
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Competing Vortex Topologies in Iron-Based
Superconductors

Lun-Hui Hu, Xianxin Wu, Chao-Xing Liu, and Rui-Xing Zhang
Phys. Rev. Lett. 129, 277001 — Published 29 December 2022

DOI: 10.1103/PhysRevLett.129.277001

https://dx.doi.org/10.1103/PhysRevLett.129.277001


Competing Vortex Topologies in Iron-based Superconductors

Lun-Hui Hu,1, 2, 3 Xianxin Wu,4, 5 Chao-Xing Liu,3 and Rui-Xing Zhang1, 6, 2, 7, ∗

1Department of Physics and Astronomy, The University of Tennessee, Knoxville, Tennessee 37996, USA
2Institute for Advanced Materials and Manufacturing,

The University of Tennessee, Knoxville, Tennessee 37920, USA
3Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 16802, USA

4CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China

5Max-Planck-Institut für Festkörperforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany
6Department of Materials Science and Engineering,

The University of Tennessee, Knoxville, Tennessee 37996, USA
7Condensed Matter Theory Center and Joint Quantum Institute, Department of Physics,

University of Maryland, College Park, Maryland 20742-4111, USA
(Dated: September 15, 2022)

In this work, we establish a new theoretical paradigm for vortex Majorana physics in the recently
discovered topological iron-based superconductors (tFeSCs). While tFeSCs are widely accepted as an
exemplar of topological insulators (TIs) with intrinsic s-wave superconductivity, our theory implies
that such common belief could be oversimplified. Our main finding is that the normal-state bulk
Dirac nodes, usually ignored in TI-based vortex Majorana theories for tFeSCs, will play a key role
of determining the vortex state topology. In particular, the interplay between TI and Dirac nodal
bands will lead to multiple competing topological phases for a superconducting vortex line in tFeSCs,
including an unprecedented hybrid topological vortex state that carries both Majorana bound states
and a gapless dispersion. Remarkably, this exotic hybrid vortex phase generally exists in the vortex
phase diagram for our minimal model for tFeSCs and directly relevant to tFeSC candidates such as
LiFeAs. When the four-fold rotation symmetry is broken by vortex-line tilting or curving, the hybrid
vortex gets topologically trivialized and becomes Majorana-free, which could explain the puzzle of
ubiquitous trivial vortices observed in LiFeAs. Origin of Majorana signal in other tFeSC candidates
such as FeTexSe1−x and CaKFe4As4 are also interpreted within our theory framework. Our theory
sheds new light on theoretically understanding and experimentally engineering Majorana physics in
high-temperature iron-based systems.

Introduction - The inherent resilience of a topologi-
cal quantum computer (TQC) makes it one of the most
promising paradigms for processing information in a fully
quantum mechanical manner [1–4]. This inspiring con-
cept of TQC has motivated an intensive experimental
search for Majorana zero modes [5–22], the simplest and
most feasible building block for TQCs. While a “smok-
ing gun” for Majorana modes is still lacking, the recent
advent of topological iron-based superconductors [23–34]
(tFeSCs) sheds light on resolving this long-sought Ma-
jorana mystery [35–49]. Remarkably, the normal-state
band structure of tFeSCs naturally contains two crucial
ingredients: (i) a topological insulator (TI) part that pro-
vides helical Dirac surface state [50–52]; (ii) cylindrical
Fermi surfaces that generates intrinsic bulk superconduc-
tivity [53–61], which together resemble the well-known
Majorana paradigm proposed by Fu and Kane [62]. In-
deed, strong evidence of field-induced vortex Majorana
bound states (vMBSs) has been observed in multiple
iron-based systems [29–34].

The tFeSCs, however, are far from being well-
understood. For example, unlike other tFeSC candi-
dates, LiFeAs possesses no vMBS signal in any of its
free vortices, even though the Fermi level is around the
TI gap [34]. This counter-intuitive vortex physics clearly
deviates from the naive expectation from the Fu-Kane

paradigm, thus calling for a new theoretical interpreta-
tion. Meanwhile, most tFeSCs additionally host a pair of
massless bulk Dirac nodes in their normal states [25, 63],
which are energetically above the TI bands with an en-
ergy separation dubbed δso. It has been predicted that a
Dirac semimetal (DSM), if going superconducting, would
feature gapless, vMBS-free magnetic vortices [64, 65],
in contrast to the vMBS physics of a superconducting
TI [62, 66–74]. Notably, existing studies on tFeSCs gen-
erally adopt the presumption of an infinite δso limit, so
that only TI or DSM bands are independently studied for
simplicity [75]. However, such presumption remains un-
justified for some tFeSC candidates (e.g. LiFeAs) where
δso can be as small as 10 meV [25, 76].This raises an im-
portant open question for the topological nature of vor-
tices in tFeSCs, especially when both TI and DSM bands
are highly entangled.

In this work, we provide a new theoretical paradigm
for understanding vortex topological physics in general
tFeSCs. To fully incorporate both TI and DSM physics,
a minimal 6-band model is constructed to capture the key
topological ingredients of general tFeSCs [25, 51]. For
the first time, we have identified the emergence of four
competing and topologically distinct vortex states in the
vortex phase diagram of tFeSCs, as shown in Fig. 1. Re-
markably, a new exotic “hybrid topological” vortex phase
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FIG. 1. The vortex topological phase diagram for a minimal
tFeSC model is mapped out as a function of chemical poten-
tial µ and δso, the separation energy between TI gap and bulk
Dirac nodes. It contains four phases: (I) trivial vortex; (II)
nodal vortex; (III) hybrid vortex with both 0D end-localized
vMBSs (red cone) and 1D gapless channels. (IV) Kitaev vor-
tex with 0D end-localized vMBSs.

manifests as the most probable vortex state for small δso
systems, which features both well-defined vMBS and a
one-dimensional (1D) nodal band structure along its kz
dispersion. The stability of the hybrid vortex phase re-
lies on the protection of four-fold rotation symmetry C4,
and upon C4 breaking, the hybrid vortex can be easily
trivialized to become vMBS-free. This offers a natural
explanation for the observed missing-Majorana puzzle in
LiFeAs [34]. Applications of our theory to other tFeSCs
and new experimental signatures are also discussed.

Model Hamiltonian - We start by defining a minimal
k · p Hamiltonian that captures the key low-energy
topological physics of general tFeSCs [25, 51]. We
first consider a normal-state basis Ψk = (|pz, ↑〉, |pz, ↓
〉, |dxz+iyz, ↓〉, |dxz−iyz, ↑〉, |dxz+iyz, ↑〉, |dxz−iyz, ↓〉)T ,
which, in the angular momentum basis, becomes Ψk =
(|p−, 1

2 〉, |p−,−
1
2 〉, |d+,

1
2 〉, |d+,− 1

2 〉, |d+,
3
2 〉, |d+,− 3

2 〉)
T .

Here, |αη, Jz〉 denote a basis originating from α = p, d
atomic orbitals that carries both a z-component angular
momentum Jz and an even/odd parity η = ±. Then the
normal-state Hamiltonian is

H0(k) =

(
h( 1

2 )(k) T (k)

T †(k) h( 3
2 )(k)

)
(1)

which consists of h
3
2 (k) = (M2(k) + δso)σ0 and

h( 1
2 )(k) =


M1(k) 0 A2kz −A1k−

0 M1(k) A1k+ A2kz
A2kz A1k− M2(k) 0
−A1k+ A2kz 0 M2(k)


T †(k) =

(
A1k− 0 0 D∗(k)

0 −A1k+ D(k) 0

)
(2)

Here σ denotes the Pauli matrix for spin degree
of freedom and we have defined k± = kx ± iky,
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FIG. 2. Bulk and (001) surface energy spectra are shown in
(a) and (b), respectively. Both TI and DSM physics coexist
and are energetically separated by an energy scale of δso.

Mi(k) = M
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z and D(k) =
D1(k2

x − k2
y) − iD2kxky. H0(k) features four-fold rota-

tion symmetry C4 = ei
π
2 Jz , inversion symmetry P =

diag[−1,−1, 1, 1, 1, 1], and time-reversal symmetry Θ =
diag[−i, i,−i]⊗σyK, with Jz = diag[ 1

2 ,−
1
2 ,

1
2 ,−

1
2 ,

3
2 ,−

3
2 ]

and K denoting the complex conjugation operation. For

our purpose, we choose M
(1)
0 = M

(1)
1 = −2M

(1)
2 =

−1, A1 = 0.5, A2 = 0.1, D1,2 = 0 and M
(2)
0,1,2 = −M (1)

0,1,2

throughout this work. This ensures an inverted band
structure among the pz and dxz,yz bands.

Notably, h( 1
2 )(k) by itself manifests as a standard

Hamiltonian for a 3D time-reversal invariant TI [77, 78].
Besides, as shown in Fig. 2 (a), a second band inver-
sion between |p−,± 1

2 〉 and |d+,± 3
2 〉 generates an addi-

tional 3D Dirac semimetal phase with a pair of four-fold-
degenerate bulk Dirac nodes [79, 80]. The energy separa-
tion between the TI and DSM bands is controlled by δso,
the spin-orbit splitting among the d-orbital bands. Re-
markably, the robustness of the bulk Dirac points are
guaranteed by the combination of C4, P, and Θ. In
Fig. 2 (b), we exploit iterative Green function method to
map out the energy spectrum for (001) surface in a semi-
infinite geometry. This clearly reveals the coexistence of
a 2D Dirac surface state and the 3D bulk Dirac nodes, a
common topological feature shared by most tFeSCs.

Kitaev, Nodal, & Hybrid Topological Vortices - When
the system becomes superconducting, the corresponding
Bogoliubov-de Gennes (BdG) Hamiltonian is

HBdG =

(
H0(r) H∆

H†∆ −H∗0(r)

)
, (3)

under the Nambu basis {Ψ†r,ΨT
r }. We consider

an isotropic s-wave pairing Hamiltonian H∆ =
i∆(r)diag[1,−1, 1] ⊗ σy [81]. A single magnetic vortex
line can be described by ∆(r) = ∆0 tanh(r/ξ0)eiθ, where
∆0 = 0.2, (r, θ) are the in-plane polar coordinates with
respect to the vortex core and ξ0 denotes the supercon-
ducting coherence length. Physically, a vortex line is a
1D class D system [82], which, if being gapped, admits a
Z2 band topology that determines the presence of vMBS.
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To understand possible vortex topologies in tFeSCs, it
is suggestive to start with a δso → ∞ limit, where the
normal-state TI phase and DSM phase can be viewed
as two independent systems [75]. When the Fermi
level lies around the TI gap, the system enters the “TI
limit” and its vortex physics is well captured by the Fu-
Kane model [62, 66]. Specifically, the lowest-energy kz-
dispersing vortex line modes carries an angular momen-
tum of lz = 0 and there exist two critical chemical poten-
tials µ = µc0,± where the vortex modes close their energy
gap at kz = 0 or π. Such gap closing signals a change
of the 1D vortex topology and thus serves as the phase
boundaries for two topologically distinct phases: (i) a
Majorana-free trivial phase and (ii) a gapped topologi-
cal phase with end-localized vMBS (dubbed the “Kitaev
vortex”), which lives within µ ∈ (µc0,−, µc0,+).

Meanwhile, a “DSM limit” with δso → ∞ is reached
when the Fermi level is near the bulk Dirac nodes. Sim-
ilarly, there exist two critical chemical potentials µc1,±
where the vortex gap vanishes at kz = 0 or π. For
µ ∈ (µc1,−, µc1,+), however, the lowest-energy vortex
modes necessarily carry lz = ±1 and further form a pair
of C4-protected band crossings at zero energy along kz.
While such a nodal vortex is NOT vMBS-carrying, it
can be turned into a gapped Kitaev vortex with vMBS
by simply spoiling the protecting C4 symmetry, as we
will show later.

In realistic FeSC systems, δso can be small enough
such that neither the TI limit nor the DSM limit ap-
plies. In this case, the aforementioned phase diagrams
for both TI and DSM limits will now mix and inter-
act with each other. Nonetheless, the notions of µc0,±
and µc1,± remain well-defined and thus still decide the
vortex topological phase boundaries even for a small δso
system. Remarkably, as we show analytically in the
SM [83], the energy range for each vortex phase, i.e.,
∆µc0/c1 = µc0/c1,+ − µc0/c1,−, will get significantly en-
hanced by reducing the value of δso. This fact is crucial
for small-δso systems, where the Kitaev vortex phase and
nodal vortex phase tend to have a finite overlap around
µ = 0 in the phase diagram, leading to a new hybrid topo-
logical vortex phase. This hybrid vortex state inherits two
key topological features from its parent vortex states: (i)
it features a C4-protected nodal dispersion along kz; (ii)
it hosts vMBS with a finite localization length. Notably,
the 1D nodal bands and the vMBSs are living in differ-
ent C4 symmetry sectors and thus will not hybridize with
each other. Similar Majorana-carrying gapless topologi-
cal phase has also been reported in certain 1D Luttinger-
liquid systems [84, 85].

We now proceed to numerically map out the vor-
tex topological phase diagram (VTPD) for our six-band
tFeSC model in Eq. (3) as a function of both µ and δso.
The topological phase boundaries in Fig. 1 are deter-
mined by µc0,± (orange line) and µc1,± (purple line) for
a fixed δso, which can be extracted by calculating the
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FIG. 3. The 1D vortex spectrum at kz = π is shown in (a) for
lz = 0 and (b) for |lz| = 1. All the other subspaces with |lz| >
1 are fully gapped. The critical chemical potentials, with
which the energy gap closes, determine the phase boundaries
for the vortex phase diagram schematically shown in (c).

vortex mode spectrum. We therefore consider a cylin-
drical geometry [86] for our tFeSC model, with kz being
a good quantum number and open boundary conditions
imposed for in-plane directions. Details of numerical cal-
culations are discussed in the SM [83]. As shown in
Fig. 3 (a) and (b), we plot the vortex mode spectrum
as a function of µ with fixed δso = 0.5 and kz = π for
both lz = 0 and |lz| = 1 sectors, respectively, where the
gap closing points indicate the topological phase bound-
aries as defined in the insets. The vortex spectra with
|lz| ≥ 2 are fully gapped. Four topologically inequiva-
lent regions are found to show up, as shown in Fig. 3
(c): (I) trivial vortex for either µ > µc1,+ or µ < µc0,−;
(II) nodal vortex for µc0,+ < µ < µc1,+; (III) hybrid
vortex for µc1,− < µ < µc0,+; (IV) Kitaev vortex for
µc0,− < µ < µc1,−. Further varying the value of δso, we
eventually obtain the complete µ-δso VTPD in Fig. 1.
Just as we expect, the hybrid vortex is indeed the domi-
nating phase for clean tFeSCs with small µ and δso.

The hybrid vortex physics is captured by a minimal
four-band effective Hamiltonian,

hhybrid(kz) = hKitaev(kz)⊕ hnodal(kz). (4)

The decoupled 2 × 2 blocks hKitaev = (m0 + m1k
2
z)τz +

m2kzτx and hnodal = (m′0 + m′1k
2
z)τz correspond to the

gapped Kitaev vortex part with lz = 0 and the gapless
nodal vortex part with lz = ±1, respectively. While it
can be easily constructed with the symmetry principle,
we also provide an analytical derivation of hhybrid in the
SM [83]. The band parameters for hhybrid can be ex-
tracted numerically. For example, with µ = 0, δso = 0.5,
we find m0 = 0.018,m1 = −0.0022,m2 = 0.032 and
m′0 = 0.025,m′1 = −0.011 for the above model. The
sign reversal between m0 (m′0) and m1 (m′1) signatures
the topological band inversion for hKitaev (hnodal).
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The topological nature of the hybrid vortex state
delicately relies on the around-axis C4 symmetry. As
schematically shown in Fig. 4 (a), spoiling C4 drives the
nodal component of the hybrid vortex into additional
Kitaev vortex degrees of freedom, which further inter-
acts with the original Kitaev vortex component and gets
trivialized as a whole. Therefore, a C4-broken “hybrid
vortex” is essentially a trivial vortex state with no Majo-
rana physics. In practice, local C4 breaking at nanometer
scale appears generally unavoidable and can arise from
a plethora of mechanisms in tFeSCs. These scenarios
include (i) the applied magnetic field tilts away from ẑ
axis [87–89]; (ii) bulk impurities bends the vortex line.
In the following, we will focus on the effect of vortex line
tilting in tFeSCs and a detailed discussion of the vortex
line bending can be found in the SM [83].

Vortex Line Tilting - For a small tilting angle φ � π
2

[as defined in Fig. 4 (b)], we can adopt the second-order
perturbation theory to analytically rederive the hybrid
vortex Hamiltonian hφ(k′z), where k′z is aligned with the
vortex-line orientation. Details of the perturbation the-
ory can be found in the SM [83]. We find that formally,

hφ(k′z) = hhybrid(k′z, φ) + hSB(k′z, φ) +O(φ3). (5)

Here hhybrid(k′z, φ) resembles the original C4-preserving
hybrid vortex Hamiltonian in Eq. 4, but with a set of
renormalized parameters m0,1 → m0,1 + m5,6φ

2 and
m′0,1 → m′0,1 + m′5,6φ

2. We thus expect turning on φ to
quantitatively change our VTPD (i.e., µc0,± and µc1,±).

Meanwhile, hSB(k′z, φ) describes the geometry-induced
C4 breaking terms and its effects on the vortex-state
topology is two-fold. First, it generates a topological
gap for the nodal vortex bands, with hnodal → hnodal +
m′2φ

2k′zτx. The linear-kz dependence here is required by
the particle-hole symmetry Ξ = τxK, with K the com-
plex conjugation. Second, the Kitaev and nodal vortex
degrees of freedom get hybridized via a coupling matrix
that is linearly proportional to φ (see the SM [83] for
details). Therefore, it is exactly the above two contribu-
tions of hSB(k′z, φ) that lead to the “hybrid → trivial”
scenario described in Fig. 4 (a).

Fig. 4 (b) is a numerical map of VTPD as a function
of µ and φ based on a lattice-regularized tight-binding
model of Eq. 3, by calculating the logarithmic value of
the vortex band gap at k′z = π. In the φ = 0 limit, the
µ-φ VTPD reproduces the C4-symmetric phase diagram
in Fig. 3 (c), up to some quantitative differences from the
lattice regularization procedure. The topological vortex
phase boundaries (red lines) manifest a φ-dependence due
to the vortex band renormalization, agreeing with our
perturbation theory. Interestingly, we also find that the
Kitaev vortex phase will terminate at φ ∼ π/6, which
can be feasily checked in experiments by mapping out
the local density of states near the vortex core.

Discussions on tFeSCs Candidates - We first note that
FeTexSe1−x, a paradigmatic tFeSC candidate, features a
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FIG. 4. (a) Vortex line tilting gaps out the nodal componenet
of a hybrid vortex, leading to two copies of Kitaev vortex
states that can be together trivialized topologically. (b) The
vortex topological phase diagram as a function of µ and φ for
δso = 0.5. The logarithmic value of the vortex energy gap at
k′z = π is shown by the colors. The red lines denote vortex
topological phase transitions.

strong spin-orbital coupling effect with δso ∼ 35 meV.
We believe that such δso is large enough for FeTexSe1−x
to approach the “TI limit”, as justified by earlier first-
principles-based calculations [51]. Thus, FeTexSe1−x
should manifest as a standard Fu-Kane superconductor
with vMBS signals, agreeing with the experimental ob-
servations [23, 29].

LiFeAs, however, features a small δso ∼10.7 meV [25],
three times smaller than that of FeTexSe1−x. Based on
the µ-δso VTPD in Fig. 1, we expect LiFeAs to carry the
hybrid vortex topology for hosting both small δso and µ.
As we discussed earlier, a C4-breaking perturbation such
as the B field tilting in Fig. 4 can break the hybrid vortex
down to a trivial one with no MZM signal, which is likely
the reason behind the disappearance of vortex Majorana
signals in LiFeAs [34]. In particular, even when the B
field is carefully aligned with the crystalline rotation axis,
the tilting angle φ of the vortex line can still be greatly
enhanced, when a near-surface impurity locally distorts
the vortex-line geometry. Notably, these atomic impu-
rities could be completely invisible to surface-sensitive
probes, such as scanning tunneling microscopy (STM).
In the SM [83], we numerically simulate such impurity-
induced vortex-line bending effect and have confirmed its
crucial role of trivializing vortex topology.

Ref. [34] also reports the appearance of vMBS signal in
LiFeAs due to surface-impurity-induced electron doping.
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The reported levitation of Fermi level is around 5 meV
for the so-called strong impurities. Given that δso ∼ 10
meV for LiFeAs, this effect would be capable of driving
a transition from a trivialized hybrid vortex to a Kitaev
vortex, following our µ-φ VTPD in Fig. 4 (b). We further
predict that if we continuously lower the Fermi level via
hole doping, the vMBS signal will reemerge at a critical
µc1,− [i.e., regime IV in Fig. 3 (c)] and eventually dis-
appear at a negatively large µc0,−. Such an exotic “reen-
trant Majorana signal” serves as an experimental “smok-
ing gun” for our theory. We also predict a similar but
more complex reentrant vortex Majorana phenomenon
in CaKFe4As4 [33], where a detailed discussion can be
found in the SM [83].

Conclusion - To summarize, the entanglement between
TI and DSM physics has a decisive impact on the topo-
logical nature of vortex lines in tFeSCs. A direct outcome
of the entangled bulk topological bands is the competi-
tion among multiple topologically distinct vortex states
in the VTPD, including trivial, Kitaev, nodal and hybrid
vortex phases. Notably, the unprecendented hybrid vor-
tex topology naturally explains the puzzling absence of
vMBS signal in LiFeAs. Our theory can also be feasibly
tested in both LiFeAs and CaKFe4As4 with the state-of-
the-art Fermi level engineering and scanning tunneling
microscopy. Besides, by replacing the Te/Se/As atoms
in tFeSCs with other atoms with different spin-orbital
coupling, the value of δso can be continuously tuned to
manipulate the vortex topology. An interesting future
direction is to explore other symmetry breaking effects
and their impact on the vortex topology in tFeSCs. For
example, breaking inversion symmetry by strain can split
the bulk Dirac nodes into pairs of Weyl nodes, which is
expected to further complicate the VTPD [71, 88, 89].
We leave a detailed study on these possibilities of engi-
neering vortex topological physics to future works.
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Note Added - After the submission of our manuscript,
we became aware of two experimental papers that
reported strain-induced hole-doping effect achieved in
LiFeAs [90, 91], where reappearance of vortex-bound
zero-bias peak signals is also found. These observations
agree with our “reentrant Majorana signal” prediction.
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