aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Spectral Function of the Chiral One-Dimensional Fermi
Liquid in the Regime of Strong Interactions
K. A. Matveev
Phys. Rev. Lett. 128, 176802 — Published 28 April 2022
DOI: 10.1103/PhysRevlLett.128.176802


https://dx.doi.org/10.1103/PhysRevLett.128.176802

Spectral function of chiral one-dimensional Fermi liquid in the regime of strong
interactions

K. A. Matveev
Materials Science Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
(Dated: March 3, 2022)

We study momentum-resolved tunneling into a system of spinless chiral one-dimensional fermions,
such as electrons at the edge of an integer quantum Hall system. Interactions between particles give
rise to broadening of the spectral function of the system. We develop an approach that enables one
to obtain the shape of the peak in the spectral function in the regime of strong interaction. We
apply our technique to the special cases of short-range and Coulomb interactions.

Low energy properties of one-dimensional systems of
fermions are strongly affected by interactions between
them. These systems are commonly described in terms
of the Luttinger liquid theory [1, 2]. The signature fea-
ture of the Luttinger liquid is the power-law behavior of
the tunneling density of states at low energies [3, 4]. A
special kind of one-dimensional system—the chiral Lut-
tinger liquid—has been predicted to emerge at the edge
of the fractional quantum Hall system [5]. Its proper-
ties are controlled by the nature of the quantum Hall
state; specifically, its occupation fraction v. For systems
where v~ ! is odd integer, the tunneling density of states
scales as a power of energy, D(e) o €%, with the ex-
ponent @ = v~! — 1 [5, 6. Importantly, even though
the interactions are crucial for the formation of the frac-
tional quantum Hall state, their strength does not affect
the value of the exponent «.

In this paper we study the model of spinless chiral
one-dimensional fermions, which can be realized experi-
mentally as the edge mode of an integer quantum Hall
system with occupation fraction v = 1 [7]. The above re-
sults can be applied to this special case and yield the ex-
ponent a = 0, i.e., the density of states at the Fermi level
assumes a constant value. This conclusion applies regard-
less of the strength of interaction between the fermions,
and in this respect the system behaves as a Fermi rather
than Luttinger liquid. The latter statement does not
imply that the elementary excitations of the system are
fermions. Their nature depends on momentum and in-
teraction strength. In particular, in the case of Coulomb
repulsion the low energy excitations are bosons [8].

Although interactions between fermions in this model
do not lead to power-law scaling of the tunneling den-
sity of states, they manifest themselves in the spec-
tral function of the system A,(¢). The latter describes
momentum-resolved tunneling into the system and pro-
vides more detailed information than the density of states
D(e). In the absence of interaction between particles, the
spectral function has a sharp peak at the energy ¢, of the
fermion of momentum p, i.e., A,(e) = §(e —¢,). Inter-
actions result in broadening of this peak. Our particular
focus will be on the limit of strong interactions, where
the elementary excitations with momenta of order p are

bosonic. Our main result is the exact shape of the peak
in the spectral function in this regime.

Our approach to the evaluation of A,(¢) is complemen-
tary to that developed for non-chiral systems in Ref. [9].
The latter applies at any interaction strength, but is lim-
ited to the evaluation of the spectral function only at the
edge of support, where A,(e) exhibits power-law scaling.
Our approach gives A,(€) for all energies, but is limited
to the regime of strong interactions.

It is worth pointing out that the chiral nature of our
problem ensures that for short-range interaction the spec-
tral function vanishes outside of a finite interval of ener-
gies. Assuming that interactions are repulsive, the lower
edge of support is analogous to that considered for the
non-chiral case in Ref. [9], and there the results can be
compared. On the other hand, the upper edge of support
of A,(€) is qualitatively different and cannot be treated
using the method of Ref. [9]. The fermion tunneling into
the system near that energy generates a very large num-
ber of bosonic excitations. The corresponding physics is
similar to that of the multiphonon spectrum of liquid he-
lium [10] and multiparticle production in quantum field
theory [11]. Finally, our approach is not limited to the
case of short-range interactions. As an example, we also
consider the case of Coulomb interactions, whose long-
range nature changes the spectral function qualitatively.

We describe our system by the Hamiltonian H=Hy+
V7 where
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Here ¢, is the fermion annihilation operator. The energy
of the fermion ¢, is assumed to be a monotonic function
of momentum p, which ensures that the fermions are chi-
ral. The momentum and energy are measured from their
values at the Fermi point. The system has a finite length
L; we assume periodic boundary conditions. V(q) is the
Fourier transform of the interaction potential.

Our main interest is the spectral function of the system



defined as
Ap(e) =D 1(leh|0)Po(e — ;). (3)
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Here |0) denotes the eigenstate of H in which all single-
particle states with p < 0 are filled and those with p > 0
empty. The summation is over all the eigenstates |j) of
the Hamiltonian H, and E; is the energy of the state |j)
measured from that of the vacuum state |0).

In the absence of interactions, the sum in Eq. (3)
contains only one nonvanishing term, which corresponds
to |j)y = c};|0>. In this case we immediately obtain
Ap(e) = 6(e — €p). In an interacting system, multiple
eigenstates of the Hamiltonian H = Hy+V overlap with
c};|0>, and the spectral function Ap(e) has the meaning
of the distribution function of the energy of the system
after a single fermion with momentum p is added to it.

The width of the energy distribution can be quantified
by evaluating its variance de? = €2 — €2, where the aver-
aging is performed by integrating with the weight A (e).
Using the definition (3), it can be expressed as

5e* = <O|cpf{2c2|0> - <0|cpflc;2|0>2. (4)

Substituting H = Hy 4+ V given by Egs. (1) and (2), in
the thermodynamic limit L — oo we find

§e? = Wéhz /Op dq /]i dg'[V(¢) = V(). (5)

To illustrate our results, we will apply them to two
types of interaction potential. First, we will consider
short-range interactions that fall off with the distance
fast enough to ensure that V' (¢) and its second derivative
V"(q) are well defined at ¢ = 0. In this case we will
approximate

Via) =VO) 0 n=—3V'0). (6

For simplicity, we will assume n > 0, which corresponds
to a typical repulsive interaction. Substituting this ex-
pression into Eq. (5), we obtain
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In addition, we will consider Coulomb interaction e?/|z|
cut off at a short distance w. In this case we have

h
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(9) iqlw (8)
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It is worth mentioning that the expression (5) for the
variance of the energy distribution and the subsequent
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results (7) and (9) are not pertubative in V; they apply
for any interaction strength.

Let us now discuss the effect of different parts of the
Hamiltonian H on the spectral function. At small p the
largest contribution is Zp vpc;gcp, obtained from Eq. (1)
by linearizing the energy spectrum, €, = vp. This term
is simply UIS, where P is the momentum operator. In our
system, momentum is conserved, and vP commutes with
the remaining terms of the Hamiltonian. Its effect on the
spectral function (3) amounts to adding vp to the energy
of each state |j), and thus to the shift vp of the peak in
Ap(e) as a function of energy at a given p. Importantly,
this term does not affect the shape of the peak.

The leading term describing the curvature of the spec-
trum e, in Bq. (1) is 0Hy = Zp(pQ/Qm)c;cp. It does not
commute with the interaction term V. As a result, the
evaluation of the spectral function in the regime where
§Hy and V have comparable effects on it, is a challenging
problem. To make further progress, we determine which
of the two contributions to the Hamiltonian, §Hy or V,
is dominant at a given p and interaction strength.

If the interactions are neglected, the effect of §Hy on
the spectral function amounts to the additional shift of
the peak by de, = p*/2m. On the other hand, the in-
teraction V results in broadening of the peak, with the
characteristic width de given by Eq. (5). Comparison of
d¢e, and de indicates which of the two perturbations gives
the dominant contribution to A,(¢). At de, > de the
effect of interactions is small, and V can be accounted
for in perturbation theory [12]. Below we study in detail
the opposite case, de > dep,, in which the shape of the
spectral function A,(e) is controlled by interactions. For
short-range interactions, using Eq. (7) we find that the
interaction dominated regime is achieved at mnp/h > 1.
For the Coulomb interaction, Eq. (9) yields the condition
me?/hp > 1. Note that while for the short-range inter-
actions the condition requires relatively high momentum
p > h/mn, in the Coulomb case interactions dominate
at small momentum, p < me?/h.

The treatment of the problem in the limit of strong
interactions is greatly simplified by bosonizing fermion
operators. In the bosonic representation the state of the
system is described by occupation numbers of bosonic
states numbered by [ = 1,2,... and the total number
of fermions IV, which can be measured from that in the
ground state |0). The fermion field operator is given by
1]

1 , A ,
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Here kp is the Fermi wavevector for a given number of
particles N, the operator U lowers N by 1, and ¢(x) is
related to the bosonic destruction operators b; by

@(x) = —ZZ We 9 /hbl, q = TZ (11)
=1



The advantage of using bosonization is that for fermions
with linear spectrum, ¢, = vp, the Hamiltonian (1), (2)
takes the simple form

Vig
Hy, = Zslb;bla &= (’U + Qgﬂli)) Q- (12)
!

Importantly, H, is quadratic in the bosonic operators,
e., it describes a system of noninteracting bosonic ele-
mentary excitations with energies €;. The effects of the
curvature of the spectrum would generate interactions of
the bosons. From now on we limit ourselves to the strong
interaction limit and thus neglect these interactions.
We start by rewriting the definition (3) of the spectral
function in terms of the fermionic Green’s function,

Xodt [P ia—etyn
o [ oet), (1)

where g(x,t) = (0|¥(x,t)¥T(0,0)|0). To account for the
finite size L of the system, we replaced p — pp = 27hk/L,
where k is integer. Given the simple quadratic form of
the Hamiltonian (12) and the bosonized form (10) of
the operator ¥, the evaluation of the Green’s function
is straightforward,

g(l‘,t) =

1 =1,
Z exp <; lel(‘hmgzt)/h> . (14)

Expansion of the exponential in Eq. (14) in Taylor se-
ries upon substitution into Eq. (13) immediately yields

Ap () =0, k<O, (15)
Apo (€) = d(e), (16)
{%k(s(e - ZN161>H N k>0.07)

Equation (15) is expected because in |0) all the fermion
states with negative momenta are filled. The single 4-
function on the right-hand side of Eq. (16) accounts for
the only possible state of the system with extra parti-
cle and momentum 0. For k > 0 the state ¢f [0) is
a superposition of all possible states involving bosons
with [ = 1,2,...,k and occupation numbers N;, such
that >, Nil = k, as required by momentum conserva-
tion. Thus, the summation in Eq. (17) is over all integer
partitions of k.

As k increases, the number of terms in Eq. (17), which
is the number of integer partitions of k, grows exponen-
tially [13]. Physically, we are interested in the thermo-
dynamic limit, whereby L — oo and k — oo so that
pr = 2whk/L takes a fixed value p. It is not immediately
clear how to take this limit in Eq. (17). Instead, we re-
turn to Eq. (13), replace e~ x*/h — (ifi/p;,)0,e~Pk=/h,
and integrate by parts with respect to z. Using Eq. (14)

we then find

??‘\»—A

k
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Here we limited the summation to ! < k because A4, , =
0 at I > k, see Eq. (15). Equation (18) is a recur-
rence relation that enables one to obtain the spectral
function for any positive k, given known expressions for
k' =0,1,...,k—1. In the thermodynamic limit we con-
vert the sum in Eq. (18) into an integral and find

:% /Opqup_q(e_e(q», elq) = ( N Z(C%)()Q)
19

For a given interaction V'(¢), the spectral function can
be found by solving the integral equation (19).
We now use Eq. (19) to evaluate A,(¢) in the case of
short-range interactions. Using Eq. (6), we get
elq) =g 50q®,  q>0, (20)
27h
where o = v + V(0)/2mh. Because the function £(q)
is concave, the total energy e of any set of bosonic ex-
citations with the total momentum p is in the range
g(p) < e < Op. Thus, it is convenient to look for a solu-
tion of the integral equation (19) in the form

o (e-ew). @

AP (6) = 77]03

where a()\) is a dimensionless function that vanishes out-
side the interval 0 < A < 1 and satisfies the normalization
condition fol a(A\)d\ = 1. Substitution of Egs. (20) and
(21) into Eq. (19) yields

w- [ £ ().

where introduced the integration variable ¢ = (p — q)/p.

A numerical solution of the integral equation (22) is
shown in Fig. 1. A careful examination of Eq. (22) shows
[14] that a(0") = 1/3, whereas at A — 1 the solution is
suppressed exponentially,

1 1
In . Ao 1. 23
2VI—X  1—2 (23)

Near the lower edge of support the spectral function is
expected to show power-law scaling with the exponent p,
which depends on the interaction strength [9]. For the
chiral system the result in the limit of strong interaction
is © = 0 [14], which is consistent with our conclusion
that a()\) approaches a finite value at A — 07. In or-
der for the state with momentum p to have energy close
to vp, corresponding to A = 1, the momentum must be
distributed among a very large number of bosonic excita-
tions. The amplitude of such processes is known [10, 11]

Ina(X) ~ —
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FIG. 1. The dimensionless spectral function a(\) in the

case of short-range interactions, obtained by solving the in-

tegral equation (22) numerically. The dashed lines are at
38 15

~ 479716

to be exponentially suppressed in a way consistent with
Eq. (23).

In the case of Coulomb interaction, the energies of the
bosonic excitations, obtained from Egs. (8) and (19), are

e? ) h

e(q) = (v + i qw) q, qg>0. (24)
Because of the long-range nature of the interaction, the
velocity of the excitations diverges at ¢ — 0. As a result,
while the energy of any state with the total momentum
p is limited by e(p) from below, it is not limited from
above. The typical range of energies can be estimated as
2¢(p/2) — e(p) ~ (e*/wh)p. This suggests the following
rescaling of the spectral function

wh wh
A =—a|—5|e— 2
J0=Tea(Shle—cl). @)
where the new dimensionless function a()A) vanishes
at A < 0 and satisfies the normalization condition
JoT a(A)dX = 1. Substitution of Eq. (25) into the in-
tegral equation (19) yields

I A N Y NP D
a()\)_/o : <C<)\ (o z=(1-0)1 1_{)).(26)

A numerical solution of the integral equation (26) is

shown in Fig. 2. In contrast to short-range interactions,
the spectral function vanishes at the lower bound [14],
1

a(\) ~ —
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A—0t. (27)

At A > 1 the solution a()) is exponentially small, with
Ina(\) ~ —Xe* [14].

The most striking feature of the spectral functions in
Figs. 1 and 2 is the presence of a series of singulari-
ties shown by the dashed lines at A = 1 — n~2 and

FIG. 2. The dimensionless spectral function a(\) in the case
of Coulomb interactions, obtained by solving the integral
equation (26) numerically. The dashed lines are at A = In2,
In 3, and In4.

A = Inn, respectively. The features with n = 2 and
3 are most prominent, but features with n up to 6 can
still be seen in the plots of first and second derivatives
of a(A). In both cases these positions correspond to the
energies € = ne(p/n) of the states in which the total mo-
mentum p is distributed equally among n bosonic exci-
tations. These features can be understood from Eq. (19)
using the fact that A,(e) = 0 at € < e(p). The latter
condition means that the integrand in Eq. (19) vanishes
for € — e(q) < e(p — ¢q). Since the maximum value of
e(q) + e(p — q) is 2¢(p/2), the integration region effec-
tively changes when € crosses this value, and the spectral
function has a singularity. To understand the feature for
n = 3, one can iterate Eq. (19) to express A,(¢) as a
double integral of A,_,_, (e —e(q) — e(¢’)) over ¢ and
¢’ and repeat the above argument. Successive iterations
of Eq. (19) demonstrate the existence of the features at
e = ne(p/n) with n = 4,5,.... Finally, we mention that
in both cases of the short-range and Coulomb interac-
tions, the second singularity coincides with the maximum
of a(A), i.e., the maximum of A4,(¢) is at € = 3¢(p/3).
Although the exact shape of the spectral function
shown in Figs. 1 and 2 was obtained only for the short-
range and Coulomb interactions, the above argument
does not rely on the specific form of the interaction po-
tential. A similar sequence of singularities is therefore
expected for other interactions, including the experimen-
tally relevant case of Coulomb interaction screened by a
nearby gate. Experimental observation of these singu-
larities would thus show explicitly the existence of the
bosonic excitations and measure their spectrum e(q).
To summarize, we have reduced the problem of the
evaluation of the spectral function Ay(e) of a system of
chiral one-dimensional fermions in the regime of strong
interactions to solving the integral equation (19). Al-
though analytical solution of Eq. (19) is not feasible,



the numerical solution for a given interaction V(gq) is
straightforward, see Figs. 1 and 2 for the short-range and
Coulomb interactions. The solutions show sharp features
at the energies € at which the momentum of the fermion
is transferred to n bosonic excitations with momenta p/n
for n = 2,3,4,.... For the above two types of interac-
tions, the position of the maximum of A,(e), is deter-
mined exactly.
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