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We show that spontaneous Raman scattering of incident radiation can be observed in cavity-QED systems
without external enhancement or coupling to any vibrational degree of freedom. Raman scattering processes
can be evidenced as resonances in the emission spectrum, which become clearly visible as the cavity-QED
system approaches the ultrastrong coupling regime. We provide a quantum mechanical description of the effect,
and show that ultrastrong light-matter coupling is a necessary condition for the observation of Raman scattering.
This effect, and its strong sensitivity to the system parameters, opens new avenues for the characterization of
cavity QED setups and the generation of quantum states of light.

The Raman effect describes the inelastic scattering of ra-
diation by matter, in which scattered photons are produced
with a frequency which is either lower (Stokes photons) or
larger (anti-Stokes photons) than the frequency of the inci-
dent field [1-4]. In the context of quantum optics and cavity
quantum electrodynamics (cQED), this scattering is usually
controlled and stimulated via a second resonant drive [5—14]
or a cavity [15-19], constituting the basis of many key tech-
niques of coherent control such as coherent population trap-
ping [5, 6], electromagnetic induced transparency [8, 9] or
stimulated Raman adiabatic passage [11-14]. However, the
standard observation of spontaneous scattering of Raman pho-
tons in the absence of any external stimulation typically arises
when the illuminating radiation couples to phonons in a ma-
terial [1-4]. Since this provides a fingerprint of the molecular
vibrational modes of the sample, this effect serves as a valu-
able spectroscopic tool for material characterization [20-25].
Thanks to the plasmonic enhancement of the Raman processes
in surface-enhanced Raman spectroscopy [26-28], state-of-
the-art experiments have reached regimes where the quantum
nature of the vibrational and electromagnetic modes need to
be taken into account [29-31], which has led to the field of
molecular optomechanics, where a full quantum description
of Raman scattering is provided via optomechanical Hamilto-
nians [32-38].

Here, we demonstrate the intriguing possibility of observ-
ing spontaneous Raman scattering in cQED systems in which,
in stark contrast to molecular optomechanics, there are no vi-
brational degrees of freedom. An important feature of the
quantum description of Raman scattering is that the under-
lying process does not conserve the total number of particles:
for instance, in a Stokes process, a single laser photon of given
energy will become a single, less energetic photon plus a vi-
brational excitation—a phonon. The underlying Hamiltonian
must therefore not conserve the total number of excitations,
which is the case in optomechanical interaction Hamiltonians
of the form Von = QOMde(lA)JrlA)T) (with G and b annihilation

operators of photon and phonon modes, respectively).

In contrast, let us consider the Hamiltonian describing
light-matter interaction between a cavity mode and single
dipole, modeled as a two-level system (TLS) with annihi-
lation operator 6. Their coupling is well described by the
interaction term of the quantum Rabi model (QRM), VvV =
g(a+ at)(6 + 61). The counter-rotating terms in V will play
no role when the coupling rate is much smaller than the nat-
ural frequency of the modes g < w,,wy, in which case the
interaction is well described by the Jaynes-Cummings term
Vo~ g(aét + a'é) [39, 40]. This interaction term conserves
the total number of excitations, and consequently—as we will
show—most Raman scattering processes will be forbidden in
this regime. The situation changes in the ultrastrong coupling
(USC) regime, i.e., the limit where g becomes comparable to
w. and w, and the counter-rotating terms g(ag+a's') play an
important role in the dynamics [41, 42]. Similarly to the op-
tomechanical case, the full QRM that describes the dynamics
in the USC does not conserve the total number of excitations,
and, as a result, this regime features a wealth of exotic nonlin-
ear processes and applications [41-49]. We demonstrate that
the observation of spontaneous Raman scattering of photons
from an incident field is another characteristic process of the
USC regime. In particular, we show unambiguous signatures
of these processes in the emission spectra of coherently-driven
cQED system in the USC regime [50, 51]. This result estab-
lish USC-cQED as a novel scenario where Raman Stokes and
anti-Stokes photons are produced spontaneously without any
vibrational degree of freedom involved. Beyond exact numer-
ical calculations demonstrating the effect, we support these
results with predictions from a full quantum description of the
process of Raman scattering.

Model— We consider the cavity QED system sketched in
Fig. 1(a), consisting of a single cavity mode of frequency w.,
driven by a continuous classical field of frequency wr,, and
coupled to a point dipole described in the TLS approxima-
tion, with a transition frequency w,. Since we will be mostly



interested in describing the emission spectrum of such a sys-
tem, we will resort to the sensor method developed in [52],
adding an ancillary sensor qubit of frequency ws weakly cou-
pled to the cavity, which has been shown to also produce
equivalent results to the quantum-regression theorem in the
USC limit [50, 51, 53]. The spectrum of emission at frequency
ws will thus be proportional to the rate of emission from the
sensor qubit.

The Hamiltonian of this system has the form H= FIfree +
H T+ ﬁdrive. Setting henceforth 2 = 1, the first term is simply
the free Hamiltonian Hiee = wedla 4+ wyd./2 + weds/2,
where @ is the bosonic annihilation operator of the photon
field, and &; ( &) are standard Pauli operators defined on the
TLS (sensor) Hilbert space. The second term, H 1, describes
light-matter interaction. In order to write it, we define the
polarization operator associated to the TLS and the sensor as
P = (6, + p.65)3(r — ro), where the TLS operator &, is
given by 6, = cos06, + sinfo, and p and p, are the re-
spective dipole moments of the TLS and sensor. This defini-
tion includes the possibility of a TLS with a permanent dipole
moment, parametrized through the angle 6, which breaks the
conservation of parity IT = expl[in(afa+4.)] and could be in-
duced, e.g., by the flux offset in a flux qubit [43]. In the dipole
gauge, the interaction Hamiltonian thus takes the form [54]:

Hy = inw(a" — a)o, + wensli(a’ — a) + 216,063, (1)

where 7 and 7, are the dimensionless coupling parameters be-
tween cavity and TLS and sensor, respectively. This Hamil-
tonian is obtained following the approach in [50, 55, 56],
which implements consistently the gauge principle and pro-
vides gauge-invariant results even in the presence of approxi-
mation such as the truncation of the Hilbert space of the mat-
ter system. Finally, the drive Hamiltonian reads Hyrive (t) =
Qli(a — a') — 2né,] cos(wrt) [50, 51]. Further details on the
derivation of this Hamiltonian are provided in the Supplemen-
tal Material [57].

Since the setup under consideration is an open quantum
system, dissipation must be accounted for by describing the
dynamics in terms of a quantum master equation. In the
USC regime, the treatment of dissipation, input-output rela-
tionships, correlations, driving, and photo-detection rates re-
quires a proper description of the system-bath interaction in
terms of the light-matter eigenstates [58—61]. Following the
approach in Refs. [51, 62], we write a generalized master
equation, which is valid at any light-matter coupling strength
(details are given in [57]). In the limit of zero temperature, the
master equation reduces to the simple form p = —z[f{ P+
KLy [Pl + 7Ly [p] + TLg[p], where L [p] = 0pOt —
{010, p}/2 denotes the standard Lindblad terms. Defining
) as the i-th eigenstate of the full QRM, including the sensor,
the decay operators are given by X+ = D1 2k dllita—
al) — 206,]|k)|7) (k| for the cavity, BT = £7(6,w,) for
the TLS, and St = 2F(6% w,) for the sensor, where
S (8, w0) = 05,y Yo GIER) (kloorg /e [57), and s,
~v and T" are the decay rates of the cavity, TLS and sensor,
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FIG. 1. a) Scheme of the cavity QED system considered in this
work: a quantum emitter interacting with a single cavity mode in
the ultrastrong-coupling regime and spontaneously scatters a Raman
photon from an incident exciting field. (b) Top: Transition energies
between the first two excited eigenstates of the light-matter system
and the ground state, versus the normalized coupling parameter 7.
Bottom: Spectrum of emission for n = 0.3. wr, = l.lw.. The
red line indicates the frequency at which Stokes photons are emitted,
originating from the process sketched in (c).

respectively.

Since counter-rotating terms in ﬁdrive cannot be straight-
forwardly eliminated in the USC regime, the long-time dy-
namics will yield a time-dependent density matrix oscillating
around an average steady state pss + 0p(¢). Here, we con-
sider the limit of a very small drive 2 < nw,, so that these
oscillations become negligible, and thus we focus on the av-
erage steady state pg [57]. We consider that the stationary
rate of emission from the sensor is proportional to the spec-
trum of emission at the sensor’s frequency, i.e. S(ws)
Tr|pss 27 £, with the sensor’s decay rate I' corresponding
to the filter linewidth.

Scattering of Raman photons— Figure 1(b) depicts an ex-
ample of the emission spectrum. Here and in the following
we fix, unless stated otherwise, wy = w,, 0 = w/6,m = 0.3,
ns = 107°, Q =5x%x 1073w, k =7 =T = 107 3w,, and
wr, = 1.1w,. At first glance, one can observe the presence of a
resonance peak at the cavity frequency, and further peaks that
match transition energies between the light-matter eigenstates,
displayed in the top panel of Fig. 1(b). In addition to these,
one can observe an additional peak that corresponds to the
spontaneous scattering of a Stokes photon. The correspond-
ing Raman process that gives rise to this peak is sketched in
Fig. 1(c). Via a second-order process, an input laser photon of
frequency wr, is converted into a lower-energy Raman photon
of energy wg and a light-matter excitation of energy w;. Since
energy must be conserved in the whole process, the energy of
the Stokes photon is expected to be wg = wr, — w1, and thus
it depends linearly with the laser excitation.
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FIG. 2. Emission of Raman photons evidenced through excitation-emission spectra. (a) Excitation-emission spectrum at zero temperature.
Raman photons are revealed as diagonal lines (i.e., peaks with frequencies that depend on the laser frequency). (b) Excitation-emission
spectrum at non-zero temperature k7' = 0.15hw.. Anti-stokes peaks, which rely on the non-zero population of exited states, are enhanced
in this case. (c¢) Identification of some of the processes seen in panels (a) and (b), which include Stokes (solid,red), anti-Stokes (dashed, blue)
and hyper-Raman (dotted, green) photons. Parameters: wy = we, 8 = 7/6,7 = 0.3,7s = 107°, Q@ =5 x 102w, k = v =T = 107 3w...

In order to understand the emergence of Raman peaks and
its dependence on system parameters such as g or 6, we de-
velop here a full quantum description of the Raman scat-
tering process. To do this, we consider that the cavity is
coupled to a broad quasi-continuum of modes with H, =
>4 waA)];IA)q, which will contain the incident radiation field
and the scattered Raman photons. The total system Hamil-
tonian is ﬁtotal = I:IR + H’b + V},, where H’R is the quan-
tum Rabi Hamiltonian (Iif above, without the sensor and the
drive terms) and Vj, = >y gq(by + BZ)X, with X = a + al.
Notice that, in the USC regime, one cannot straightforwardly
drop in V, the counter-rotating terms of the form Eq&. A ro-
tating wave approximation can only be done with respect to
the positive and negative-frequency parts of X in the eigen-
basis of the QRM; however, for our current analysis, this
approximation is not necessary, and we do not carry it out.
In the following, we consider H R+ Hb as the unperturbed,
bare Hamiltonian, and we express Hp in diagonal form as
Hp = > ;wj [7)(j|, where we chose the labeling of the states
such that wy, > w; for & > j. The Raman scattering process
can be described by second-order perturbation theory under
the constant perturbation V,. Let us consider an initial state
|I;) = |i,nL, nRr), where the first entry labels the eigenstates
of Hp, ny, labels the photon number in the input mode—the
laser drive—with frequency wr,, and ng indicates the photon
number in the output mode of frequency wr, where Raman
photons are being emitted. We are considering here only the
two modes involved in the scattering process; all the other
modes of the quasi-continuum are assumed to be in the zero-
photon states throughout the process. The energy of the ini-
tial state is wr; = w; + wyny + wrnr. Then, we con-
sider a final state |Fy) = |f,ny, — 1,nr + 1), with energy
wp,f = wy+wr(nr, —1)+wr(nr +1). Energy conservation
implies wr s = wy ;, and, therefore, for a particular choice of
initial and final states ¢ and f, the energy of the corresponding

Raman photons is
WwR = wg’i) =wr, — (Wf — wj). 2)

We stress that this dependence of wgr with the eigenvalues of
the QRM allows to unambiguously identify the origin of these
Raman peaks as a pure cQED effect, in contrast to the case of
Raman scattering due to coupling to phonons, in which the
position of the peaks would be defined by the phonon en-
ergy, and therefore would depend on parameters external to
the QRM [32]. as we discuss further in [57]. In this process,
|F¢) is connected to the initial state |I;) by a second-order
process involving an intermediate virtual state. It is possible
to identify two kinds of intermediate states, |71 ) and |7%), de-
scribing respectively the process (i) where a photon is first
absorbed from the input state: |77) = |j,n, — 1,nR), with
energy wr, = wj +wr(n, —1) +wrnr ; and the process (ii)
where a photon is first emitted into the output mode: |T3) =
|j, nr,NR + 1>, with energy wr, = Wj +wLng +wR(nR + 1).

The rate of the process |I;) — |F}) given by the Fermi
golden rule, for a given wy,, ¢ and f, is

2 .
Wrilwe, wr) = EQ%{Q%”L("R + 1) My, [*6(wr — wg’ )),
3

where wy; = wy — w; and

XX,
My i(wr,wr) = E (wa’J_ OJJI +
1 i

X1 X ) @
wT2 — UJ[i ’

J

with X;; = (f[(a + a')|j). Notice that wr,
wji — wr, and wr, —wr,; = wj; + wl()f’l). The total scat-
tering rate for the process is obtained by summing over all
possible initial and final states, which will be constrained by
the energy-conservation condition in Eq. (3), giving

— Wi =

W(wr,wr) =Y Wyilwn,wr)p*(1-pF),  (5)
fi



where p}’ is the steady-state occupation probability of the
eigenstate |k) of Hp. For a system at very low temperatures
and low driving which is mostly in the ground state, so that
py ~ 1, we obtain W(wr,, wr) = >_ s Wyo(wr, wr). There-
fore, if Raman spectroscopy is performed by probing cQED
systems that are close to the ground state, only the family of
Raman processes that start from |0) are expected to be ob-
served.

Visibility of Raman processes—. The quantum scattering
process outlined above manifests as resonances in the spec-
trum of emission, centered at the frequencies wg ’l), and
are clearly identified when this spectrum is represented ver-
sus the excitation frequency in the form of an excitation-
emission spectrum. Numerical calculations of excitation-
emission spectra at two different temperatures are shown in
Fig. 2(a-b). Raman peaks have a characteristic feature that
distinguishes them from peaks arising from standard radiative
transitions: their central frequency w{? depends linearly on
the laser frequency wr,, manifesting as diagonal lines in the
excitation-emission spectrum. The Raman peaks that are most
clearly identified in Fig. 2(a-b) are labeled in Fig. 2(c). At low
temperatures, the most visible ones are Stokes processes that
start at the ground state of the light-matter system and end
at some excited state | f) (we label these Stokes processes as

wéf O)). In agreement to what is expected from Eg. (5), at
small temperatures, Stokes processes that start in an excited
state are hardly visible or not visible at all; in Fig. 2(c) we
highlight the process wéﬂ)—starting in |1) and finishing in
|2)—which is the one that can be recognized in certain regions
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FIG. 3. (a) Intensity of the Raman peak wg % and corresponding

scattering rate from Fermi’s Golden rule. 6 = 7 /6. (b) Raman in-
tensity versus 6 for two types Stokes processes. (c) Spectrum around
Raman resonance wém) for increasing 7. (d) Raman intensity versus
temperature for a Stokes process and an anti-Stokes process.

of the spectra shown. Likewise, the emission of anti-Stokes
photons with frequencies larger than the drive frequency is
only clearly visible at finite temperatures: these processes re-
quire the energy of the final state of the cQED system to be
lower than the initial one, and therefore, the initial state needs
to be an excited state with a non-negligible stationary occu-
pation probability. These calculations also show that higher-
order, hyper-Raman processes are faintly visible as well in the
excitation emission spectra. These processes scatter two inci-
dent laser photons into a Raman photon, and therefore conser-
vation of energy establishes that the frequency of the hyper-
Raman photons must be wl(,f D= 2wy, — (wy — w;). Such
processes are then identified in the excitation-emission spec-
tra as straight lines with twice the slope of standard Raman
processes.

All the features just outlined are clearer when one ap-
proaches the ultra-strong coupling regime of light-matter in-
teraction, 77 ~ 0.1, so that the matrix elements X, ; in Eq. (3)
acquire sizable values. Indeed, Fig. 3(a) shows the calculation
of the scattering rate W versus 7 computed through Eq. (5) for
the Stokes process |0) — |1), which is the most visible one
in a system close to the ground state, compared to the inten-
sity of the corresponding Raman peak computed in the exci-
tation emission spectra. Beyond the good agreement between
both results, which supports our description of the underlying
quantum process, we highlight the exponential increase of the
intensity of the peak with . Way bellow the USC regime,
the small values of the scattering rate would make observing
Raman processes in cavity QED systems very challenging, as
shown in Fig. 3(c), where for 7 = 0.01 the first Stokes peak is
extremely hard to notice.

It is illustrative to consider the possibility of Raman pro-
cesses in a cQED system with < 1, therefore well described
by a Jaynes-Cummings Hamiltonian. The eigenstates of this
system are organized in doublets |ji) that are also eigen-
states of the total number of excitations N = a'a + 616,
ie. N|ji) = j|j+). This means that the only Raman pro-
cesses allowed are those that conserve the total number of ex-
citations, i.e., those whose initial and final states are within
the same doublet. Since processes that start and end in the
ground state yield wg = wr, and therefore do not produce
energy-shifted photons, the observation of the most relevant
Raman processes that involve the ground state is not possi-
ble in Jaynes Cummings system. Peaks that may be observed
in this limit, such as w3! and w3k, are only vaguely visible
even in the ultrastrong-coupling regime, as can be seen in
Fig. 2(a,b), and would require a stationary population of ex-
cited states, whose origin can imply extra sources of dephas-
ing. We therefore conclude that emission of Raman photons
from coherently driven cavity QED systems is essentially a
characteristic effect of the USC coupling limit.

The presence or absence of certain Raman peaks also pro-
vides information about microscopic parameters, such as the
static dipole moment parametrized by 6. Each peak exhibits a
characteristic dependence on 6, as we illustrate in Fig. 3(b)



with two particular examples, the Stokes peaks wéw) and

wé?’o), showing that this dependence is well captured by our
quantum description of the process based on perturbation the-
ory. This example highlights that, in some cases—such as for
wg 9__the breaking of parity symmetry (6 # 0) is necessary
to observe the corresponding Raman peak. For § = 0, eigen-
states of the QRM are also parity eigenstates, and thus only
Raman processes that conserve parity, such as |0) — |3), will
have a non-zero scattering rate.

Finally, Fig. 3(d) shows that our quantum model provides
a good qualitative prediction for the different dependence of
Stokes and anti-Stokes peaks on temperature, showing that the
intensity Stokes peaks is just slightly reduced, while the inten-
sity of anti-Stokes peaks can be increased by orders of magni-
tude, explained by the corresponding increase of the stationary
population of excited states.

Conclusions—. We have demonstrated that spontaneous
scattering of Raman photons from cQED systems can be vis-
ible in the USC regime without involving any vibrational de-
gree of freedom. This result introduces news fingerprints
of strong light-matter interaction that will allow to leverage
the potential of Raman spectroscopy for system characteri-
zation in the field of cQED. The findings that we describe
should be readily observable in superconducting circuits plat-
forms, where couplings between single qubits and microwave
resonators exceeding n > 0.1 have been reported [63—-66].
The study of quantum correlations in Raman photons can
also offer new routes for the generation of non-classical
light [58, 67-70].
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