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We introduce a new phase-field formulation of rapid alloy solidification that quantitatively in-
corporates non-equilibrium effects at the solid-liquid interface over a very wide range of interface
velocities. Simulations identify a new dynamical instability of dendrite tip growth driven by solute
trapping at velocities approaching the absolute stability limit. They also reproduce the formation
of the widely observed banded microstructures, revealing how this instability triggers transitions
between dendritic and microsegregation-free solidification. Predicted band spacings agree quantita-
tively with observations in rapidly solidified Al-Cu thin films.

The past two decades have witnessed major progress
in modeling complex interface patterns that form during
alloy solidification. A major contributor to this progress
has been the advent of the phase-field (PF) method [1-
5], which circumvents front tracking by making the solid-
liquid interface spatially diffuse over some finite width ~
W, and the development of quantitative PF formulations
[6-11] that have enabled simulations on experimentally
relevant length and time scales with a computationally
tractable choice of W on the pattern scale [12-18].

Morphological instability driving microstructural pat-
tern formation occurs over an extremely wide range of so-
lidification velocities V' spanning six orders of magnitude
from pm/s to m/s, with different ranges of V' relevant for
different solidification processes from conventional cast-
ing to metal additive manufacturing [19, 20]. To date,
however, PF formulations to quantitatively simulate al-
loy solidification patterns have been primarily developed
and validated for slow V' [7, 8], conditions under which
the solid-liquid interface can be assumed to remain in lo-
cal thermodynamic equilibrium. While there have been
attempts to extend quantitative modeling to rapid so-
lidification, existing PF formulations have been limited
to a small departure from equilibrium [21], or have only
reproduced solute trapping in one-dimensional (1D) sim-
ulations for larger V [22-25]. Simulating quantitatively
far-from-equilibrium conditions, which is relevant for a
host of rapid solidification processes, has remained a ma-
jor challenge.

In this Letter, we develop a PF formulation to quanti-
tatively model dilute alloy solidification under far-from-
equilibrium conditions with a computationally tractable
choice of W on the pattern scale. The model incorpo-
rates well-known non-equilibrium effects, including so-
lute trapping characterized by V-dependent forms of the
partition coefficient k(V') and liquidus slope m(V) and
interface kinetics. Simulations reproduce the formation
of banded microstructures [26-35] with a band spacing
that is in remarkably good quantitative agreement with
observations in thin-films of rapidly solidified Al-Cu al-

loys [35]. They further reveal that steady-state dendritic
array growth is terminated by a novel dendrite tip insta-
bility driven by solute trapping that initiates banding.
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FIG. 1. (a) Plots of ¢(¢) for S =1,3,5 (A = 1,6,12), with
(b) corresponding PF ¢ = ¢o and normalized concentration
¢ = ¢/cso profiles obtained from the numerical solution of Eq.
(5). (c) k(V) and (d) m(V) functions obtained from the full
(symbols) and approximate (dashed lines) solutions (see text).
The black solid lines in (c¢) and (d) represent the CG model
with coefficients derived in the large-velocity asymptotic limit
[36).

PF models have been shown to reproduce solute trap-
ping properties [22-25, 37, 38|, quantitatively for a phys-
ical choice of interface thickness Wy ~ 1 nm. Com-
putations on a microstructural length scale, however,
generally require choosing the interface thickness in the
PF model, W > Wy, thereby producing spurious ex-
cess trapping. For the low-velocity solidification regime,
this problem has been circumvented by the introduc-
tion of an anti-trapping current that eliminates excess
solute trapping to restore local equilibrium at the in-
terface [7, 8]. The form of this current has been mod-
ified to also model a moderate departure from equilib-
rium [21, 39]. However, a quantitative approach remains
lacking to describe far-from-equilibrium phenomena such
as banding. Here, we follow a different approach where



excess trapping resulting from the computational con-
straint S = W/Wy > 1 is compensated by enhancing
the solute diffusivity D(¢) = D;q(¢) in the spatially dif-
fuse interface region. We show that, remarkably, simple
forms of ¢(¢) can be used to reproduce quantitatively
the desired velocity-dependent forms of k(V') and m(V)
over a several orders of magnitude variation of V' from
near (k(V) — k. where k. is the equilibrium value of
the partition coefficient) to far from (k(V) — 1) equilib-
rium conditions. This approach has the advantage that
it can be implemented in a variational formulation of the
PF evolution equations that can be readily extended to
general binary or multi-component alloys.

We present the model for the simplest case of a dilute
binary alloy where the evolution equations
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are derived variationally from the free-energy functional
introduced in [37] and defined here by Egs. (S3)-(S6)
in the Supplementary Material [36]. Together with the
relations b = Ink./2 < 0, 19 = (SWy)?/(Tp?), and
A = adbm.SWy/[[(ke — 1)] > 0 between PF and ma-
terials parameters [37], where I' = voT/L is the Gibbs-
Thomson coefficient, T); is the melting point, L is the
latent heat of melting, m, > 0 is the equilibrium value
of the liquidus slope, and af = SWy [*_ dz(d¢o/dx)? =
24/2/3, the choices of interface width W (n) = SWyas(n)

and time constant 7(n) = 7pas(n)?/ax(n) model gen-
eral anisotropic forms of the excess free-energy of the
solid-liquid interface y(n) = 7pas(n) and interface ki-

netic coefficient jy(n) = plak(n), where n is the direc-
tion normal to the interface. In addition, we use the
common choice g(¢) = 15(¢ — 2¢3/3 + ¢°/5)/8 that sat-
isfies ¢'(£1) = ¢”’(£1) = 0 and guarantees that the local
minima of the free-energy density remain at ¢ = +1 for
arbitrarily large thermodynamic driving force.

For the one-sided model of alloy solidification, ¢(¢) =
(1 — ¢)/2 is the simplest form that describes the physi-
cally expected monotonous decrease of diffusivity from
liquid to solid across the interface. This form, how-
ever, produces spurious excess trapping at lower V' when
S > 1, since the diffusive speed in the PF model
Vg ~ Di/W ~ V?/S, where V) = D;/Wy. Hence,
to eliminate excess trapping, we use the quadratic form
q(¢) = A(1 — ¢)/2 — (A — 1)(1 — ¢)?/4 that enhances
D(¢) in the interface region for A > 1 (Fig. 1(a)).

We show next how this form of g(¢) can be used to
reproduce S-independent solute trapping properties. For

this, we look for steady-state PF and concentration pro-
files corresponding to a planar isothermal interface mov-
ing at constant velocity V. Those profiles are determined
by rewriting Egs. (1)-(2) in a frame moving with the in-
terface at velocity V in the z direction
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where we have considered for simplicity the isotropic case
as(n) = ax(n) = 1. Eq. (4) can be simplified further by
integrating both sides once with respect to x and using
the boundary condition ¢(£00) = ¢ imposed by mass
conservation, yielding
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In addition, a self-consistent expression for the velocity-
dependent temperature is obtained by multiplying both
sides of Eq. (3) by d¢/dx and integrating over z from
—o0 to 400, yielding

(5)
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where we have defined a; = SWy [*°_ dx(d¢/dx)?. The
solution of Egs. (3) and (5) with T given by Eq. (6) and
the boundary condition ¢(£00) = ¢, uniquely determine
the steady-state profile ¢(z) and c(z). The “full solu-
tion” to this system of equations is straightforward to
obtain numerically by a procedure that will be described
in more details elsewhere. An “approximate solution”
very close to the full solution can also be obtained by as-
suming that the PF profile for a moving interface remains
close to its stationary profile ¢o(z) = — tanh [x/(v/2W)].
In this approximation, the concentration profile is solely
determined by Eq. (5), which is readily solved by nu-
merical integration to obtain the concentration profiles
shown in Fig. 1(b). T'(V) is then determined by Eq. (6)
with those ¢ profiles and ¢(x) = ¢o(z). Finally, the cor-
responding functions k(V) and m(V) are obtained from
the sharp-interface relations k(V) = ¢s/¢; and

T(V) =Ty —m(V)e = V/p, (7)

where ¢, and ¢; are the concentrations on the solid and
liquid sides of the interface, respectively, which corre-
spond here to ¢ and the peak value of ¢(x). Matching
the second and third terms on the right-hand-side of Eqs.
(6) and (7), yields at once
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and p, = pYa/ay, respectively. To obtain values of A
that yield S-independent trapping properties, we first
compute reference k(V) and m(V) curves correspond-
ingto S =1and A =1. For a given S > 1, we then
compute k(V) and m(V) curves for different A values
and find the value of A that minimizes the departure
from the reference curves over some large velocity range
of interest. This procedure is implemented with the ap-
proximate (¢ = ¢p) solution and yields A = 6 and 12
for S = 3 and 5, respectively, for parameters of Al-Cu
alloys [36]. Plots of k(V) and m(V) obtained from the
approximate (¢ = ¢g) and full solutions of the steady-
state concentration and PF profiles are shown for the
different S and corresponding A values in Figs. 1(c)-(d),
respectively. The approximate solution only depends on
ke and yields uj = p while the full solution depends on
the other alloy parameters, and the deviation of ¢ from
Po at larger V/V? causes a small quantitative difference
between the two solutions. Remarkably, even though a
single parameter A is optimized for each S, k(V) and
m(V') are seen to be nearly independent of S over a sev-
eral orders magnitude variation of V. Even though the
concentration profiles depend on S (Fig. 1(b)), they have
almost identical peak values, which determine k(V'), and
the different profiles also yield nearly identical values of
m(V) via Eq. (8).

The k(V) and m(V) functions are compared to the
predictions of the continuous growth (CG) model as in
[22] by extracting the diffusive speed Vj from the asymp-
totic analytical solution of Eq. (5) for V > V9 and
S =1, assuming ¢ = ¢g, and concomitantly the solute
drag coefficient « from Eq. (8). This calculation yields
Va =~ 0.356V In(1/k.)/(1—ke) and a = 0.645 [36]. Since
the PF model resolves the spatially diffuse interface re-
gion, while the CG model is a sharp-interface description,
quantitative agreement between the two models over the
entire range of V for different k. is not generally ex-
pected, even though agreement becomes almost perfect
for larger k. [36]. More than the PF and CG models
comparison, what is important here is that the PF k(V)
and m(V) curves for a realistic width (S = 1) can be
reproduced for a much larger width (S > 1) to make
simulations on a microstructural scale feasible. Param-
eters of the PF model (e.g., Wy and the functions ¢(¢)
and g(¢)) can, in addition, be further adjusted to better
fit desired k(V) and m(V') curves.

To validate our approach for such simulations, we
model the two-dimensional (2D) directional solidifica-
tion of dilute Al-Cu alloys. We consider first the stan-
dard frozen temperature approximation (FTA) that ne-
glects latent-heat rejection, which corresponds to replac-
ing (T — Tn)/me in Eq. (1) by G(x — o — Vpt)/Me — oo,
where V), is the pulling speed of the sample, G is the ex-
ternally imposed temperature gradient, and xq coincides
with the equilibrium liquidus temperature T;, — MeCoo-
In addition, we consider anisotropic forms of the excess

250 (a)
o S=1
So{— — s=3
S | ---- 5=5
250
—800 600 (z— l‘cli%)/ Wo —200 0

100 1 w— (b) .S (c)

E —_— 0.8
s, <
= —=— 0.12m/s 0.67 —=— 0.12 m/s
—— 0.27m/s —¢— 0.61m/s —— 0.27 m/s
0+ , — 041+
1 3 5 1 3
S S

—e— 0.6l m/s

5

FIG. 2. (a) Comparison of steady-state interface shapes for
different S from 2D PF simulations of dendritic array growth
for Al-3wt.% Cu, V, = 0.12 m/s, and G = 5 x 10° K/m. (b)
Tip radius Ryip and (c) dimensionless tip supersaturation €
versus S for different V.

interface free-energy as(6) = 1+ ¢, cos(f), and kinetic co-
efficient a(0) = 1 + € cos(f), with four-fold symmetry,
where 6 is the angle between n and the z-axis.

To investigate the convergence of the method, we first
focus on the velocity range below the onset of band-
ing where stable dendritic array structures are formed.
This allows us to compare, for different S, steady-state
interface shapes corresponding to a single dendrite ob-
tained using periodic boundary conditions in y, with
the width of the simulation domain along y equal to
the primary dendrite array spacing A (0.65 pm), cho-
sen within the stable range of A. This comparison in
Fig. 2(a) shows that different S yield nearly identical
shapes, and the computation time is reduced by three
orders of magnitude for S = 5 compared to S = 1 [36].
Results in Fig. 2(b) characterize steady-state shapes by
the tip radius R, and dimensionless tip supersaturation
Q= (¢ — coo)/(c1 — ¢s). The latter is relatively well de-
scribed by the Ivantsov relation between 2 and Péclet
number Ry;,V,/(2D;) [36]. Quantitative differences be-
tween different S for larger V,, are likely due to other
effects, such as surface diffusion and interface stretch-
ing known to affect pattern selection [7, 8]. While those
effects can be eliminated in the framework of the thin-
interface limit for quasi-equilibrium growth conditions,
eliminating them for the entire V' range of Figs. 1(c)-(d)
is considerably more challenging. Fig. 2 shows that, even
with such effects present, the method converges already
reasonably well.

Next, we exploit the model to address basic open ques-
tions of interface dynamics in this regime using S = 5 for
efficiency. The first is how steady-state dendrite array
growth illustrated in Fig. 2(a) loses stability to trigger
banding as V), approaches the absolute stability limit V,
defined implicitly by the relation [40-43]
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where k(V) and m(V) are computed as before from the
full solution of the 1D PF Egs. (3) and (5) with T'(V)
given by Eq. (6), but with the substitutions SWy —
SWo(1+¢€5) and 79 — 10(1+€x) in Eq. (3) to account for
anisotropy. To address this question, we performed a sim-
ulation in the same geometry Fig. 2(a) but with V}, slowly
increasing linearly in time on a time scale much longer
than the characteristic time for the interface to relax to a
steady-state shape, thereby allowing us to probe pattern
stability over a large range of V,,. We find that above a
critical velocity V. ~ 0.88 m/s steady-state growth be-
comes unstable as illustrated by the time sequence in Fig.
3(a). This instability is highly localized at the dendrite
tip and triggers a rapid “burgeoning-like” growth of the
interface. Fig. 3(b) shows that this abrupt acceleration
of the interface is accompanied by a rapid drop in ¢; as-
sociated with almost complete solute trapping, followed
by a rapid deceleration of the interface and increase of ¢;
as the interface transits to a planar morphology and the
diffusion boundary layer rebuilds itself.
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FIG. 3. (a) Evolution of the solid-liquid interface illustrating
the “burgeoning” tip instability at V, = V., = 0.88 m/s for
Al-3wt.% Cu and G = 5 x 10° K/m (see movie in [36]). (b)
Corresponding tip velocity V' and scaled interface concentra-
tion & = ¢;/coo on the liquid side.

The onset velocity V. of instability depends on the
anisotropy parameters €; and €, that are known to con-
trol dendrite tip selection [44-47] and do not enter in
the linear stability analysis used to predict V,. How-
ever, for the parameters of our simulations, V. turns out
to be close to the value V, &~ 0.86 um/s predicted by
Eq. (9). Moreover, the simulation of Fig. 3 was pur-
posely carried out without thermal noise to study the
basic instability of steady-state shapes. Additional sim-
ulations with noise-induced sidebranching reveal that the
burgeoning instability can also emerge from the tips of
secondary branches, especially for larger A that accom-
modates larger amplitude sidebranches.

Next, we investigate banding by using the FTA and the
method developed in [16] to include latent-heat rejection
at the interface. Figs. 4(a)-(c) shows the microstructures
obtained with the FTA at three increasing values of V),
and Fig. 4(d) shows the pattern obtained at the largest V,,
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10° 10"
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FIG. 4. Microsegregation patterns (¢ = ¢/cw colormaps)
simulated for Al-3wt.% Cu with G = 5 x 10° K/m and the
FTA for V,, = (a) 0.46, (b) 0.64, and (c) 0.96 m/s, and with la-
tent heat for (d) V, = 0.96 m/s; black dashed lines mark solid-
ification front positions. (e) Steady-state curves and banding
cycles in the T'— V plane. Supplementary movies correspond-
ing to (a) and (d) are shown in [36].

with latent heat for comparison. The oscillation cycles
corresponding to the FTA simulations of Figs. 4(a)-(c)
are shown in the T'— V plane of Fig. 4(e), where points
along each cycle represent the temperature and velocity
of the most advanced point along the solidification front
at subsequent instants of time.

Superimposed on the T'— V plane are the steady-state
curves corresponding to stable dendritic array growth
(red curve) for V' < V. and planar front growth (blue
curve) computed using Eq. (7). The conceptual model of
banding derived in the FTA framework assumes that the
interface makes instantaneous transitions (1-2) and (3-
4) between those steady-state curves, and follows those
curves during the dendritic array (4-1) and planar front
(2-3) growth portions of the complete 1-2-3-4-1 banding
cycle, where 1 corresponds to V, and 3 corresponds to the
maximum of the T'(V') curve for steady-state planar front
growth. The simulated banding cycle of Fig. 4(a) follows
reasonably well this conceptual cycle when microsegre-
gated and microsegregation-free bands corresponding to
dendritic array and planar front growth, respectively, are
of comparable width, while the cycles of Figs. 4(b)-(c)
make larger loops in the T'— V plane when planar front
growth occupies a larger fraction of the whole banding cy-
cle that is no longer constrained to follow the 4-1 segment



corresponding to steady-state dendritic array growth.

The comparison of Fig. 4 (¢) and (d) shows that latent-
heat rejection dramatically reduces the band spacing
from about 2 pm to 500 nm. Latent heat was previously
found to reduce the period of oscillations of the planar
interface [48, 49], but those 1D cycles could not predict
banded microstructure formation. Fig. 4(d) reveals that
bands grow at a small angle with respect to the thermal
axis due to the fact that the lateral spreading velocity of
the interface that produces microsegregation-free bands
is slowed down by latent-heat rejection. The banding
cycle is shrunk and no longer easily represented by the
path of a uniquely defined solidification front in the T—V
plane as for FTA.

o\ ¢

FIG. 5. Comparison of banded microstructures for Al-9
wt.% Cu from (a) the late stage of a thin-film resolidification
experiment (reproduced with permission from [35]), and (b)
a 2D PF simulation with latent heat and G = 5 x 10° K/m
(¢ = ¢/coo colormap).
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Finally, we show in Fig. 5 a quantitative comparison of
banded microstructures simulated with latent heat and
produced in a resolidification experiment where a short
laser pulse is used to create an elliptical melt pool in a
thin film of an Al-9 wt.% (Al-4 at.%) Cu alloy [35]. Based
on dynamic transmission electron microscopy (DTEM)
measurements of interface velocity, V,, was increased in
the simulation linearly from 0.3 to 1.8 m/s over a time
period 30 ps. As shown in Fig. 5, the band spacing in
simulation (~ 400 nm) agrees remarkably well with the
experiment. Simulations for other alloys (e.g., Al-Fe) also
yield a good agreement with previous experimental ob-
servations of banded microstructures in laser remelting
experiments [26-32]. They will be presented elsewhere
in a longer exposition of methods and results.
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