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Subradiant states in a finite chain of two-level quantum emitters coupled to a one-dimensional
reservoir are a resource for superior photon storage and their controlled release. As one can maximally
store one energy quantum per emitter, storing multiple excitations requires delocalized states, which
typically exhibit fermionic correlations and anti-symmetric wavefunctions, thus making them hard
to access experimentally. Here we identify a new class of quasi-localized dark states with up to
half of the qubits excited, which only appear for lattice constants of an integer multiple of the
wavelength. These states allow for a high-fidelity preparation and minimally invasive read out in
state-of-the-art setups. In particular, we suggest an experimental implementation using a coplanar
waveguide coupled to superconducting transmon qubits on a chip. With minimal free space and
intrinsic losses, virtually perfect dark states can be achieved for a low number of qubits featuring

fast preparation and precise manipulation.

Introduction.— Collective excitation states of ensem-
bles of quantum emitters possess several surprising and
long-sought physical properties. Typically, excitations
are delocalized and lost dissipatively to the environment
at rates that vary over many orders of magnitude. Of
particular interest are states with long lifetimes. These
dark—or subradiant—states can be used to implement
extremely efficient quantum memories [1, 2], lossless trans-
port of excitations [3, 4], photon-photon gates [5], future
generations of atomic lattice clocks [6, 7] and improve
quantum sensing. Recently, applications towards building
superior single photon antennas [8] or nanoscopic coherent
or non-classical light sources based on dark resonances
have been proposed [9].

In most cases, studies and experiments on subradi-
ance focus on manipulating a single excitation only, i.e.,
they limit their scope to the lowest Dicke manifold [9-21].
Many-body multiple excitation subradiant states have
attracted some interest only recently, but in general the
preparation and manipulation of such states remains chal-
lenging as they are typically very delocalized. One option
is to use more complex atomic emitters with several inter-
nal excited states. This allows to store several photons in
a dark subspace, but they are tied to multipartite entan-
glement, which is fragile in general [22-27]. For a chain of
qubits coupled to a waveguide, dark states within the two-
excitation manifold have been classified into fermionic,
dimerized or edge states among others [28-42]. Exper-
imental preparation and control of such states remains
challenging and only quite recently the two-excitation
manifold was probed experimentally with superconduct-
ing transmon qubits [43].

In this work, we theoretically predict a new type of
many-body dark states for arrays of qubits coupled to a
1D bath. These states emerge when the lattice constant
is an integer of the guided mode wavelength and are dis-
tinguished by strongly localized excitations. The states
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FIG. 1. (a) Schematics of a regular chain of qubits coupled to
a 1D waveguide with photon-mediated interactions determined
by the single-qubit decay rates 7. For qubits separated by
integer multiples of the wavelength Ao, a degenerate family
of non-radiative dark states forms, which are only subject
to very small free space decay and non-radiative losses ynr.
(b) Waveguide QED realization with superconducting circuits:
transmons (in black) are coupled to a coplanar waveguide (in
blue). The individual qubit frequencies and thus effectively
their distance d can be tuned in-situ via flux-bias lines. For
the preparation and read-out of dark states, local driving
pulses H4(t) and local detuning control Aq(t) are applied via
separate control lines. (c¢) Distribution of the excited state
population for N = 8 qubits for a localized two-excitation
dark state |\I/§>2)> as described by Eq. (7). Two qubits store a
large fraction 2(N — 3)/(N — 2) of the excitation energy.

are built from antisymmetric superpositions of symmetric
states, whose decay into the bath is forbidden due to
destructive interference [44]. For instance, we find that a
large fraction 2(N — 3)/(N — 2) of two excitations stored
in an N qubit array settles in just two qubits, while a
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FIG. 2. (a) Minimal decay rate 7<1) within the single-excitation manifold as a function of qubit number and separation d for

lossless qubits with v, = 0. Continuous white lines enclose regions of strong collective subradiance, where 'ySi)rl /v < 107°. The
example of Eq. (3) is indicated with a white dot for N = 8 qubits. (b) Assuming M qubits are driven individually, we show the
energy level diagram indicating the route towards dark state preparation and probing with coupling to |\I/<DM>) facilitated by a

coherent drive Hq(t). Once \\Ilgu)> is prepared a second field sent through the waveguide, as described by Huwg(t) in Eq. (6),
transfers the state outside the dark manifold, from where it decays with rate (N — 2M)y. (c) Weak field waveguide transmission
as a function of probe frequency tuned across the single qubit resonance frequency wp for a 8-qubit chain in the ground state
(solid line) and the single- to four-excitation dark states (dashed lines). The blockade window decreases from the linewidth N~ of
the symmetric single-excitation state towards (N — 2M )~ for the M-excitation dark state and disappears for the four-excitation

dark state showing complete transmission.

small fraction spreads along the remaining qubits to in-
hibit decay [see Fig. 1(c)]. We show below an analytical
description for these states and characterize their spatial
correlations. We study spectral signatures of photon trans-
port in the presence of these states. From these findings,
we propose a realistic protocol to store and release mi-
crowave photons in a controlled fashion. Our work should
lead to multiple opportunities within atomic physics and
quantum optics, such as multi-photon memories for quan-
tum repeaters, and unlock rich phenomena in ordered
systems of long-range interacting quantum emitters, both
in the linear and quantum many-body regimes. We also
note that the high-fidelity preparation protocol presented
here may inspire experimental confirmation and further
the understanding of many-body subradiant states.
Model.—Consider an array of N qubits resonantly cou-
pled to the modes of a waveguide as illustrated in Fig. 1.
Each qubit has two internal states |e,,) and |g,) sep-
arated by a transition frequency wy and is character-
ized by its position x,,. The waveguide mediates the
qubit-qubit interactions and acts as a source of dissipa-
tion. With the inclusion of spontaneous emission into
the waveguide and assuming that wg is well below the
cutoff frequency of the waveguide, the master equation

for the density operator of the array p reads [44, 45]
p= =i (Howp = i) + Sy Vim0, where Ho
is the collective Hamiltonian (A = 1)

N
,;:leﬂ” = Z (Jm,n - l%)a-iw&na (1)

m,n=1

composed of lowering operators &, = |gm){em| and in-

teraction terms Jy, ,, = (v/2)sin ko|@p, — x| and Yo, =
~vcosko|Ty, — |- The interaction is weighted by the
individual decay rate v while the qubit separation by
ko = wo/c, the wavevector of the guided mode on reso-
nance with the qubits. For qubit separation d = n\g with
n € Nt the coherent exchange rates J,, ,, are zero and
there is only collective dissipation 7, p.

We are interested in localized dark states |\II§)M)> stor-
ing M excitations. To construct such states, we divide
the chain into two parts of M and N — M qubits, re-
spectively. The precise position of the qubits is not rel-
evant for this division and without losing generality we
define the collective operators S; = Zjle 6;/VM and

Sy = Z;V:MH 6j/vV N — M to act over each part. The
effective Hamiltonian for d = nAg within this division
reads

N i M (N — M
g = 0ty - M st
—iD(8]8, + S18y). (2)

The last term shows that the symmetric superpositions of
the two parts are dissipatively coupled by the enhanced
rate 2I' = /M (N — M)~. A similar division can be done
for odd multiples of \y/2 separations with the symmetric
operators now replaced with anti-symmetric operators,
having alternate signs between consecutive qubits.

The division is a formal one, but our results can be
generalized to non-identical couplings as shown in the
Supplementary Information (SI) [46]. In particular, if we
assume that the first qubits decay with a rate ; while
the remaining decay with o the localization is enhanced.
That is, a higher fraction of the excited state population is



concentrated in the first qubits. The effects of impurities
as non-radiative energy loss vy, and dephasing v, are also
explored in the SI.

Single Ezxcitation.—Qubits decay into the waveguide
via collective channels determined by the eigenstates of
Eq. (1). The decay rates depend on qubit number N and
lattice spacing d, as shown in Fig. 2(a) for the slowest
decay rate of a single excitation. While in general this rate
is suppressed with increasing qubit number — following a
N3 scaling [29] — this is not the case for spacing kod = n.
In the so-called “mirror configuration” (with d = n\g),
there is only one bright state, |Wg)> = Z;V 6;\G>/\W
where |G) = |g)®V, and (N — 1) perfectly dark states of
exactly zero decay rate. Leveraging the degeneracy of the
dark manifold, one can build highly-localized dark states.
Consider the state

1

v =~ (VN-Tol-sh)ie), @)
composed of the normalized sum of [¥,,,) = 1/v/2(61 —
61 )|G) states, which span the N — 1 dark subspace. The
operator S is defined in the model section. The dark
state displays the unique feature that a large fraction
<6I61) =1—1/N of the excited state population is con-
centrated in the first qubit. By increasing the system size,
the excitation is mostly stored in the first qubit while be-
ing protected from decay by a vanishing amount spread in
the remaining qubits. The absence of coherent exchange
interaction is crucial in so far as it would introduce un-
wanted couplings between bright and dark states.

Dark state preparation and probing.— The choice to
store an excitation in the first qubit is not unique and any
other qubit is equally valid [46]. The dark state |\I/g)>7
however, can be efficiently prepared by introducing an
external coherent drive on resonance with qubits and lo-
calized on the first qubit. This pulsed drive couples to
the chain via Ha(t) = Qa(t)(67 + 61) where Qq(t) is a
time-dependent Rabi frequency. It connects the ground
state to both bright and dark states with asymmetrical
coupling strengths

(O [Ha(1)|G) = Qu(t)V/1/N, (4)
(U Ha(8)|G) = Qu(t)y/T— 1/N, (5)

thus coupling to the dark state with high fidelity in the
N > 1 limit. The drive not only prepares single-excitation
dark states but also connects dark states along the excita-
tion ladder through paths illustrated in Fig. 2(b). These
paths continue until half of the qubits are excited and
there are no more dark states [36].

To probe the dark states we use a second, weak driving
field (Qwg(t)/y < 1). The field propagates along the
waveguide and couples to the qubits through

N
Hus(t) = 3 (Awetlo; + Qa6 +67)) . (6)
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FIG. 3. (a) Minimal decay rate ~2) within the second ex-

min
citation manifold as a function of chain size N and qubit
separation d. The continuous white lines enclose the regions

where 'yr(ngi)n /7 < 107°. The subradiant states generally exhibit
non trivial spatial correlations |{e,em|¥)|?, which renders
them challenging to access. For kod = (2n+1)7/2 with n € N
a checkerboard pattern emerges in (b) whereas in (c) a typical
fermionic occupation is shown, which is shared by most subra-
diant states. In (d) the dark state |¥2)), of Eq. (7), is shown
for kod = 2nm with two excitations localized in the center of
the array.

Notice there is no phase pick-up between the qubits due
to the n\g separation. This probe connects dark and
bright states through paths shown in Fig. 2(b). It then
opens a window into the dark states by measuring the field
E = En+iyv/2 ;0 composed from the superposition
of probe and fields scattered into the waveguide. Fig-
ure 2(c) shows the transmission (ETE)/(El Ei,) for dif-
ferent initial states. An 8-qubit chain is probed by a rect-
angular waveguide pulse of duration ¢ty = 50 during which
the transmitted field is recorded using the master equa-
tion accounting for multiple excitations [10]. We begin
with N qubits in the ground state where the transmission
linewidth is N+, corresponding to the symmetric state
|\P551)> excited by the probe. For the qubits prepared in
the Mth excitation dark state the transmission linewidth
is reduced to (N — 2M)~v [46]. For a single excitation,
with N > 3, the probe excites g (£)| U0 oc [T, with
W@ « (N —2)ol — VN —18}) SI|G). For M = N/2
the waveguide drive is orthogonal to the dark state and
therefore renders the system completely transparent. In
this way the two-excitation manifold is utilized to escape
the decoherence-free subspace and probe the preparation
of the dark state [43].

Note that we assume the ideal case without imperfec-
tions and positional disorder, which would lead to a finite
lifetime of the dark state and a higher overall transmis-
sion, treated in the ST [46].

Multiple Ezxcitations.— The localized dark states for
multiple excitations are written explicitly in the SI [46].
For simplicity, we focus on the two-excitation subspace of



Eq. (2), where the Hilbert space is spanned by states
lenem) = 6167 |G). In general, the most superradi-
ant two-excitation state can be written as |\I/ESQ)> x
di<k 6;&;L|G> and decay with a rate 2(N — 1)y. By
contrast, for kod = nm, a completely dark state is

N=3( o2 V28i8]  (S)?
N_1<<51> TN Tv-s )l

where a fraction 2(N — 3)/(N — 2) of the excitations is
stored in the first two qubits with S; o defined above
Eq. (2).

Subradiant states for two excitations are illustrated
in Fig. 3. Figure 3(a) shows the minimal decay rate
'yr(fi)n as a function of qubit number N and relative dis-
tance d. The decay rate changes with lattice constant
and signals different types of dark states with qualita-
tively different spatial correlations |{e,e,,|¥)|?, as shown
in Figs. 3(b)-(d). For kod = (2n + 1)7/2 with n € N,
correlations display a checkerboard-type pattern [29] due
to the fact that coherent nearest-neighbor and dissipa-
tive next-nearest-neighbour interactions in Eq. (1) are
zero. Figure 3(c) shows a typical state, described by a
fermionic ansatz, where two-excitation states are com-
posed of single-excitation subradiant states, as commonly
found for multiple excitations [1, 28]. For a large num-
ber of qubits, N 2 50 and kod = (6n — 1)7/6, another
extremely subradiant two-excitation state emerges with
dimerized spatial correlations and a decay rate lower than
any fermionic-type state [31]. These extended states are
to be compared with Fig. 3(d), where the dark state
|\I'g)> of Eq. (7) with kod = 27n is shown for a 20-qubit
chain. The spatial correlations of the dark state lead to
easily accessible preparation as opposed to most other sub-
radiant states with non-trivial spatial correlations. For
instance, a (local) coherent drive with Rabi frequency
Qq(t) exciting two of the qubits drives the dark state
with strength Qq4(t)v N — 3/v/N — 1 and subsequently a
waveguide drive can be used to probe the preparation of
the dark state, see also Fig. 2(b).

Two-Photon Storage and Release.—Building on the
above results we establish a simple protocol for storing
and releasing two excitations into a waveguide. The pro-
tocol starts with N qubits in the ground state that are
driven into the dark state |\I/g)> by a coherent pulse on
the first two qubits. The two excitations remain stored
for a time 7 after which the last N — 2 qubits are detuned
by Aq 2 (N — 2)y to transfer most of the two excita-
tions into the product state |ejes). This is illustrated in
Fig. 4 for a 16-qubit chain with and without imperfec-
tions. The coherent drive H4(t) = Slci(t)(61r + &; + h.c.)
prepares the state |\IJg)>. Then, at vt = 12, the last
14 qubits are detuned by Ay = 507 from the resonance
frequency wqg to initiate the decay of excitations. The
radiated intensity I(¢) = (E1E)(t), equivalently expressed
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FIG. 4. Protocol to prepare, store, and release two excitations
using a chain of 16 qubits separated a distance d = Ao. (a) A

m-pulse drives the first two qubits into the dark state |\I/(g))
where excitations are stored until y¢ = 12, when they are
released via a superradiant channel created by quickly de-
tuning the last N — 2 qubits by Aq = 507. (b) Fidelity
F = (\I/g)|p|\lfg)> to prepare the dark state for an ideal
case (solid line) compared to a case with dephasing and non-
radiative damping Ydep, ynr = 1072 (dashed-dotted). (c) The
field radiated into the waveguide displays a sharp peak in inten-
sity I(t) = (ETE)(t) after release and negligible values during
preparation and storage. A beating in intesity appears as the
excitation oscillates between initial and final qubits during re-
lease [see S1,2 in Eq. (2)]. Emission with (dashed-dotted) and
without interference term 2Re(S]S:) (black dashed). Here,
the m-pulse has a Gaussian temporal profile of duration 8y at
FWHM and reaches a peak Rabi frequency 0.25v at to = 3y~ 1.

as (S]81) + (8185) +2Re(S1S,) is negligible until a sharp
pulse of emission appears after the detuning is turned on.
Superconducting circuit implementation.—Due to near-
perfect mode matching, superconducting qubits in a 1D
transmission line [10, 55-57] are an ideal platform for re-
alizing these ideas. Here, we focus on the implementation
with transmon qubits capacitively coupled to a common
coplanar waveguide as shown schematically in Fig. 1(c).
Similar to Ref. [58], the distance d between the qubits
on chip is fixed but changing the frequency at which the
transmon qubits emit effectively changes their separation.
This ensures that we can satisfy d ~ \g, as well as tune
qubits on and off resonance via on-chip flux lines. Weakly-
coupled control lines realize the drive Hq(t) and allow to
selectively excite the single qubits respectivley in-situ, and
thus prepare dark states [43]. Non-radiative decay rates
~Ynr and dephasing rates -4 for superconducting qubits
are usually multiple orders of magnitude smaller than
typical couplings to the waveguide +, see the SI [46]. The
achievable parameters are easily sufficient to realize the
protocol demonstrated in Fig. 4 with ~ 99% fidelity for
the dark state preparation.



Conclusions.— Motivated by state of the art implemen-
tations of waveguide-coupled superconducting qubits, we
introduced and studied a theoretical model of the prop-
erties and excitation pathways of multi-excitation dark
states. Due to the symmetry and (practically infinite-
range) all to all coupling, such system possesses almost
degenereate manifolds of multi-excitation states radia-
tively decoupled from the waveguide if the qubits are
positioned at wavelength distance. These states allow to
absorb and store multiple photons simultaneously [46],
while localizing the majority of the excitation energy in
just a handful of qubits. This contrasts with typical free
space subradiant states, where each excitation is maxi-
mally delocalized. Their localized nature facilitates the
preparation of these states via local addressing of individ-
ual qubits, which is currently available in state of the art
implementations. The system and the proposed protocol
also allows for controlled storage and release of multi-
ple photons into the waveguide, pointing towards pos-
sible applications for non-classical multi-photon sources
or a tailored memory for a quantum repeater. As the
projected numbers for experimental realizations seem fa-
vorable, we expect to inspire efforts in various quantum
simulation platforms including superconducting circuits
or Rydberg arrays [7, 59]. Similarly, optical waveguide
systems [14] and atoms, which are tweezer trapped in
optical resonators [60], can be envisaged as an alternative
setup.
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