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We describe a simple protocol for the single-step generation of N-body entangling interactions
between trapped atomic ion qubits. We show that qubit state-dependent squeezing operations and
displacement forces on the collective atomic motion can generate full N-body interactions. Similar to
the Mglmer-Sgrensen two-body Ising interaction at the core of most trapped ion quantum computers
and simulators, the proposed operation is relatively insensitive to the state of motion. We show
how this N-body gate operation allows the single-step implementation of a family of N-bit gate
operations such as the powerful N-Toffoli gate, which flips a single qubit if and only if all other N-1

qubits are in a particular state.

The central ingredient in a quantum computer is the
controllable quantum entanglement of its degrees of
freedom, which for certain problems enables an expo-
nential speed-up compared to classical algorithms. The
qubit and gate model of a quantum computer employs
a universal set of operations, such as single-qubit rota-
tions and two-qubit controlled-NOT gates [I]. While
such few-qubit interactions are sufficient for general
computation, and can be used to construct many-body
entangled states [2H7], many-qubit interactions can dra-
matically simplify quantum circuit structures, speed up
their execution, and extend the power of quantum com-
puter systems facing decoherence. For example, direct
N-qubit operations such as the N-qubit Toffoli gate [§]
are expected to find native use in quantum adders and
multipliers [9], Grover searches [I0HI2], error-correction
encoding [I3HI5], variational quantum algorithms for
calculating electronic properties of molecules and ma-
terials [I6HIS], and simulations of nuclear structure and
lattice gauge theories [I9H21].

Quantum gates based on many-body interactions
have been proposed in several leading physical quan-
tum platforms, from trapped ions [I1], 22H24] and neu-
tral atoms [25H29] to superconducting systems [28] [30].
Here we concentrate on trapped ion qubits, which fea-
ture a high degree of control, very long qubit coher-
ence times, high quantum gate fidelities and dense qubit
connectivity [3IH33]. There have been proposals to re-
alize N-body interactions between trapped ions using
photons controlled by external optical cavities [23] or
phonons underlying the Coulomb-coupled motion of the
ions [IT}, 22 24]. All of the above proposals rely on
either having N or more steps, special auxiliary qubit
level structures, or exquisite control or pure-state prepa-
ration of the mediating phonons/photons.
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Here we discover a simple single-step protocol for
N-body entangling interactions between trapped ion
qubits or effective spins. The operation is similar to
the widely used Mglmer-Sgrensen (MS) two-body inter-
action [34H37], which relies upon qubit state-dependent
displacement forces. @~ We show instead, that state-
dependent squeezing forces can generate tunable N-
body interactions between the qubits. Such squeez-
ing operations have previously been considered in other
proposals [38-441], and the context of gates, spin-
independent motional squeezing has been used to en-
hance MS gate performance, but none of these works
change the form of the underlying two-body spin inter-
action [42H44]. We further present a limiting case of
the protocol and demonstrate the construction of the
N-Toffoli gate in a single step, and discuss other classes
of N-body spin Hamiltonians that can be similarly gen-
erated. As in the MS protocol [I1], [34H37], this scheme
does not rely on a pure initial phonon state and can be
relatively insensitive to thermal motion.

The central idea behind trapped ion quantum gates
is the coupling between spins and motion (phonons)
through spin-dependent forces [22 [34H37], as illustrated
in Fig. Owing to the Coulomb interaction between
the trapped ions, their motion around equilibrium can
be expressed by collective normal modes of harmonic
oscillation. We focus on the coupling through a single
phonon mode through a near-resonance driving force,
although generalization to multiple modes is straight-
forward [47], 48]. We represent the phonon state of mode
m in a frame that rotates at the mode oscillation fre-
quency w,, using the phase-space position and momen-
tum operators &, = 20 (al +am), Pm = ipY, (al, —am)-
Here, G, (d,,) are the bosonic creation (annihilation) op-
erators and 20 = \/h/2Mw,, (8, = \/hMw,,/2) are
the zero-point spread in position (momentum) associ-
ated with mode m, where M is the mass of a single
ion. The spin-motion coupling is parametrized by the
Lamb-Dicke parameter 7, = bimMm, where n,, = ka¥,,
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Figure 1. Quantum Phase Gates with trapped ions. (a) A chain of trapped ions whose many-body spin state |¢) is decoupled
from the motional state |n)m of a single harmonic phonon mode m represented by vibrational integer index n > 0. Ions are
addressed with bi-chromatic Laser fields with carrier spin-flip Rabi rates ;. (b) Motional sideband transitions driven by the
laser field. Tuning the laser field on resonance with the first red and blue sideband transitions at frequency +w,, from the
carrier [45] generates a spin-dependent force through the absorption and of emission phonons. Tuning the tones at the second
red and blue sidebands at +2wy, from the carrier generates spin-dependent squeezing by absorption and emission of pairs of
phonons. (c¢) Displacing the motion of mode m in a closed loop of phase space adds a phase ® to the quantum state that is
given by the area of the enclosed contour. (d) The MS gate using spin-dependent displacements result in a spin-dependent

Displacement 0, ¢

phase linear in the spin operators U(Z> =6 cos bi + 0'(1) sin ¢; of ion i. When applied to multiple ions, the resulting phase

® is thus quadratic in the spin operators, corresponding to 2-body MS interaction [37, 46]. () Motional-squeezing shrinks
one direction in phase space but expands the other to conserve the phase space element area. (f) N-body entangling gate.
Synchronized spin-dependent squeezing (cross symbols) applied in between displacements produces squeezing of the motion
along momentum axis. The phase & now depends exponentially on the spins, and therefore contains products of N spin
operators. The phase space axes are displayed with dimensionless units Z,, = &m/(22%,) and f, = Pm/(20% ), with the
convention [Zm, Pm] = /2.

Geometric phase gates such as the MS gate displace
the ions in closed phase space loops [Fig.[[|c) and (d)].
By the end of the gate at time 7', the spin state of
the ions is decoupled from the phonons but has evolved

i with geometrical phase

k is the effective wavenumber of the field driving the
motion [45] and b;,;, is the mode participation matrix
between ion i and mode m, with Y. bimbin = 0pm and
2 bimbjm = 0ij.

according to Uys(T) = e~
The MS interaction arises by addressing multiple ions & ms(T)

t
on the first red and blue sidebands of mode m from the 0 o
spin-flip carrier, with relative phase d¢; and zero-point R T dA(t)
Rabi rate 1;,,€2;(t) for ion i. The carrier Rabi frequency b — _2/ B(t)Tdt. (1)
0

Q;(t) is proportional to the drive strength, and we as-
sume the motion is confined within the Lamb-Dicke

regime (im(a, + ém) < 1) [B5]. This spin-dependent Because A(t) and B(t) are linear in the spin operators,

force displaces the phonon state in phase space by
> Ai(t)ed!
> Bilt )org(C ), where a( ") are the Pauli spin flip operators
(chosen uniformly along z for convenience). The po-
sition and momentum displacement amplitudes, scaled
by 220 and 2p¥ | are A;(t) = %Th’m fg dt'Q; sin d¢; and

B;(t) = %m‘m f(f dt’Q; cos do; [34].

position A(t) = ) and momentum B(t) =

the gate phase operator @ is quadratic in the spin opera-
tors [49, [50], limiting the standard MS gate to two-body
(Ising) interactions.

To generate an N-body spin interaction, we consider
the effect of spin-dependent motional squeezing on a
phase gate operation. Spin-dependent squeezing can be
generated by driving the second red and blue sidebands
of a single phonon mode m, as shown in Fig. b) [45].



Setting the zero-point 2"¢ sideband Rabi rates equal
to n2,9;/2 and the relative phase between the drives
constant across the chain (§¢; = d¢), the spin-motion
interaction becomes,

N
e 0a2) S 2, 205 (2)

i=1

ih
Hs = ( 812 _

Here O'( )= Q(EZ) cos ¢; + 61(,1) sin ¢; is the Pauli spin-flip
operator of spin i set by the average phase ¢; of the
h pair of drives. The phonon operator in Eq. is the
generator of quadrature squeezing along the axis rotated
by d¢/2 and anti-squeezing along (w + d¢)/2; we fix
0¢(t) = 0 for convenience. Under the time-dependent
Hamiltonian Hg of Eq. , the quantum state evolves
by the spin-dependent squeezing operator [38]
%é(t)(@iz—dif), (3)

Sé(t) =e

where the spin-dependent squeezing amplitude is

= a0 = Zwm / Qu(r)dr. (4)

To illustrate the effect of squeezing on a phase gate
operation, we first consider an alternating sequence of
spin-dependent squeezing operations and displacement
forces. Specifically, we apply four discrete displace-
ments along a rectangular-shaped closed-loop in phase
space [37] interspersed with four alternating squeez-
ing operators applied at the corners of the rectangle
that _ultimately decouple the motion, as depicted in
Fig. f). The displacements in position A(t,) and mo-
mentum B(t,) are applied for times t, and t,, respec-
tively. Each squeezing operators is applied for time tg
with squeezing amplitude £(tg), for a total gate time
of T' = 4tg + 2t + 2t,. The evolution operator of this
sequence is written

A

Useq(T):S;[D(_i )Sf
= D(=iBef)D(—A) D(iBe*) D(A) 6)

— i, ™

(— A)STD(ZB)Sé (A) (5)

where D(a) = e~ m g the displacement opera-

tor, which moves the phonon state in phase space by
229 Re(a) along the #,, coordinate and by 2pY Im(«)
along p,,. The squeezing operations produce a net dis-
placement whose magnitude is dilated or contracted de-

pending on the spin, since ST D(ZB)SA = D(zBef) Be-

cause 5 is linear in the spin operators from Eq. @) the
gate phase operator is exponential in the spin operators:

N
boeq = 2ABef = 2AB]] (1 cosh & + 64 sinh gi) ,
=1

(8)

@ 5 1) Bm 14)g
|m)/€€ R
b 8633 «— > B
I %
Zm Xm
Bl [T4)g Pm m
1110, 1141) [
A A
<> z
L 9fBe™$ |S&——=0¢Be 3
(b) m m
99.99%
512 99.9%
=
E
% 99%
5
90%

0 10 20 30
maximal oscillator squeezing [dB]

Figure 2. 3-body entangling gates. (a) Phase space evo-
lution for three spins, following the sequence of alternating
spin-independent displacements and spin-dependent squeez-
ing operations [c.f. Fig. .(f ) and Eq. ( . Each ion squeezes
(anti-squeezes) the momentum quadrature of the mth mo-
tional mode by a factor e ¢ (e ) if its spin points downwards
(upwards). The state-dependent phase-space area @seq ac-
cumulated in the evolution generates the gate Useq = ¢~ i¥sea
with a maximal squeezing of the oscillator mode by a fac-
tor e™¢ when all spins are aligned. (b) Overlap between the
proposed many-body gate in Eq. (accompanied by single-
qubit rotations on the third qubit as described in the main
text) and the N-Toffoli gate T](VN) depending on the maximal
squeezing of phase-space coordinates in dB (10log;, (V%))
for N = 3,4. Inset: ideal Té3) operator in the computational
basis.

corresponding to an effective N-body Hamiltonian
Hep = h®geq/T. This remarkable construction features
many-body interaction terms, where the relative contri-
bution of the N-body term scales as [[, tanh &;, which
is sizeable for & ~ 1.

We now demonstrate the protocol with a few simple
gates that can be cast in the form of Eq. . First, we
consider a three-body gate between qubits i, j, k given
by

U(l]k) _ exp( ZQDO'( i) A (J)o_;k)) (9)

seq



that can find usage in various applications, e.g. [5IH53].
This gate can be realized via spln—dependent dlsplace—

ments of the ¢, j spins generating A=A a¢ and B =

B;6 A(j ) and squeezing by spin k, generating 5 ka(k)

Eq. @[) is then obtained for A;B; cosh(&y) = m/2 and
¢ = mtanh&,. Similar to MS gates [46], maximally
entangled states can be prepared for ¢ = /4 which re-
markably correspond to squeezing of the oscillator mode
by about & ~ 0.25 which is 101log;(e®*) ~ 1dB.

As a second example, we consider simultaneous
squeezing of N spins but spin-independent displace-
ments A(t,) = Al and B(t,) = Bl where A =
> Ai(t),B =73, B;(t) and 1 is the identity spin opera-
tor. We plot the phase-space trajectories of this config-
uration in Fig.[2h for N = 3 qubits, assuming a common
squeezing amplitude & = €. The phase accumulated by
the quantum state depends exponentially on the num-
ber of spins pointing upward. In the limit & > 1, the
phase operator in Eq. (8) becomes

N
Beq — 24BN 4 (1 + er;?) . (10)
i=1

Eq. is proportional to the projection operator on
the state |14 - - - T4), in which each spin points upward

along an eigenstate of &l ). This renders Useq into the
N-qubit controlled-phase gate which appends the phase

factor exp(—2iABeN¢) to the state [Ty --- T4). From

here, it is easy to construct the N-bit Toffoli gate TI(V"),
which flips qubit n if and only if all other N — 1 qubits
point up [8, 22]. By setting 2ABe™¢ = 7 and surround-
ing this operation by single qubit /2 rotations on qubit
n, we find T{" = R (1/2)Useq RS (=7 /2).

To characterize the action of the proposed unitary
gate Useq at finite squeezing amplitudes, we calculate its
overlap [54] with the ideal Toffoli gate as a function of
the maximal degree of squeezing of the oscillator mode,
shown in Fig. 2p for N = 3,4. We find that the overlap
approaches unity at high levels of squeezing. Notably,
nonideal overlap does not imply nonunitary evolution
or an error, but rather that the amplitudes of the spin
terms in the actual unitary gate [Eq. . are not exactly
all equal as in the ideal Toffoli [Eq. . For some
applications, e.g. variational quantum algorithms [55-
[657], it can usefully expand the native set of gates even
with moderate overlap.

We next generalize the sequential protocol in Eq.
and consider simultaneous application of displacements
and spin-dependent squeezing. Displacements are gen-
erated in the interaction picture by the Hamiltonian

Hp = 220,8(t)pm — 200, 5(t)Em. (11)

where the forces &,B are Hermitian, and their spin-
dependence is determined by the underlying mechanism

from which they are produced. For example, fields pro-
duced by the trap’s electrodes couple to the ions’ charge
and can generate state-independent displacements [31],
whereas optical dipole forces [58460] or magnetic fields
[6IH63] can generate displacements linear in the spin
operators.

The total Hamiltonian of the system is then given by
H(t) = Hs(t) + Hp(t), and the time-ordered evolution
operator can be represented by [64]

U(t) = S()Up(1). (12)

The operator Up describes the contribution of phase-
space displacements to the evolution and is generated
by the Hamiltonian
(1) pr — 290, B(t)e™ O,
(13)
provided that &, and & commute during the gate.
Spin-dependent squeezing thus renders the standard
forces &, 5 as nonlinear in the operators, via the

Hp = ngDsé =20 &

exponential terms e*€® ip Eq. (13). Yet, the evolution
of Up is identical to that of the MS gate under the sim-

ple transformation & — aeg 5 — ﬂe € and is therefore
described by [46]
Up(t) = e **D(iB)D(A). (14)

The Hermitian phase-space displacements are given by
N t Erqt
Aty = / Sa(t)at,
0
A t s ’ A
B(t) = / B¢ dt
0

and the phase operator ®(T) by Eq. (1). Similar to
the MS gate, the operator U in Eq. (12) entangles the
spin and motional states during the gate operation. To
realize a gate that is independent of motion for all input
states, we require that at ¢t =T,

(15)

ATy =B(T)=¢T1) =0. (16)

This decouples the motion (both in displacement and
squeezing) so that the net evolution operator contains
only spin operators, yielding U(T) = e~*®. In [65] we
present several examples of effective Hamiltonians that
are generated by simultaneous application of displace-

ment and squeezing operations as well as a protocol

to generate the 4-body gate exp (—i% é-) g(b) 5" ;l))

which can be used to simulate e.g. the plaquette oper-
ators in lattice-gauge theories or the Toric-code Hamil-
tonian [14] 21].

We now consider the speed of the N-body gate, es-
pecially as it relies on 2! order motional sidebands,
which in the Lamb-Dicke limit are weak. For two-body



MS gates through single mode m [46], the gate time
can be as short as T =~ 7/(bimnm ), taking a uni-
form Rabi frequency €2 over the involved ions. The
N-body gate presented here is based on resonant spin-
dependent squeezing operations with additional dura-
tion of 4tg = 8¢/(QW?2,,n2,). We estimate these param-
eters for a chain of 4 Yb ions in a trap with radial fre-
quency of 2 x 3 MHz and 7, ~ 0.11, corresponding to
coherent driving by counter-propagating 355nm light.
The action of this light on the 2" sideband with a typi-
cal value of 2 = 27 x 1 MHz squeezes the oscillator mode
at the rate of about d¢/dt ~ 10 ms~! per ion (which cor-
responds to 40 dB/ms), for a typical mode participation
factor of by, = 0.5. We focus on low values of £ as highly
squeezed physical systems may become more susceptible
to experimental imperfections. For the fully-entangling
three qubit gate in Eq. with ¢ = 7/4, we estimate
a typical squeezing time of tg &~ 25 us, and a total gate
time of about T" ~ 130 us. This duration is similar to
that of other practically realized gates [66H68], and is
considerably shorter than the motional coherence time
of the oscillator (typically 10 — 100 ms [44) [67]), which
is expected to be the limiting factor for the gate perfor-
mance. Using low-mass ‘Be™ ions with n ~ 0.25 [69]
is expected to shorten the gate time about 5-fold. For
longer chains, scaling of the mode participation factors
by bim ~ 1/ VN yields a linear scaling of the gate du-
ration in N, although the gates can be tailored to be
faster for certain subsets of ions by using more localized
modes.

Our analysis focuses on the interactions generated
via resonant coupling with a single phonon mode.
However, spin-dependent squeezing through 24 side-
bands can also drive off-resonant sidebands on pairs
of modes p,v detuned by A, = 2w, — w, — w,.
This results in multi-mode squeezing in a potentially
dense sideband spectrum, with the possibility of near-
degeneracies. These off-resonant couplings can be sup-
pressed by judiciously shaping the axial ion trap po-
tential and choosing the target mode so that the un-
wanted sidebands are sufficiently far from the desired
squeezing sideband. For example, the lowest frequency

(zig-zag) radial normal mode is relatively isolated, and
the resulting off-resonant coupling with the nearest 274
sideband detuned A, from the drive scales with rate
12 22 /Ay, while the desired squeezing in-
teraction rate scales as 72,02/(2N), the ratio reads as
e = n%,Q/(2N A,m) where excitation of phonons scale
as €2. For the 4 ions configuration with a lowest axial
frequency of 900 kHz, we find A ~ 160 kHz for the low-
est frequency mode and €2 < 0.01. By shaping the mode
spectrum such that A, ~ B/N for instance, where B
is the bandwidth of modes, we find that for fixed €2,
€ does not grow with N. Furthermore, it is possible to
apply pulse-shaping techniques to control all multimode
squeezing operations for the N-body gate while decou-
pling all motional modes, exactly as has been demon-
strated for multimode MS gates [47] [48].

We finally note that the emergence of N-body interac-
tions discovered here can be seen from the expanded Lie
algebra generated by the combined squeezing and dis-
placement Hamiltonians. This is evident from the Mag-
nus expansion representation of the evolution operator
[70], a sequence of nested commutators of the Hamil-
tonian with itself. For the MS interaction, the series
terminates after the second term because [£,, pm]| = ih.
Here instead, the series does not terminate because for
instance [(a2, — a12)d, V), 2] = 280V, thus carrying
products of further spin operators along in the expan-
sion. This interaction thus represents a new degree of
freedom in controlling trapped ion quantum states, and
may significantly expand the expression of trapped ion
quantum logic operations.
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