Abelian gauge field
for photons in the synthetic frequency dimension. The concept of synthetic dimensions is to couple
internal degrees of freedom of particles to form a synthetic lattice system [55-80]. In a photonic ring
resonator, for example, electro-optic modulators can be incorporated to couple different longitudinal
modes together to form a synthetic frequency lattice [66]. The Hamiltonian of such a synthetic
frequency lattice can be programmed by designing the waveforms of the electrical signals that control
the modulators, which results in significant tunability and flexibility in creating different Hamiltonians
[63,66]. Artificial U(1) gauge fields have been achieved for photons in synthetic frequency dimensions
[18,20].

To create an arbitrary SU(2) non-Abelian lattice gauge field in the synthetic frequency dimension,
we consider a system consisting of an array of coupled ring resonators. We take the polarization as the
pseudo-spin for photons, and each resonator incorporates two electro-optic modulators and two
polarization rotators. We show that a non-Abelian gauge field in a lattice can be achieved with an
appropriate configuration of these polarization rotators and modulators. As an example, we implement
an SU(2) generalization of the Harper—Hofstadter Hamiltonian, the U(1) version of which is directly
related to the quantum Hall effect. Using humerical calculations, we show that by measuring the steady-
state photon amplitudes inside the resonators, the bulk states, topologically protected edge states and
the non-Abelian ‘Hofstadter butterflies’ can be directly probed, all of which show signatures of the
underlying non-Abelian gauge field. The results here point to a pathway to artificially synthesize non-
Abelian lattice gauge fields for photons and to explore the associated topological physics.

Results—Figure 1 illustrates our setup to create the non-Abelian gauge field in a two-dimensional
lattice. As shown in Fig. 1(b), Our setup consists of a one-dimensional array of coupled ring resonators.
For each resonator, the main section of the waveguides supports two electromagnetic modes with
orthogonal polarizations, denoted as the s- and p-polarizations. We use these two polarizations to form
the pseudo-spin state basis for the photons, with the s and p polarizations corresponding to the spin up
and down states, respectively. We assume that the two polarizations are degenerate in the main section,
and the group velocity dispersion of the waveguides is negligible. Hence the resonator has the same
free spectral range 2 for both polarizations. Neighboring resonators are coupled to each other. Because
of the nature of coupling, light in the neighboring resonators propagates in opposite clockwise or
counter-clockwise directions. We assume that the coupling preserves the photon spin state, and the
coupling strength k is real, frequency-independent, and spin-independent.

Within each resonator [Fig. 1(c)], we incorporate two polarization rotators in the main section of
the waveguide. The polarization rotators perform SU(2) transformations on the photon spin state [81].
The main section of the waveguide is connected with a polarization splitter and a combiner, which
separate the spin-up and spin-down states into two different polarization-maintaining waveguide
branches. Within each branch there is an electro-optic modulator. These two modulators in two branches

are independently controlled and modulated at the frequency 2.

2



The coupled resonator array is modeled by the tight-binding lattice structure shown in Fig. 1(a).
The coupling between neighboring resonators forms one spatial dimension, labeled by the resonator
index m. The frequency modes of the ring resonators form a synthetic dimension, labeled by the mode
index n. With the modulation frequency of the modulators chosen at the free spectral range £25 of the
resonators, the neighboring frequency modes in each resonator are coupled [20]. In the following, we
show that by properly choosing the parameters for the polarization rotators and the modulators, an
arbitrary SU(2) gauge field can be implemented in the two-dimensional lattice in Fig. 1(a).

We start by examining the m-th resonator in the array by itself and show that along the synthetic

frequency dimension, this resonator can implement the Hamiltonian

A = =9 ) (@hns1Unlmn +H.c.)
n

1
with proper design of the polarization rotators and the modulators. (We assume 2 = 1 throughout the
Letter.) In Eq. (1), g is the real coupling strength between neighboring sites along the synthetic
frequency dimension. a,, , = [am,n,T, am,n,l]T with @, ,, 1 and @, ,, , being the annihilation operators
for the spin-up and spin-down states on the (m, n) lattice site, respectively. a, , = [a}, ..+, @} 1] Un,
the link variable along the synthetic frequency dimension, is an element of the SU(2) matrix group, and
can be explicitly written as

iam ~iBm <
=\ ot ) T
)
Upn = exp(id,,). Ay, a 2%2 Hermitian matrix, is the corresponding gauge potential.
To show Eq. (1), we expand the electric field inside the m-th resonator at the time TTx + t as
Yyim,t,T) = Z A (T)e MRS
n
®)

Here y(m,t,T) = [1(m,t,T), ¥, (m,t, T)]T describes the spin-dependent amplitude of the electric
field. T, = 21/0y is the round-trip propagation time of light inside the resonator. t € (—Tx/2,Tz/2]

is the fast time variable for light propagation within each round trip, and T, a non-negative integer, is
the slow time variable indexing the number of round trips [59]. an, »(T) = [am,an(T),amln,l(T)]T
describes the spin-dependent amplitudes on the lattice site labelled by (m, n). After the light passes
through a round trip inside the resonator, the electric field becomes

Yy(mt,T+1) = Z A (T + 1)en2RE = VmDm(t)VrrtZ (U (T)M2RE
n

n

(4)



where V;,, and V,,t describe the time-independent polarization rotations, and D,, (t) describes the time-
dependent, spin-dependent modulation in Fig. 1(c). We take the transmission functions of the
modulation as

i2gTR COS(QRt+8m) 0 cos(2xt + 6,) 0

0 cos(2xt — &)
(5)

The modulation frequency is 2, the modulation strength is 2gTx, and the two modulators differ in

Dp(t) = [ ~ I, + iZgTR[

0 eiZgTR cos(2grt—8m)

their phases by 24,,, . Iy is the N x N identity matrix, and the approximation in Eq. (5) is valid in the
weak-modulation limit gTr <« 1. Inserting Eq. (5) into Eq. (4), we obtain
Amn (T + 1) = G (T) = igTg[Vne®mozVlia,, \ 1 (T) + Ve ©¥mo2yia, o ()]

(6)
where oy, g, and o, are the Pauli matrices for the photon spin. By defining dra, , [am,n(T +1) -
amn(T)]/Tr [59], we obtain

107y = —g(Vipe!mozyta, -\ + Ve Omozyta 1)

()
Comparing Eqg. (7) and the Hamiltonian in Eq. (1), we find that they describe the same dynamics if
Uy = Vme‘iamazvnt . Therefore, to implement the link variable U,,, described by Eq. (2), the parameters
for the modulators and the polarization rotators are chosen as

8, = cos™1(cos ,, cos a,,)
V, = e_l(ﬂTm%)aze”’m"y Vim = lArg(— cos 0,, sina,, + i sin6,,)
m ) m =5 m m m

(8)
where Arg() is the principal value of the complex argument in the range (—m, m].

Next, we take into account the coupling between neighboring resonators in the array. In the weak-
coupling and weak-modulation regime, i.e., kT < 1 and gTz < 1, the Hamiltonian describing the
entire resonator array in Fig. 1(b) is

q- 4 a t R
H=- Z(Kam+1,nam,n + gam,n+1Umam,n + H. C.)

mn

9)
The loop operator of each square plaquette in this lattice in the counter-clockwise direction, with lattice
site (m, n) being the left-bottom corner, reads
Wi = K29% U1 Uy
(10)
In the special case where U, = e!™®1,, Winn & e!®1,. The Hamiltonian is then reduced to the standard
Harper—Hofstadter model with a U(1) Abelian gauge field, and ¢ is the magnetic flux inside each

plaquette of the lattice. More generally, the U,,,’s can be chosen such that [Wm,n, Wm,'n,] # 0 form' #



m, n' # n. This non-commutativity of the loop operators is the condition for the presence of a non-
Abelian gauge field [41].

Here we briefly comment on the values of some parameters in our model. In a 20-meter-long fiber
loop cavity with 2, = 21 x 10 MHz [70,79,82,83], for example, the round-trip time is T = 0.1 us. If
we choose gTx = 0.05, which is in the regime of weak modulation, the maximum voltage applied on
the electro-optic modulator is approximately 0.03V;, where V, is the half-wave voltage. The choice of
kTr = 0.05, which is in the regime of weak coupling, corresponds to a beam splitter with 90:10
coupling ratio.

We next show that the band structures of a lattice system in the synthetic dimension that possesses
non-Abelian gauge fields can be observed by measuring the steady-state photon amplitudes inside the
resonators. We assume that there are M coupled resonators in Fig. 1(b). Resonators 1 and M are either
coupled or decoupled to implement the periodic or open boundary conditions along the spatial
dimension, respectively. To probe the system, we can use an input waveguide to excite one of the
resonators [for example, resonator 1 in Fig. 1(b)] by a continuous wave laser with a continuously tunable
frequency wcw = wqy + Ny + dw. w, is the central frequency, and dw is the frequency detuning from
the n-th resonance of the cavities. The time-dependent intra-cavity light of each resonator can be
measured from a drop port that samples the steady-state photon amplitudes inside the resonator. The
two polarization components of the sample can be separated with a polarization beam splitter. The
frequency contents of both polarization components can then be obtained using a heterodyne detection
scheme where each of these polarization components is interfered with a portion of the frequency-
shifted laser input [70]. This measurement provides a detection of Y(m,t, dw) =
[P (m, t,8w), P, (m, t,8w)]T, which is related to 1 (m, t, T) through a Fourier transformation on the
variable T.

It has been noted that the fast time variable ¢ is directly related to the wavevector ky associated
with the synthetic frequency dimension by k; = gt [82,84-86]. Therefore, below, we will relabel the
fast time variable t as k; so that the connection to band structure becomes more transparent. Assuming
that we are exciting the my-th resonator with a spin state [1)$*¢,1{*], based on the input-output
formalism [82,87,88], the steady-state spin-dependent amplitudes in the m-th resonator, shown here for

the spin-up case as an example, are related to the input |y;,) by

y LYy m, ~ ' )/ ll)in

where y, is the intrinsic loss of the resonators, and y is the coupling constant between the resonators

T
and the input-output waveguides. |m,T)E[0,0,..., Lg ,...,0,0] and |Yin) =

m-th resonator



, Y YE*e ,..,0,0] are 2 M -element column vectors describing the spin-dependent

h—/
mg-th resonator

amplitudes inside the resonator array.
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Fig. 1 Implementation of an arbitrary SU(2) lattice gauge field in the synthetic frequency dimension.
(a) The tight-binding lattice model involving the non-Abelian gauge field. Each circle represents a
lattice site with spin-up and spin-down states. The lattice site excited by the continuous wave (CW)
laser input is colored in blue. (b) A schematic of the coupled resonator array. In the heterodyne detection,
a polarization rotator is inserted to ensure that both spin components of the reference signal are finite
when mixing. (c) The detailed structure of one resonator as shaded in grey in (b). The black arrows and
dots indicate two orthogonal polarizations (spins).

As a concrete example, we study an SU(2) generalization of the Harper—Hofstadter Hamiltonian
under Landau gauge. The Hamiltonian is created by setting U, = ™99 ¢ei™%9 in Eq. (9), which

results in
g — ~t ~ ~t imlo, ,impo, 4
— E (Kamﬂ'nam'n + 9am i1 ve!mPozq,, , + H.c.)

(12)
With a choice of 8/21 = pg/qg, ¢/27 = p,,/q, Where pg, qq, Dy, q, are integers, the lattice has the
period of g along the spatial dimension, where q is the least common multiple of g4 and g,,. This
Hamiltonian has been shown to exhibit rich topological insulator behaviors with spin—orbit-coupled
Hofstadter butterfly pairs [9]. Using Eq. (11), we can numerically simulate the measurement of the band
structures of the Hamiltonian H,. We systematically study H; when g = 3. It has been shown that A,
is invariant with respect to the interchange of 8 and ¢ [9]. Moreover, we note that the band structure
does not change under 8 — —6 transformation: H,(—8, ) = X,H,(6,9)XZ;* where X, = 0, ® I;.
Therefore, for g = 3, to create a spatially varying gauge field, only two inequivalent parameter
combinations are available: (6, ¢) = (0,2m/3) or (2m/3,2n/3). According to the non-Abelian
condition defined through the non-commutativity of the loop operators [9,41], (8, ¢) = (0,2m/3)
corresponds to an Abelian gauge field related to the quantum spin Hall effect [2,3], and (6, @) =



(2m/3, 2m/3) corresponds to a non-Abelian gauge field. We refer to these two parameter combinations
as the ‘Abelian case’ and the ‘non-Abelian case’ in the following.

Figure 2 shows the band structures of H; when the periodic boundary condition is applied to the
spatial dimension. In Figs. 2(a) and 2(e), we plot the band structures by diagonalizing the Hamiltonian
H, for the Abelian and non-Abelian cases, respectively. k., is the wavevector associated with the
spatial dimension m. To connect the band structures with the simulated steady-state spin-dependent
amplitudes in Eq. (11), we define the k,,,-dependent, spin-dependent photon amplitudes via the Fourier

transform

M
Vs (km, kp, 8w) = Z Ys(m, ks, bw)e~hmm - s =1,1
m=1

(13)
Figs. 2(b)-2(d) and 2(f)-2(h) show the simulated results of |11k, k¢, Sw)| at different values of k,,.
The resonance locations of |1 (ky, ks, 8w)| coincide with the slices of the band structures in Figs. 2(a)

and 2(e) [89].

Fig. 2. Band structures of the Hamiltonian A, under the periodic boundary condition. (a)—(d) The
Abelian case, (8, ¢) = (0,21/3). (e)-(h) The non-Abelian case, (6, ¢) = (2n/3,21/3). (a) and (e)
are acquired by diagonalizing H; . (b)—(d), (f)—(h) are simulated results of |y (ky,, ks, Sw)| at fixed ky,
values, as illustrated by the grey slices in (a) and (e). k = g in this figure, y =y, = 0.01g, my, = 1,
Y€ = 1,9 = 0in (b)(d), ()—(h).

In Fig. 3, we truncate the lattice in Fig. 1(a) along the spatial dimension and study the eigenspectra
of A, subject to the open boundary condition, for both the Abelian case [Figs. 3(a)-3(c)] and the non-
Abelian case [Figs. 3(d)-3(f)]. In Figs. 3(a) and 3(d), the bulk states of the continuum can be viewed as
the bands in Figs. 2(a) and 2(e) projected onto the k; axis. Within the band gaps, edge states are present.

To illustrate the properties of these edge states, as examples in Figs. 3(b) and 3(e), we plot the pseudo-



spins ((ay), (ay), (0,)) of the edge states on the Bloch sphere, for the energy as indicated by the color
dots in Figs. 3(a) and (d) withm = 1:

S=Xx,92

. . ) eig ,k ’
(o5) = (WeE(m kep, €)|os[ e (m. kep, €)), [e'E(m Ky, €)) = [l/)t:ig(m )l
;o (m, ky,€)

(14)
We use wfig(m, kg, e) to represent the eigenstate of A; with wavevector kg, energy €, pseudo-spin s
and on lattice site m. In the Abelian case, the edge states are purely spin-up when kre < 0, and spin-
down when ke > 0. This is in accordance with the quantum spin Hall effect where two electron spins
are decoupled and independently coupled to opposite magnetic fields [2,3,90]. In contrast, in the non-
Abelian case, as shown in Figs. 3(d) and 3(e), the pseudo-spins become dependent on k¢, but they are
still orthogonal for a pair of edge states at (ky, €) and (—k, €) as a result of the Kramers’ degeneracy
[89]. In Figs. 3(c) and 3(f), we perform the steady-state simulations by Eq. (11), and plot the k¢-resolved

photon number in all cavities:

N(ky, w) = Z Z ls(m, k. 50)|°

m=1s=1,1
(15)
The excitation for the Abelian case is ¥{*¢ = 1 and ¥7*¢ = 0. For the non-Abelian case, we use a k-
dependent excitation instead:
R o
Vs 5(mo, —ks,€),  kpe>0
(16)
where the eigenenergy € is chosen at the energies of the edge states. In Figs. 3(c) and 3(f), one sees that
only the positive-energy (negative-energy) edge state is excited when ks < 0 (ks > 0), which confirms
the spin-dependent properties discussed above. In other words, the SU(2) generalization of the Harper—
Hofstadter model inherits the chirality of the edge states of the U(1) counterpart, but the pseudo-spin
basis becomes k-dependent because of the spin mixture induced by the non-Abelian gauge field. This
unique signature of the non-Abelian gauge field can be probed in our measurement scheme by an

appropriate time-dependent input state.



Fig. 3. Eigenspectra of the Hamiltonian A, under the open boundary condition. (a)—(c) The Abelian
case, (0,¢) = (0,21/3). (d)—(f) The non-Abelian case, (0,¢) = (2m/3,2n/3). (a) and (d) are
eigenspectra by diagonalizing H;. (b) and () are pseudo-spins of the edge states on the 1° lattice site,
with k¢ and € values indicated by the red and blue dots in (a) and (d). (c) and (f) are numerically
simulated results of N(ks, 8w) withy =y, = 0.01g and my = 1. k = g, M = 30g — 1 = 89 in this

figure.

Finally, we show in Fig. 4 that by performing time-averaged measurements, we can resolve the
Hofstadter butterfly spectrum associated with the Hamiltonian H;. Given the parameter combination
(8, ) in the Hamiltonian, we measure the photon number in all cavities averaged within a round-trip

time:
_ 1 (™
N(bw; 8 =— N(ks, 6w)dk
(5w; 6, ¢) an_ﬂ(f' w)dky

(17)
Eq. (17) is a time-averaged measurement since k; is interpreted as the fast time variable t. For any
(8, ¢) value, the Hamiltonian H, (6, @) can be implemented by our synthetic frequency dimension
platform via the mathematical mapping in Eq. (8). Such flexibility enables us to probe N(8w; 8, ¢) in
the full parameter space 0 < 6, ¢ < 2m. Figure 4 shows two representative slices of the parameter space,
6 = 0 [Abelian case, Figs. 4(a) and 4(b)] and 6 = 2m/3 [non-Abelian case, Figs. 4(c) and 4(d)]. In Figs.
4(b) and 4(d), we plot the numerically simulated results of N (8w; 8, ¢). The resonance locations of

N(8w; 8, @) correspond to the allowed energies in Figs. 4(a) and 4(c) [89].
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Fig. 4. Hofstadter butterfly spectra of the Hamiltonian H;. (), (b) The Abelian case, 8 = 0. (c), (d) The
non-Abelian case, 8 = 2m/3. (a) and (c) are acquired by diagonalizing the Hamiltonian H;. (b) and (d)
are simulated results of N(Sw;8,¢). k =g, M = 255 in this figure, y =y, = 0.01g, my =1,
Yi*¢ =1, Y* = 0in (b) and (d).

Conclusion—We have developed a scheme to artificially synthesize arbitrary SU(2) lattice gauge
fields for photons, using the concept of synthetic frequency dimensions in a coupled resonator array.
The parameters of the non-Abelian gauge field are flexible by tuning the modulation parameters and
polarization rotation parameters in our optical setup. We also numerically demonstrate that the band
structures of the lattice can be resolved by steady-state measurements. Such eigenspectra exhibit distinct
features when the underlying lattice gauge field becomes non-Abelian. The results presented in this
Letter provide opportunities to explore novel topological phenomena associated with non-Abelian

lattice gauge fields in photonic systems.
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