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Non-abelian gauge theories underlie our understanding of fundamental forces in nature, and de-
veloping tailored quantum hardware and algorithms to simulate them is an outstanding challenge
in the rapidly evolving field of quantum simulation. Here we take an approach where gauge fields,
discretized in spacetime, are represented by qudits and are time-evolved in Trotter steps with multi-
qudit quantum gates. This maps naturally and hardware-efficiently to an architecture based on
Rydberg tweezer arrays, where long-lived internal atomic states represent qudits, and the required
quantum gates are performed as holonomic operations supported by a Rydberg blockade mecha-
nism. We illustrate our proposal for a minimal digitization of SU(2) gauge fields, demonstrating
a significant reduction in circuit depth and gate errors in comparison to a traditional qubit-based
approach, which puts simulations of non-abelian gauge theories within reach of NISQ devices.

Introduction.— Quantum field theories form the back-
bone of the Standard Model of particle physics, where
quantized gauge fields mediate the interactions be-
tween fundamental particles [1]. Lattice gauge theories
(LGTs), where fields are discretized on a space-time lat-
tice [2], provide a convenient framework to study non-
perturbative high-energy phenomena, and have been ex-
tensively used to extract numerous experimentally rele-
vant predictions [3]. Despite this success, standard ap-
proaches based on Monte Carlo methods are severely lim-
ited by the sign problem [4], preventing the study of real-
time gauge theory dynamics, among other drawbacks.
The latter are essential to analyze experimental results
in heavy-ion colliders, where open problems in particle
physics are currently being addressed [5, 6], including
the search of new physics beyond the Standard Model.

In the recent years, quantum simulators (QS) [7] have
emerged as a promising pathway to circumvent these
problems [8-13], leading to several experimental demon-
strations where simple LGTs were investigated using dig-
ital, analog and variational methods [14-20]. For dig-
ital QS [21], in particular, different schemes have been
proposed to address high-dimensional non-abelian gauge
theories using different platforms, including trapped
ions [22-24], ultracold atoms [25-29], superconducting
circuits [30-32] and cavities [33]. Despite their higher
flexibility to simulate complex many-body Hamiltonians
compared to the analog approach, crucial in particular
for non-abelian theories, a full digital quantum simu-
lation requires access to gate-based quantum comput-
ers, which are currently restricted to Noisy Intermedi-
ate Scale Quantum (NISQ) devices [34], limited in qubit
number and circuit depths. Although an impressive ef-
fort is currently taking place to reduce the computa-
tional complexity using improved quantum software [35—
49], simulating relevant LGTs in the NISQ era must be
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FIG. 1. Gauge field dynamics on qudit vs. qubit quan-
tum simulator: (a) Our proposal employs Rydberg atoms
trapped in optical tweezers, arranged on the links ¢ of a hy-
percubic lattice. Each atom encodes a qudit using d internal
levels, where single-qudit gates are realized holonomically. To
implement the entangling two-qudit gate Oy, we first bring
pairs of atoms within the Rydberg blockade radius Ry. (b)
First order decomposition of a Trotter step, including the
four-qudit plaquette interaction, into the native atomic gates
L{Z(E/B) and Oy . (c) For comparison, we show a qubit-based
circuit decomposition of ©, for the Qs group, where the
number of required atoms is increased by a factor log, 8 = 3,
leading to much lower gate fidelities, while our qudit-approach
enables a faithful simulation [see Figs. 2(c) and (d)].



complemented by the development of efficient quantum
hardware tailored to the specific algorithmic demands.

In this Letter, we introduce a qudit architecture based
on atoms trapped in optical tweezer arrays and laser ex-
cited to Rydberg states [50-56] (Fig. 1). We co-design the
platform to match the requirements to digitally simulate
real-time dynamics of non-abelian gauge theories in a
hardware-efficient manner. In particular, we show a con-
siderable reduction of experimental resources compared
to qubit-based approaches due to a more natural match
between the simulating and the simulated degrees of free-
dom, preserving the local structure of gauge-invariant in-
teractions.

Although qudit-based quantum simulators can also be
implemented with other platforms such as ultracold mix-
tures [57], trapped ions [58] and photonic circuits [59],
multi-dimensional tweezer arrays, both dynamically re-
configurable and locally addressable [53, 56, 60-63], sat-
isfy the scalability requirements necessary to address the
continuum limit of LGTs. Specifically, here we con-
sider multi-level atoms to encode large gauge-field Hilbert
spaces using long-lived qudits [64-66]. Employing a Ry-
dberg blockade mechanism [51, 52, 67], we develop a na-
tive set of holonomic gates [68-72], robust against de-
coherence, that allows to efficiently simulate the time
evolution under a general LGT Hamiltonian. In partic-
ular, we show how for the simplest non-trivial digitiza-
tion of SU(2) gauge fields, and including relevant error
sources, our qudit approach achieves higher fidelities than
a traditional qubit protocol [73], enabling the quantum
simulation of non-abelian gauge theories using NISQ de-
vices [53]. Finally, we note that although larger qudit
sizes are required to properly approximate the physics
of SU(2) as relevant for high-energy physics [37], this
minimal protocol can readily be employed to study con-
densed matter systems with non-abelian topological or-
der [74, 75].

Qudit quantum computing with Rydberg atoms.—

Atomic systems offer the possibility to encode quan-
tum information in internal states. Here, we go beyond
the paradigmatic model of a two-level atomic qubit and
consider a collection of N multi-level atoms in state-
independent optical traps. For every single atom, we
propose to encode a qudit with corresponding Hilbert
space spanned by |j), j = 0,...,d — 1 in d long-lived
hyperfine ground states |F,mg), where large hyperfine
manifolds can be accessed e.g. using Erbium [76] or
Holmium [77, 78]. In a qubit-based approach, an equiv-
alent Hilbert space of dimension dV requires control
over N log,(d) instead of only N atoms as in our case
(Fig. 1(c)). This saving of physical resources is crucial for
efficient near-future applications in the NISQ era, since
the number of atoms that can be trapped and controlled
is limited. For instance, a 4 x 4 2D lattice containing
32 d = 8 qudits (which will become relevant later) could
be encoded using 32 atoms, a number that is already
available [53], while almost 100 of them should be used
instead in a qubit-based protocol.

FIG. 2. Qudit enconding and native gates: (a) Atomic
level structure serving as a Qs-register, where the d = 8 group
basis elements are encoded into different hyperfine manifolds.
Single and two-qudit gates are performed holonomically us-
ing the auxiliary ground-state level |p) and excited states |e)
and |r), with corresponding decay rates v.,,. (b) Controlled-
permutation gate ngg—;‘* (g9) as a sequence of four single qudit-
gates in the blockade regime. Quantified by the maximally-
entangled state obtained after applying © ¢ to |Up), imple-
mented through the (c) qudit and (d) qubit protocols [see the
circuit in Fig. (1)(c)] using the same experimental parame-
ters (see main text), we obtain a state fidelity of 99.6% and
21.4%, respectively, demonstrating the clear advantage of a
qudit-based decomposition.

The quantum information stored in each atomic qudit
can be efficiently manipulated, e.g., using holonomic op-
erations [68, 79], where arbitrary single-qudit gates U €
SU(d) can be synthesized via an appropriate sequence of
laser pulses, with time-dependent Rabi frequencies Q(t).
To see this, we first decompose U into a product of at
most d(d — 1)/2 unitaries acting non-trivially only on
two atomic levels (7, j) [80], and subsequently realize the
two-level unitaries via at most three rotations around
the = or y axis, denoted by RS(’; 3((,0), respectively, utiliz-
ing an auxiliary state |e) [see the Supplemental Material
(SM) [81] for details]. The total time required to im-
plement a general single-qudit gate is upper bounded by
3d(d — 1)T/2, where T is the duration of a laser pulse,
estimated below for realistic experimental parameters.
We note that the explicit implementation of this scheme
should be guided by the constraints imposed by atomic
selection rules, see Fig. 2(a) for an example with d = 8.

The main error sources affecting the fidelity of single-
qudit gates are the spontaneous decay from the excited
state |e) [Fig. (2)(a)] as well as non-adiabatic state trans-
fer. As we show in [81], both can be made negligible by
imposing Q > 1/T, 7., which can be achieved in cur-



rent experiments. The fast and high fidelity single-qudit
gates obtained with our protocol [81] contrast with those
achievable in a qubit-based approach, where O(d?) en-
tangling CNOT gates between log d qubits are required,
leading to larger errors and longer implementation times.

We now come to the main challenge of qudit quan-
tum computing and introduce a new protocol for a
general class of controlled-unitary operation, Cy(jo) =
U @ |j0) (o] + 1 @ (1 — |j0) {jo|) with jo € {0,...d —1}.
Our proposal is based on the Rydberg blockade mecha-
nism [51, 52, 67], which prohibits the simultaneous exci-
tation of two atoms to the Rydberg state |r) when their
distance R is below the blockade radius, Ry, set by the
large Rydberg interaction V' ~ 1/R® > Q. This idea
gives rise to the following protocol. First, bring the con-
trol and target atoms within range R < Ry, and apply
the unitary U on target (as outlined above). Now ex-
cite the control qudit from |jo) to the Rydberg state |r)
using Sy = Rl(/"’r) (7), and subsequently realize UT
on the target by decomposing every two-level rotation as
RUD () = Sl R ()80 [Fig. (2)(b)]. To empha-

z/y (@) z/y
size the involvement of the Rydberg state we denote this
gate by Ul. Finally, applying S;O)T to the control qu-
dit maps the state |rr) back to |jo). Due to the Rydberg
blockade, which projects onto the subspace orthogonal
to the state |rr) (both atoms in the Rydberg state), this

protocol realizes the operator
(1® S, ) [PUT @ 1P (1@ Sy ) (U @ 1), (1)

with P = 1 — |rr)(rr|. If this operator acts on states
where the Rydberg states are not populated, it coin-
cides with Cy(jo). That is, U is applied to the tar-
get qudit if and only if the control qudit was in state
|70). The execution time of this gate is upper bounded
by (6d(d—1)+42)T. Apart from the error sources
mentioned above, imperfect Rydberg blockade and de-
cay from the Rydberg state can lower the fidelity of
controlled-unitary gates. Below we discuss how the latter
affect the simulation of non-abelian LGTs for a minimal
example with d = 8.

In summary, we have established a gate set G =
{U, Cuy(jo)} consisting of arbitrary single-qudit gates
U € SU(d) and controlled two-qudit gates Cy(jo) €
SU(d?). These are naturally available in a qudit reg-
ister consisting of multi-level Rydberg atoms in a pro-
grammable tweezer array. The universal properties of
G for general qudit-based algorithms will be discussed
elsewhere [82]; here we are specifically interested in the
simulation of LGTSs as discussed in the following section.

Gauge field dynamics on a qudit quantum computer.—
In this section, we turn our attention to the digital sim-
ulation of real-time gauge theory dynamics with qudits.
Most importantly, we will show that the architecture out-
lined above provides exactly those resources which are
required to simulate LGTs on a quantum device. To
see this, we take the Hamiltonian lattice approach [83].
Given a gauge group GG and a hypercubic lattice with

Ny links £, we represent the state [i(t)) at time ¢ on
a so-called G-register [36], [¢(t)) = > ,+(g) |g), with
9) = 191)1 ® 92)2 ® - -+ = @, |ge)e. Here, every |g) de-
notes a state labelled by a group element g € G, and the
set {|g)} forms an orthonormal basis of the local (link)
Hilbert space Hg. For the relevant cases of G = U(1)
or SU(N), where H¢ is infinite-dimensional, we replace
G with a large, but finite subgroup of itself, which leads
to Hg ~ CIC!, with dimension given by the order of the
group |G|, and thus effectively digitizes the many-body
wave-function ;(g) [37]. The state |¢)(¢)) can then be
encoded naturally in a set of Ny qudits by identifying
the computational basis {|j)} (j =0,...,d — 1) with the
group state basis {|g)} (¢ € G), with |G| = d [Fig. 1(a)].

The main target of this letter is the time-evolution
operator Ug(t) = e~ 16t acting on a given initial state
[1(0)), i.e. we aim to realize the evolution [i(t)) =
U)|[Y(0)) in a hardware-efficient way. For a general
Kogut-Susskind-type LGT, this evolution is generated by
a Hamiltonian Hg = AgHg + AgHp with “electric” (E)
and “magnetic” contributions (B) [83],

HE:%ZEE, HB:Z(Z/{D+L{E). 2)
14 O

While the operator E7 acts non-trivially only on a single
link /¢, the plaquette operator

U = tr [Un, U ULU | (3)

involves the four links ¢; with ¢ = 1,...,4 of an elemen-
tary plaquette O (Fig. 1(b)). To simplify notation we
omit here and in the following the links on which Ug is
acting on. For SU(N), the U; are N x N matrices of
operators (N =1 for U(1)), and tr[..] denotes the corre-
sponding trace in N dimensions [83].

We now identify the common challenges in realizing
UG (t) for an arbitrary (finite) group G. In our digi-
tal approach, we employ a Trotter decomposition with
step size 0t [84] and error of desired order O (6t*) [85].
This reduces the task to realizing the elementary Trot-
ter steps UF/B)(§t) = e=re/sHe/0t a5 6.0 U (t) =
(ZJ(E)((;t)U(B)(&))t/& + O(6t) for a first order decompo-
sition. Note that due to the locality of the interactions
these steps can be applied in parallel using the local gates

uéE)((St) — e~ BBt 44 U[(QB)(&) — o~ s (Up+ub)st
For any group G, the local gates are given by

Uy (5t) = > B he,ge,6t) x [geyelhel . (4)

hg,ngG
Ul ot = S fPlongegsle ot)x ()
9Z1,2,3,4€G

|gfl y Gy s Glss gé4><gfl y Gl Gl 9oy | y

acting trivially on all other links. The group-dependence
is encoded in the functions f(#/5) (see SM [81] for ex-
Hence, for |G| = d, UE(E) corre-

sponds to a single-qudit gate acting on link ¢ while U(DB)

plicit expressions).



represents a diagonal four-qudit gate (acting on links
61, N ,64).
Let us now decompose the four-qudit diagonal gate,

Z/{,(]B) into more elementary gates [28]. We define the
two-qudit gate Oy, which realizes a controlled group

\9ege)|ger). As fP)
depends only on the product gglggzg[glge;l € G, U(DB)

multiplication, by ©y¢|ge)|ger) =

can be implemented by applying @22, between link ¢;
and the other three links followed by the diagonal single-
qudit gate L{ZB)((St)|gg> B (gy,6t)|ge), and finally un-

doing the first operations [Fig. 1(b)]. More explicitly,

(B) _
Un 621\22 CYNPRCIRINZ @e1|e4 941\43 O, - (6)

In summary, it is sufficient to realize the single-qudit

gates U, (B/B) and the two-qudit gate Oy, for quantum
simulatlng the real-time dynamics of an arbitrary gauge
theory. The latter can be further decomposed into a
product of controlled-permutation gates [Fig. 1(a)],

Oue = > 0u(g) @ lg)er (gl = T o}’ (o (7)

geG geG

Here, ¢(¢') denotes the control (target) qudit and 6,(g)
is a single-qudit gate implementing the right group mul-
tiplication, i.e. 8¢(g)|ge) = |geg), which is just a permu-
tation. This shows that the required gate set reduces to
{L{IVSE/B)7 C’g'(;)e(g)}, which are precisely the types of gates
that are naturally available with the architecture intro-
duced in the previous section. In the spirit of co-design,
we have thus identified purpose-made hardware for the
digital quantum simulation of LGTs, which is the central
result of this letter. Moreover, the possibility of moving
the qudits with a programmable tweezer array allows us
to perform the required entangling gates in parallel (for
example at all even/odd plaquettes in 2D) while avoid-
ing cross-talk from the Rydberg interaction [Fig. 1(a)],
making our protocol scalable in system size.

Real-time dynamics of Qs C SU(2).— To be explicit,
we now illustrate our approach for the example of the
quaternion group (g, which is the smallest non-abelian
subgroup of SU(2) and requires qudits of size d = 8 [81].
Fig. 3(c) shows Trotter quench dynamics in comparison
to the exact result on a single plaquette, demonstrat-
ing that the expected interchange between magnetic and
electric energies can be observed with a few Trotter steps.
We now turn to a discussion of the most relevant errors
included in this simulation, highlighting the advantage of
our proposal in comparison to a traditional qubit-based
approach.

Experimental gate errors can be drastically reduced
by using qudits instead of qubits, due a substantial
reduction of the required entangling operations. We
illustrate this fact in Figs. 2(c) and (d) for the ele-
mentary group-multiplication gate ©y,, where we com-
pare the state fidelity of a maximally-entangled state,
[r) = 1/@29 lg) |g), prepared from a product state

a) 10° b
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FIG. 3. Fidelity of the simulation: (a) Infidelity 1 — F
of the digital simulation at final evolution time tAp = 1 as
a function of the Trotter step dtAp, where an exact second-
order Trotter decomposition (crosses) results in the scaling
1 — F ~ (6t)* (dashed-dotted lines). Including gate errors,
the infidelity increases again at small 0t\p. Correcting for
atomic losses due to decoherence, we find that optimal step
size 0tAp = 1/3 at the minimum of 1 — F =~ 6.7% (red circle).
(b) We measure the losses included in the simulated gates
by a decay of the norm (1[¢) of the time evolved state. As
illustrated for the optimal and a very small Trotter step (sym-
bols), the decay is consistent with a constant loss of = 0.75%
per Trotter step (solid lines). (c) Trotterized quench dy-
namics of a non-abelian Qs LGT on a single plaquette for
Ae/Ap = 2.88. The Trotter step corresponds to the “sweet
spot” indicated in (a). Here, the observables are corrected
by a multiplicative time-dependent factor due to the decay
shown in (b).

o) = 1/Vd3,[0)|g) with [h1) = © [¢h). Choosing
QT =3-10% , V/Q =5 and 7. /Q = 7,/ = 107°, we
find a state fidelity of 99.6% for the qudit-approach [86],
in comparison to 21.4% for a qubit-based decomposition
(see Fig. 1(c) and [81] for details of the employed decom-
positions [87]), demonstrating a clear advantage of the
qudits. Similarly, the physical time required to imple-
ment one Trotter step [Fig. 1(a)] is drastically reduced
by the qudit approach. We estimate a Trotter step time
of ~ 1037, taking into account a moving velocity below
certain threshold to avoid decoherence [53], and using
the structure of the group permutation matrices to re-
duce the number of pulses required to implement O, to
2(2d—1)(d—1) [81]. For Q = 27 x 100 MHz, this leads to
a Trotter step time of ~ 1 ms in contrast to ~ 100 ms [81]
for a qubit-based approach. In summary, qudits enable
the simulation of several Trotter steps within the experi-
mental coherence times of NISQ devices with reasonable
fidelity, while an analogous qubit simulation is experi-
mentally unfeasible in the foreseeable future.

In the long run, a faithful quantum simulation of gauge
theories in the field theory limit will also require a treat-
ment of systematic errors, such as a finite Trotter step,
finite lattice spacing, finite volume and finite subgroup.
For brevity, we focus on the finite Trotter step here and



briefly comment on other discretization errors in the con-
clusion. At fixed simulation time ¢, the Trotter error can
be systematically reduced by decreasing 0t at the cost of
accumulating experimental gate errors. We quantify this
competition for the simulated quantum computation in
Fig. 3(a), where we plot the infidelity 1 — F of the evolu-
tion as a function of the Trotter step dt for tAp = 1.
Comparing exact simulations of a second order Trot-
ter decomposition to a simulation including the faulty
group-multiplication gate described above, we quantify
the overall accuracy by the overlap of the simulated state
(Trotter evolved) |t¢sim) with the exact result |Yoxact),
ie. F = |[(Ysim|texact)|?- While the power-law behaviour
observed for the exact circuit clearly shows the proper
convergence of the Trotter expansion, the realistic sim-
ulation is limited by a finite decay rate per Trotter step
[Fig. 3(b)]. As a consequence, there is an optimal Trotter
step as indicated in Fig. 3(a), leading to the best overall
performance while minimizing the execution time of the
simulation.

Conclusions and outlook.— A prerequisite to quantum
simulation of non-abelian LGTs with NISQ devices is
hardware efficient encoding and processing with tailored,
and scalable quantum hardware. The present work pro-
poses a qudit-based architecture based on atoms stored in

tweezer arrays, where single-qudit and entangling gates
arising natively in qudit Rydberg-platforms are precisely
those required for the simulation of LGTs. We show how
our protocol leads to a significantly higher fidelity than a
traditional qubit-based approach, which puts non-abelian
LGTs within reach of near-term quantum devices. More-
over, the present work can be extended to include dynam-
ical matter [88], a necessary step towards addressing open
questions in and beyond the Standard Model with quan-
tum simulators. Finally, the qudit architecture outlined
in this work provides a natural setting for systems with
higher spin, for instance for condensed-matter models or
quantum chemistry applications [89)].
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