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We discuss an interpretation that a peak in the sound velocity in neutron star matter, as sug-
gested by the observational data, signifies strongly-coupled conformal matter. The normalized trace
anomaly is a dimensionless measure of conformality leading to the derivative and the non-derivative
contributions to the sound velocity. We find that the peak in the sound velocity is attributed to
the derivative contribution from the trace anomaly that steeply approaches the conformal limit.
Smooth continuity to the behavior of high-density QCD implies that the matter part of the trace
anomaly may be positive definite. We discuss a possible implication of the positivity condition of
the trace anomaly on the M-R relation of the neutron stars.

Introduction: Massless quantum chromodynamics
(QCD) exhibits conformal symmetry, and the expecta-
tion value of the trace of the energy-momentum tensor,
(©) = (T*,), vanishes at the classical level [1]. Conformal
symmetry, however, is broken at the quantum level. This
violation is quantified via the trace anomaly, which has
the anomalous term proportional to the gluon condensate
owing to the running of the strong coupling constant, a.

At finite temperature 7" and baryon chemical poten-
tial up, the condensate should depend on T and pup and
we can decompose the trace anomaly into the vacuum
and the matter parts. The matter part of the trace
anomaly can be expressed in terms of thermodynamic
quantities, i.e., the energy density ¢ and the pressure P,
as (O)r,, = € — 3P. An interesting question is how
(©)7 5 changes near the transition point. At finite T
and pg/T < 1 the lattice-QCD simulations provide the
first-principles estimate. In Refs. [3, 4] the normalized
trace anomaly, (¢ — 3P)/T* (referred to as the interac-
tion measure), in the pure Yang-Mills theory was found
to have a sharp peak at the deconfinement temperature,
T, and a tail approaching zero asymptotically at high T

This enhancement is understood from the thermal
modification of the condensate. The gluon condensate
melts near the transition point leading to a peak in the
thermal part of the trace anomaly. Lattice measure-
ments of the trace anomaly have a striking impact on
our understanding of deconfined matter. As pointed out
in the section of “Discussion of Conformal Symmetry” in
Ref. [5] the trace anomaly behaves like (©)r «x T even
for T 2 2T, suggesting that a strongly-coupled gluonic
system is realized in the deconfined phase.

The trace anomaly has been also calculated in full
QCD with dynamical quarks (e.g., Refs. [6-8]). The
hard-thermal-loop perturbation theory (HTLpt) is suc-
cessful in reproducing the trace anomaly with quarks al-

ready around T' ~ 27T, while the agreement between the
lattice and the HTLpt results for the pure Yang-Mills
theory begins only around T" ~ 8T [9].

These high-T' studies motivate us to investigate the
trace anomaly at high baryon density. For baryon den-
sity ng > no, where ng ~ 0.16fm™> is the saturation
density, QCD thermodynamics is elusive because the lat-
tice calculations are hampered by the sign problem. The
only ab initio methods are: the chiral effective field the-
ory (xEFT) around ng ~ ng (see, e.g., Ref. [10] for a
recent review), and the perturbative QCD (pQCD) at
high density where «y is sufficiently small [11, 12] (see
also Refs. [13—17] for recent developments).

To constrain thermodynamic quantities or the equa-
tion of state (EoS), we can also rely on the empirical
knowledge from the neutron star (NS) observations; the
sound velocity, v2 = dP/dg, characterizes the EoS. Re-
cently, a non-monotonicity of v? as a function of den-
sity has been conjectured [18-20]. For instance, Quarky-
onic description of dense matter [21-30] in the large-N,
limit [31, 32] leads to the rapid increase, accompanied by
a peak of the sound velocity (see also Refs. [33-30]).

At asymptotic densities where QCD recovers confor-
mality, v2 — 1/3 is expected; this limit is commonly re-
ferred to as the conformal limit, and thus 1/3 —v2 serves
a measure of conformality. There was a conjecture claim-
ing 1/3 —v2 > 0 at all densities [37]; see also Ref. [35].
However, the recent analyses of NS data including the
two-solar-mass pulsars [39-42] are in strong tension with
1/3 —v2 > 0 at sufficiently high ng [13-17], which seems
to challenge the conformality in dense NS matter in deep
cores.

Here we propose the trace anomaly scaled by the en-
ergy density as a new measure of conformality. The
sound velocity is expressed solely in terms of the nor-
malized trace anomaly, and the latter is a more com-



prehensive quantity than v2. Here, we extract the trace
anomaly from the EoSs inferred from the NS data [45, 48—
50]. We discuss the conformal limits (©)r ,, — 0 and
v2 — 1/3, and clarify the difference. We show that the
enhancement in the sound velocity is not in contradiction
with conformality. We then discuss the possibility that
the trace anomaly is positive definite at all densities. We
give a number of arguments for the positivity of the trace
anomaly and discuss implications for NS physics.

Trace anomaly at finite baryon density: Scale trans-
formations lead to the dilatation current j, = x,T"
for which 0,55 = T%, = © [51]. For conformal theo-
ries © = 0 but in QCD both quark masses and the trace
anomaly explicitly break the scale invariance as [52, 53]

/8 a v —
0= @FWEQL + (1 +vm) zf:mefo ; (1)

where 8/2g = —(11 — 2Ny /3)as /87 + O(a?) is the QCD
beta function and 7, = 2a, /7 + O(a?) is the anomalous
dimension of the quark mass.

At finite T and/or up, the expectation value involves a
matter contribution as (©) = (0)7,,, + (©)o where ()
represents the vacuum expectation value at 7' = ug = 0.
In this work we will focus on the matter contribution only
given by

<@>T7HB =e—3P. (2)

It is customary to call (©)r,, the trace anomaly too.
If thermal degrees of freedom are dominated by massless
particles as is the case in the high-7" limit, the Stefan-
Boltzmann law is saturated and P ~ T% at high tem-
perature or P ~ pg at high density, so that e = 3P.
Conversely, using thermodynamic relations, one can show
that ()7, = 0implies P o< T4 or P g, respectively.
Thus, (©)7,,, is a probe for the thermodynamic content
of matter.
The physical meaning of the trace anomaly is trans-
parent from the following relations:
(O)rup=0 _ dvr (O)r=0pus _  dvy
T4 - ﬁ ) ,U'4 - MBW ) (3)
B B

where we quantify the effective degrees freedom by vy =
P/T* and v, = P/, for hot matter at up = 0 and dense
matter at T = 0, respectively. These imply that the
trace anomaly is proportional to the increasing rate of the
thermal degrees of freedom as the temperature/density
grows up.

Here, we propose to use

1 P
A= (©)Tpn -~ _ (4)
3e 3 €
as a measure of the trace anomaly [54]. The thermo-

dynamic stability and the causality require P > 0 and
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FIG. 1. Normalized trace anomaly read out from four inde-
pendent EoSs inferred from NS data; the light blue solid line
and error band from Ref. [45], the orange dashed lines from
Ref. [48], the green dotted lines from Ref. [49], and the red
dot-dashed lines from Ref. [50]. We show two ab initio calcu-
lations (YEFT [46] and pQCD [12]) and the red line marked as
(a) and the blue dotted line marked as (b) are interpolations
with 1o band by the Gaussian process applied to different
regions of NS data.

P < g, respectively. Therefore —2/3 < A < 1/3, and
A — 0 in the scale-invariant limit.
We decompose the sound velocity as

2 AP

2
Vg = de - Us,dcriv + Us, non-deriv » (5)
where the derivative and the non-derivative terms are
dA 1
2 _ 2 _
Us,deriv = d77 ) vs,non-deriv = g —A. (6)

Here, n = In(e/ep) and g¢ is the energy density at nu-
clear saturation density, i.e., g = 150 MeV/fmg. From
these expressions it is evident that the restoration of
conformality renders A — 0 and dA/dy — 0, so that
V2 >~ V2 | hderiv — 1/3 in the conformal limit at asymp-
totically high density.

Trace anomaly from the NS observations: In Fig. 1,
we show A extracted from various P(e) constrained by
NS observables [45, 48=50]. The error band represents the
1o credible interval corresponding to the error in P(e).
Since ¢ is treated as an explanatory variable, the relative
error in A(g) is assumed to be the same as that in P(e).

For all these data A ~ 0 within the error at relatively
low energy density. Note that the red dash-dotted curve
in Fig. 1 follows from the analysis including pQCD as
an input [50], which makes the tendency A ~ 0 more
apparent.

Fig. 1 shows that the (normalized) trace anomaly in
the present experimental range monotonically decreases
with increasing . At asymptotically high density A — 0
should be eventually reached. It is nontrivial that the NS
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FIG. 2. The speed of sound and its decomposition (6) cal-
culated from (7) as shown in the inset plot. The horizontal
axis is the logarithmic energy n normalized to the value at
the saturation point, €9 = 150 MeV/fmS.

observations favor A ~ 0 at intermediate ¢, well below
the asymptotic density. Here, we elucidate that this quick
approach to conformality causes a prominent peak in v2.
We emphasize that, even if the behavior toward A — 0
is monotonic in &, v2 > 1/3 can be induced.

The minimal parametrization of monotonically de-
creasing A is

11 1 A
A=Z—_. 1— .7
3 3 e rlnmme) 41 < B+n2> Q

The crossover density to conformal matter is character-
ized by 7. and the width of the crossover region is 1/k.
Equation (7) has the correct limit A — 1/3 for n < n,
and A ~ (A/3)/(B +n*) — 0 for n > n,.. Nonzero A
and B represent the pQCD logarithmic tails that are not
well constrained from the NS data. One parameter set
that fits the observational data reads,

k=345 n.=12 A=2 B=2. (8
The fit together with data is shown in the inset plot in
Fig. 2. We show v? computed from Eq. (5) with the help
of Eq. (7) in Fig. 2. In the high density region for n > 2,
v? is dominated by v2 | ., _qeriy @PProaching the conformal
value, 1/3. At low density for n < 1, v2 goes to zero.
The most interesting is the behavior of v? around 1 <
n < 2. This density region corresponds to the energy
scale of the transitional change from non-relativistic to
relativistic degrees of freedom. There, v2 develops a peak
whose height can become larger than the conformal value.
The dashed and the dash-dotted lines in Fig. 2 show
and v? respectively. Because A of Eq.(7)

2
Us,deriv

is a monotonic function, v _ . .
with increasing n. Thus, v? deriv €Xhibits the peak struc-
;

ture. From this decomposition we clearly recognize that

s,non-deriv’
smoothly increases

the peak in v2 is not caused by the violation of the con-

formal bound, but it is a signature of the steep approach
to the conformal limit!

We stress that this is quite different from high-7" QCD
where the normalized trace anomaly itself has a peak
around 7., which causes a minimum in the sound ve-
locity. Along the T axis conformality is restored only
at temperatures far above T.. One might have an im-
pression that conformality in QCD should be associated
with the weak coupling, but it is not necessarily the case.
What we find from Fig. 1 is that conformality quantified
by A is quickly restored around 1 < n < 2 and the peak
in v2 should be interpreted as a signature of conformality.
The peak position may well be identified as the point of
the slope change as observed in Ref. [55]. Around this
peak «; is not yet small and the state of matter for 2> 2
should be regarded as “strongly-coupled conformal mat-
ter”.

We note that v2 — 1/3 generally occurs at lower den-
sity than A — 0. We can illustrate this in a simple model
with the vector interaction between the currents whose
energy density is given by

C
e(n) = myng + Fn% , (9)

where my = NcAqcep is the baryon mass, and C' and
A are the typical interaction strength and the scale of
the system, respectively. This can be thought of as the
generalization of the mean-field quantum hadrodynam-
ics [76]. Note that ug = my + 2(C/A%*)ng, and P =
(C/A*)n%. This means that © = myng — 2(C/A%)n
and v? = 2(C/A*)ng/[my + 2(C/A?)ng]. The confor-
mal point A — 0 is reached when ng ~ NCA%CD/(2C’).
The condition of v2 — 1/3 is reached earlier at ng ~
NCA%CD/(4C). So in this model the density at which v?
surpasses the conformal limit is always lower than that
for the trace anomaly.

Strongly-coupled conformal matter: In Fig. 1 we over-
lay the currently available ab initio calculations of
XEFT [16] and pQCD [12] on the observational data that,
however, do not constrain A beyond /g9 ~ 10*. We uti-
lized the Gaussian process for the interpolation using NS
data from the machine learning [45] up to the density
e/ep <4 (a) and using all data up to €/eg ~ 8 (b). De-
tails about the choice of the kernel and the noise will be
reported elsewhere.

In the conservative inference in (a) A stays positive or
slightly negative after quickly approaching zero, which
implies a possible bound, A > 0. Once the conformal
limit of the trace anomaly is saturated, the underlying
theory becomes approximately scale invariant and the
EoS drastically simplifies. Baryons are strongly interact-
ing, and yet the resultant EoS of strongly-coupled con-
formal matter is P = /3.

If the mean value from the machine learning infer-
ence is extrapolated, the Gaussian process prefers (b).



In this case A has a non-monotonic structure with two
nodes. Accordingly, there should be a density window
with dA/de > 0 (i.e., v ) < 0) between the two ze-
ros. The peak in v? is hardly affected, however, the max-
imum of v2 is pulled up as compared to (a). If vi(

2
s,(deriv

deriv)
happens to be negative large, v2 approaches zero after the
peak, which causes softening of the EoS similarly to the
first-order phase transition. Intuitively, the peak in v?
is generated by EoS stiffening, but the soft pQCD EoS
at high density requires EoS softening at intermediate
density.

Is the trace anomaly positive in finite-density QCD?:
Let us focus on the scenario (a) and consider its implica-
tions. The smooth curve of (a) in Fig. 1 supports a hypo-
thetical relation, (©),, > 0 (equivalently, P < e/3). The
positivity condition of the QCD trace anomaly has been
often assumed in the literature of finite-T' QCD; see, e.g.,
Ref. [57]. The lattice-QCD calculations at finite T' give
thermodynamic quantities satisfying (@)1 > 0 [6-8].

In general, however, the trace anomaly may not be
positive definite. For example if the low-energy the-
ory is a gauge theory governed by a free infrared (IR)
fixed point such as an Abelian gauge theory with mass-
less fermions or a non-Abelian gauge theory with many
massless flavors [58], where the 8 function is positive at
weak coupling and (F2) is known to be negative, then the
trace anomaly (1) becomes negative. We also point out
that some phenomenological nuclear EoSs bear a nega-
tive trace anomaly due to sudden stiffening of the EoS

with P > ¢/3 [56, 59, 60]. Moreover, QCD at finite
isospin chemical potential [61] and two-color QCD at fi-
nite pp [62, 63] produce a negative trace anomaly.

Nevertheless, in view of the observational data in
Fig. 1, QCD may well enjoy a special property that
the matter part of the trace anomaly is positive defi-
nite. One supportive argument is based on the behavior
of the chromoelectric field, E, and the chromomagnetic
field, B. In the chiral limit only the gluon condensate,
(F?),, = (B*~ E?),,, contributes to the trace anomaly.
Nuclear matter at low density is approximated as a gas
of nucleons, and the trace anomaly is positive for each
nucleon (that is the nucleon mass squared), and so the
trace anomaly in dilute nuclear matter should be posi-
tive. In the nonrelativistic quark model at higher den-
sity, the interquark interaction is dominantly mediated
by the chromoelectric field, and so the trace anomaly is
positive. Besides, we know for sure that the direct pQCD
computation at asymptotic high density gives a positive
trace anomaly.

From another perspective the positivity of the trace
anomaly can be motivated as follows. Eq. (3) relates the
matter part of the trace anomaly to the density deriva-
tive of effective degrees of freedom v,. As long as more
effective degrees of freedom are liberated at higher ug,
we can conclude (©),, > 0 because of dv,/dug > 0. It
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FIG. 3. The effect of the A > 0 bound on the NS M-R
relation. The black solid (dotted) line shows the maximum
mass configuration for the EoS with (without) the A > 0
bound. We also overlay the measurement of NSs and the M-
R relations (thin dashed curves) corresponding to empirical
nuclear EoSs from Refs. [60, 68-70] and two variants from
Ref. [71]*.

2 The data are adopted from
http://xtreme.as.arizona.edu/NeutronStars/

is an intriguing question how the above argument could
be modified if color superconductivity is activated with
a finite condensation of quark Cooper pairs.

To prove (0),, > 0 directly from QCD is an intrigu-
ing challenge. It is a nontrivial and profound question
due to the composite operator renormalization. Here,
we propose a complementary strategy to test this conjec-
tured inequality using astronomical observations of NSs,
namely, the maximum mass bound.

One-to-one correspondence is established between the
EoS and M(R) (where M is the NS mass as a function
of the NS radius R). In order to find the maximum
mass, Mpyax(R), for a given radius R. we assume a stan-
dard crust EoS up to ng < 0.5ng [64, 65]. Then, for
ng > 0.5n9 we identify Mpax(R) by taking the maxi-
mally stiff/soft EoS parametrizations. Technical details
are outlined in Refs. [66, 67] (see also Ref. [16]).

Some maximally stiff EoS may render negative A. In
Fig. 3 the dotted line represents the original Myax(R),
while the black solid line shows My,.x(R) for the EoS
with the A > 0 condition taken into account. Perform-
ing the EoS scan we find the gray shaded region that
is incompatible with the A > 0 condition. For com-
pleteness we overlay three current radius measurements
obtained with two different methods; namely, spectral
measurement of 4U 1820-30 and SAX J1748.9-2021 [72],
as well as the timing measurement of J07404+6620 from
NICER [73, 71]. We also plot the M-R relations from
empirical nuclear EoSs [60, 68-71]. From Fig. 3 we can
say that the A > 0 condition has a phenomenological
impact to tighten the allowed M-R region. In Fig. 3 we



put a thin line at M /Mg = 2 for eye guide. If the max-
imum mass is larger as reported in Refs. [42, 75], our
proposed bound would exclude EoSs that lead to suffi-
ciently heavy mass but small R inside the gray shaded
region. We propose further systematic comparisons of
results with/without our positivity condition as well as
the hypothesised conformality bound on the sound veloc-
ity for other observables such as the tidal deformability
along the lines of, e.g., Refs. [76, 77]. Future multimes-
senger observations, which are expected to pin down the
maximum mass of NSs [78-81], and radius measurements
together with the tidal deformability inferred from the
merger will help to test our conjecture of the positive
trace anomaly.
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