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We study the steady states of translation-invariant open quantum many-body systems governed
by Lindblad master equations, where the Hamiltonian is quadratic in the ladder operators, and the
Lindblad operators are either linear or quadratic and Hermitian. These systems are called quasi-free
and quadratic, respectively. We find that steady states of one-dimensional systems with finite-range
interactions necessarily have exponentially decaying Green’s functions. For the quasi-free case with-
out quadratic Lindblad operators, we show that fermionic systems with finite-range interactions are
non-critical for any number of spatial dimensions and provide bounds on the correlation lengths.
Quasi-free bosonic systems can be critical in D > 1 dimensions. Lastly, we address the question of
phase transitions in quadratic systems and find that, without symmetry constraints beyond invari-
ance under single-particle basis and particle-hole transformations, all gapped Liouvillians belong to

the same phase.

Introduction. — For closed systems, criticality and
quantum phase transitions have been studied extensively
[1-4]. Particularly, for one-dimensional systems, we have
obtained a thorough classification of gapped states using
the tensor-network ansatz [5-8].

In practice, most quantum systems are not perfectly
isolated from their environment. In addition to posing
challenges for quantum technology, driving and dissipa-
tion in open systems could be designed to stabilize (novel)
phases of matter or particular entangled states [9-11],
e.g., to facilitate measurement-based quantum compu-
tation [12, 13], quantum phase estimation [14, 15|, and
quantum simulation [16-20]. For Markovian systems, the
density matrix p evolves according to a Lindblad master
equation [21-25]

Onp=Lp=—i[H,p+> (LapLL - 2{LLLQ,,O}> .

In addition to the Hamiltonian part —i[H, /], the Liou-
villian superoperator £ captures decoherence processes
with environment couplings described by the Lindblad
operators ﬁa.

In this work, we elucidate the occurrence of critical-
ity and phase transitions in the steady states of open
quasi-free and quadratic systems of fermions and bosons.
Quasi-free open systems are characterized by Hamilto-
nians that are bilinear and Lindblad operators that are
linear in ladder operators. Quadratic open systems may
have additional bilinear self-adjoint Lindblad operators
[26, 27]. A system is called critical if it has a unique
steady state with algebraically decaying correlations. We
establish that quadratic one-dimensional (1D) systems
with finite-range interactions and unique steady states
necessarily have exponentially decaying Green’s func-
tions. Next, we address quasi-free systems with finite-
range interactions. Quasi-free fermionic systems are non-
critical for any number of spatial dimensions [28]. Con-
versely, one can construct critical quasi-free bosonic sys-
tems for D > 2 dimensions. Gapped quasi-free systems

are always non-critical. Of course, the existence of criti-
cal steady states does not necessarily imply phase tran-
sitions. In fact we show that, without symmetry con-
straints beyond invariance under single-particle basis and
particle-hole transformations, all gapped Liouvillians of
quadratic open systems belong to the same phase.

Experimentally, systems of trapped ions [29, 30|, Ry-
dberg atoms [31, 32|, ultracold atoms in optical lattices
or tweezers [33-35], and superconducting circuits [36, 37]
allow for the engineering of such dissipative systems [38—
43]. In circuit QED systems [44—47], linear Lindblad op-
erators arise naturally from photon loss and pump pro-
cess, while the coupling of cavities can lead to bilinear
Lindblad operators [48, 49].

Setup and covariance matrix. — Consider a system
of identical bosons or fermions with ladder operators a;
and d} for modes j = 1,..., N. We employ Majorana
operators wj4 = (a; +&;)/\/§ and w;_ := i(a; —&;)/\/ﬁ
which obey the (anti-)commutation relations

{Wip, Wi} = i ;0,0 for fermions, and

[Wip, Wyp) = =115 500, — for bosons.

We address Markovian systems with quadratic Hamil-
tonians H 2 ipjv WinHip jy iy Quasi-free sys-
tems only have linear Lindblad operators Ly =
> v L j,Wj,. Quadratic systems may feature additional
bilinear self-adjoint Lindblad operators M, = M =
Zm.ju Wiy (My)ip,jrWj. The 2N x2N covariance matrix

-

Lo 5 (Wi, — Wy aby,)  for fermions, (1)
gy T 1, . S for b
5 (Wi, 4 Wy aby,)  for bosons

can be shown to evolve according to the equation of mo-
tion [26, 27]

O =XT+TX"+Y + Y Z,I'Z], (2)

where the real 2N x 2N matrices X, Y, and Z, depend
on the coupling coefficients H, L, and M, as detailed



in the Supplemental Material. The Z,, term vanishes for
quasi-free systems.

For a translation-invariant system in D dimensions,
each mode i is associated with a cell location 4 € Z” and
a crystal-basis index ¢; = 1,...,b, where b is the number
of bands. The covariance matrix elements and coupling
coefficients are then functions of spatial distances such
that

Filhjl’ = ’VCM,C]‘V(": - .7)’ Xi#:jl/ = xCiM,CjV(i - .7)

etc., and the equation of motion (2) takes the form

Ory(r) =Y [a(n)y(r —n) +(r + n)a" (n)] +y(r)

=+ Z Zu(r_n7j_n)q/(r_l)zg(_nvl_n% (3)

u,m, 3,1

where v, z, y, and z, are 2b x 2b matrices depending on
lattice translation vectors r € ZP.

Correlations in quadratic 1D systems. — As a first
result, let us establish the following.

Proposition 1. If a quadratic 1D system with
translation-invariant finite-range couplings has a unique
steady state, then its single-particle Green’s function y(r)
cannot follow a power-law decay with respect to the dis-
tance |r|.

For the steady-state covariance matrix v(r), the right-
hand side of Eq. (3) needs to be zero. For distances r
large enough such that the local z, and y terms vanish,
~(r) obeys a matrix difference equation of the form

Coy(r) + Ciy(r+1)+---+ Cry(r+R) =0. (4)

Here ~(r) is the vectorization of v(r), the 4b? x 4b? ma-
trices Cy, are determined by the coupling matrices x(m),
and R denotes the interaction range [50].

In the simplest scenario, C'g is invertible such that we
can solve Eq. (4) for v(r + R) and

Ap_1 Ar—a -+ A1 A
1 0 -« 0 0

gpi=1| Y Lo 000, (5)
0 0 - 1 0

with g7’ == (¥T(r + R —1),...,4T(r)) and A,, =
fCElC’m. The spectrum of the 46> R x 4b? R transfer ma-
trix in Eq. (5) characterizes the spatial decay of (r). As
the spectrum is discrete, all elements of v(r) must decay
exponentially, converge to a constant, or oscillate with
constant amplitude. An algebraic decay that character-
izes critical systems is not possible. The transfer matrix
may have eigenvalues 8 with || > 1. These are however
irrelevant as physical systems cannot feature indefinitely

growing ~(r). For fermions, this is also prohibited by the
constraint that all covariance matrix elements lie in the
interval [—1/2,1/2] [26]. The Supplemental Material [50]
gives a more general proof based on generating functions,
which does not require invertibility of Cg.

Criticality in quasi-free systems. — Stronger re-
sults hold for the systems that have no quadratic Lind-
blad operators and, hence, no Z, term in Eq. (2). Let
us first consider gapped systems, where the Liouvillian £
has a single zero eigenvalue and the other eigenvalues A
have a nonzero dissipative gap A := —maxyzoRe A > 0.

Proposition 2. Gapped quasi-free systems with
translation-invariant finite-range couplings are mnever
critical.

Note that, using quasi-locality [51], this proposition
can be generalized to interacting systems. But quasi-
free systems allow for a more direct proof that provides
bounds on correlation lengths to be reused for Prop. 3:

Due to translation invariance, we can transform to
a momentum-space representation with quasi-momenta
ke = 2%,4%7...,277 fora=1,...,D. With

k)= e ®T(r), @(k):=) e *Ta(r) (6)

and an analogous definition of §, according to Eq. (3), the
steady state obeys the continuous Lyapunov equation

(k)(k) + (k)2 (~k) = —j(k). (7)

For a quasi-free system to be gapped, all eigenvalues of
X in Eq. (2) or, equivalently, all eigenvalues of Z(k) Vk
in Eq. (7) need to have negative real-parts [26]. But this
means that we can solve Eq. (7) for 4(k) by inverting the
matrix Z(k) ® 1 + 1 ® Z(—k). Due to the finite interac-
tion range, (k) and (k) are polynomials in variables
2z := e'fe € C and 1/z,. Hence, (k) is a rational func-
tion of the z, which, according to the invertibility of Z(k),
has no poles on the manifold |z,| = 1 that corresponds
to real momenta k, € (0,27] in the Brillouin zone. For
concreteness, let us discuss D = 2 dimensions; the gener-
alization to D # 2 is trivial. The established property of
(k) =: (21, 22) allows us to determine y(ry,r2) using
Cauchy’s residue theorem from complex analysis:
In the thermodynamic limit, the inverse of Eq. (6) is

d%z
2m)?

TR T (2, ). (8)

y(ri,m2) = —

|z1]=]22]=1

For fixed 23, let o(22) :=1)_,, Res (7((m(22), 22)) denote
the sum over the residues of 4 at pole locations z; =
Cm(z2) inside the unit circle |z1| = 1 [52]. With [(] :=
maXy, |z,|=1 |{m(22)| < 1, it follows that

(1, m2)] < 1 f e CA NG

jzal=1 27



As the contour integral is independent of rq, this bound
establishes an exponential decay of y(r1,r2) with corre-
lation length

& <—1/In|¢| =-1/ max In|¢my(22)] (10)

m,|z2|=1

in the positive r; direction. An exponential bound for
negative 71 is obtained by using z; := e~ *1 instead of
e*1 and the same arguments apply to ry or further di-
mensions.

The steady states of quasi-free systems are Gaussian
[26]. Hence, according to Wick’s theorem [53, 54], the
steady state is fully characterized by v(r), and the ex-
ponential decay of v(r) implies the exponential decay of
all connected real-space correlation functions which con-
cludes the proof of Prop. 2. Let us now drop the con-
straint of a nonzero dissipative gap.

Proposition 3. Quasi-free fermionic systems with
translation-invariant finite-range couplings are mnever
critical.

For a unique steady state, the momentum-space co-
variance matrix J(k) solving Eq. (7) is again a rational
function. Furthermore, it cannot have poles at real k
for any short-range fermionic system [28]: The covari-
ance matrix ' in Eq. (1) is real and anti-symmetric.
Hence, there exists an orthogonal transformation O €
O(2N) such that I" := OTOT = (_, ), where the el-
ements x; of the N x N diagonal matrix x correspond
to the imaginary eigenvalue pairs +iy;. The transfor-
mation defines an alternative set of Majorana operators
w;u = ij Oip,jyWj, with covariance matrix I” such
that x; = i{w; w;_). As each fermionic occupation num-
ber operator &;&j has eigenvalues 0 and 1, the opera-
tors ij ;- = 1/2 — d;&j and the operators iw; ] _
have eigenvalues +1/2. Thus, all y; are in the inter-
val [-1/2,1/2], and all covariance matrix elements obey
IT;,;1 < |OTT'O| = |[x @ (—x)|| < 3. The Fourier trans-
form (6) to momentum space just adds another unitary
transformation. Hence, the elements of 4(k) have mod-
ulus < 1/2, i.e., singularities can only occur at complex
momenta. Their imaginary parts provide bounds on cor-
relation lengths as in Eq. (10), and the system is not
critical.

Proposition 3 is in stark contrast to closed fermionic
systems, where tight-binding models have, for example,
critical Fermi-sea ground states. The situation for open
bosonic systems is different. Note that bosonic open sys-
tems can be unstable in the sense that the Liouvillian can
have eigenvalues with positive real-parts that lead to un-
limited absorption of energy and particles. In quasi-free
systems, however, the existence of a steady state implies
stability [26]. So, stability is implied in the following.

Proposition 4. Quasi-free bosonic systems with
translation-invariant finite-range couplings can be crit-
ical in D > 2 dimenstons. 1D systems cannot be critical.

The statement on 1D systems follows immediately
from Prop. 1 and Wick’s theorem. Furthermore, one
can construct quasi-free bosonic models that are crit-
ical for D > 2 dimensions. Specifically, consider a
purely dissipative model with one Lindblad operator
flg.l) = 2Dn(wjy — iwj—) = v/2Dna; for every site
j € ZP of the D-dimensional square lattice as well as

four Lindblad operators ﬁfj) = Wit + iW(jte,)~ and
IA/;Sai) = Wjy * W(jte,)— for every edge, where e, are
the unit vectors for directions a = 1,...,D. One finds

that Z(k) = 2D (cx — n)la, where ¢ := ), coskq/D
[50]. The largest X eigenvalue real-part determines the
dissipative gap A [26]. Here, Z(k) has the doubly de-
generate eigenvalue (k) = 2D (cx — 1) and, hence,
A = —maxgReé(k) = 2D (n — 1). So the model is
stable for loss rates 7 > 1 and the gap closes for n =1 at
momentum k = 0. Solving the Lyapunov equation (7)
yields the covariance matrix 4 (k) with the diagonal and
off-diagonal elements

n+2 -
2(n — ck) and Faz(k) = 2(n —cx)’ (D
where s := ) sink,/D. With a Fourier transform to
~(7), one can assess criticality. For D = 1 dimensions,
the Fourier integral can be evaluated exactly using the
residue theorem. In agreement with Props. 1 and 2, we
find an exponential decay of correlations if 7 > 1. The
correlation length diverges for n — 1, but there is no
power-law decay. For dimensions D > 2, one can expand
4(k) in a multipole series over hyperspherical harmonics
[55] to reduce the Fourier transformation to a radial in-
tegral, which takes the form of a Hankel transform. The
leading contributions to ¥+ + are isotropic while those to
Y+,7 are anti-symmetric with respect to reflection. For
D = 2 dimensions, the diagonal correlations v+ 4 () de-
cay logarithmically in |r| and the off-diagonal 4 +(r)
decay as 1/|r|. For D = 3, they decay as 1/|r| and
1/|r|?, respectively. A detailed discussion is given in the
Supplemental Material.

Phase classification for quadratic systems. —
Like quantum phase transitions in closed systems [1—
3], driven-dissipative phase transitions are characterized
by a non-analytic dependence of steady-state expecta-
tion values on system parameters. This requires a non-
analytic change in the steady-state density matrix and,
hence, a level crossing [56]. So, the dissipative gap A
needs to close at the transition point [57, 58]. As seen so
far, there are some restrictions on criticality in quadratic
open systems, but the gap can of course close. As an-
other fundamental result, we will see why, here, closing
the gap does generally not lead to phase transitions.

- +is
V,x (k) = ®

Proposition 5. For quadratic systems without symme-
try constraints beyond invariance under single-particle
basis transformations and fermionic particle-hole symme-
try, all gapped systems belong to the same phase. For any



pair of gapped systems Ly and Lo, one can construct a
continuous path of gapped Liouvillians that links the two.

In particular, we claim that for any quadratic Liouvil-
lian £ with gap A, the auxiliary Liouvillian

L+ KD hasagap A’ > A+ k. (12)

For fermionic systems, the added dissipator D comprises
two linear Lindblad operators IA/ii = W;+ for every mode
i [59]. For bosons, D comprises one operator L; = ;. —
i;_ = v/2a; per mode. With this choice and any g > 0,
the gap stays nonzero, e.g., along the path (1 — g)£q +
gLs + kD, where the parameters are tuned as (g,k) :
(0,0) — (0,k0) = (1,K0) — (1,0) to connect Ly to Ls.
Note that this proposition does not require short-range
interactions.

Statement (12) can be proven by employing the third-
quantization formalism [26, 60-62] as detailed in the com-
panion paper [26]: (a) There exist ladder superoperators
aj, and a}, that obey canonical (anti-)commutation rela-
tions and form a basis for the superoperator algebra. (b)
One can then construct a biorthogonal operator basis

(nIn') = 0nn, (13)

occupation numbers n* = (ny4,...,nN+,...,MN—), and
aj,aj,In) = nj,[n)). The Dirac notation with super-
bras ((A] and super-kets |B)), where A and B are op-
erators on the Hilbert space, is based on the Hilbert-
Schmidt inner product (A|BY) = Tr(AtB). (c) The lad-
der superoperators can be chosen such that the matrix
representation {(n|L|n’) of £ assumes a block-triangular
form when ordering the basis (13) according to increas-
ing eigenvalues N, € N of the number superoperator
No = 37, aj,a;,. The spectra of the blocks L]y, on
the diagonal determine the full Liouvillian spectrum [63].
The only terms due to D that affect the blocks L]y, are
[26]

{(n|] and |n)) with

T

—a a/TUTTB

MEEE q —qT BB g/ =2 Ua (14)
for fermions with even N,, fermions with odd N,, and
bosons, respectively. In Eq. (14), a” = (aiy,...,an_)
and @7 = (a},,...,aly_) are vectors containing all
ladder superoperators, U is a unitary matrix, 7 =
(i]lON 4(])1N), and Biy i, = >, LsiuL};, is a positive-
semidefinite matrix, characterized by the expansion coef-
ficients of linear Lindblad operators L= ij L ju0j,.
For fermions, the Lindblad operators of dissipator D
have coefficients L;+ j, = 0; j0+, and, hence, B = Loy
such that the first two terms in Eq. (14) are simply —N,
and A, — 2N, respectively. This implies that the spec-
trum of block L]y, is shifted by —N,x and (N, — 2N)x
for even and odd N, respectively. As the Na =0
block that contains the steady-state eigenvalue zero is
one-dimensional, the spectral shifts due to kD necessar-

ily increase the gap to A’ > A + k. For bosons, we have

v+ 4| ———— _
1072 F -
1076 L -
10-8 [ - ]
10-10 | SN ]
10-12 [ '"-\'.'0

0- L v N

5 10 15 20 25 T

FIG. 1. The open fermionic model (15) withn =1 and p = 0.
Left: Both, in the quasi-free case ({ = 0) and quadratic case
(¢ = 1/4) with @ = 1/5 and ¢ = 27/5, correlations decay
exponentially, where the asymptotic form ~ " (dashed lines)
is determined by an eigenvalue S of the transfer matrix in
Eq. (5). Right: The dissipative gap A for ( =0 and a = 1/2
vanishes at ¢ = 0, 7. It can be increased using the additional
dissipator kD from Eq. (12).

Li7lj+ = 51',]' and Li,j— = —iéi,j. Hence, B = (7]%]11\;\1 1]11111:)
and 7(B — B*)/2 = —1yn such that the third term in
Eq. (14) reads —AN,. Thus, also in the bosonic case,
the gap increases at least by k. For quasi-free fermionic
and bosonic systems, the gap increases exactly by x, i.e.,
A’ = A + k. Dissipator D is invariant under single-
particle basis transformations a; < . Uj;a; and also
under particle-hole transformations a; <> d;. for fermions.
This completes the proof of Prop. 5.

Example. — To illustrate some of the above results,
consider the quadratic fermionic 1D model with Hamil-

tonian
H:Z(T]H—I—aaajﬂ—FHc ”Zgyv
J

corresponding to a spin-1 /2 XY chain, and Lindblad op-
erators Lj = /1 (Wj+ + €W1)4) as well as M] =
NG (2&;{&] —1). In accordance with Prop. 1, y(r) is al-
ways found to decay as (" for an eigenvalue (§ of the
transfer matrix in Eq. (5). Proposition 3 implies that the
quasi-free model (¢ = 0), considered in Ref. [64], is never
critical, and Z(k) determines the full many-body spec-
trum [26]. In particular, if the Hamiltonian is gapped and
n > 0, the dissipative gap A closes only at ¢ = 0 and 7.
The correlation length diverges at those points (8 — 1)
but, at the same time, v(r) — 0 for all r. Furthermore,
employing the additional dissipator D from Eq. (12),
any two gapped points can always be connected by a
path of gapped Liouvillians as explained by Prop. 5 and
illustrated in Fig. 1 for the points ¢ = w/4 and ¢ = 97 /4.
So, the system is neither critical at ¢ = 0 or 7, nor does
it undergo phase transitions. Details are presented in the
Supplemental Material.

Discussion. — We have found fundamental prereq-
uisites for criticality and phase transitions in driven-
dissipative many-body systems that are in stark con-
trast to properties of closed systems. For any number



of spatial dimensions, there exist fermionic and bosonic
closed systems with phase transitions and critical ground
states, i.e., states featuring an algebraic decay of spa-
tial correlations, even if the systems are quasi-free. In
contrast, steady states of open 1D quasi-free systems
as well as higher-dimensional quasi-free fermionic sys-
tems are never critical. For quadratic systems, we found
that, while the dissipative gap may close and the sys-
tem might even be critical for certain points in parame-
ter space, all steady states basically belong to the same
phase. The only way for realizing phase transitions in
such systems is to impose symmetries on the consid-
ered Liouvillians that go beyond invariance under single-
particle basis transformations (e.g., lattice symmetries)
and fermionic particle-hole transformations or combina-
tions thereof. A notable example are topological transi-
tions in quasi-free systems, occurring under the (strong)
restriction that the Lindblad operators from a complete
anti-commuting set [65, 66]. The observation that dis-
sipative phase transitions are, in the above sense, more
rare than phase transitions in closed systems adds to the
idea that steady states are in certain scenarios related
to thermal states of closed systems [10, 67-69] such that
continuous symmetries cannot be broken in D < 2 dimen-
sions according to the Mermin-Wagner theorem [70, 71].
Interactions and more complex Lindblad operators can
break the block-triangular Liouvillian structures [26, 63|
that underlie our results on quasi-free and quadratic sys-
tems and can cause true phase transitions [68, 72-76] as
long as we are below an upper critical dimension where
all systems become effectively quasi-free.
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