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The classification of structural phase transitions as displacive or order-disorder in character is
usually based on spectroscopic data above the transition. We use single crystal x-ray diffraction
to investigate structural correlations in the quasi-skutterudites, (CaxSr1−x)3Rh4Sn13, which have
a quantum phase transition at x ∼ 0.9. Three-dimensional pair distribution functions show that
the amplitudes of local atomic displacements are temperature-independent below the transition and
persist to well above the transition, a signature of order-disorder behavior. The implications for the
associated electronic transitions are discussed.

For over 60 years, structural phase transitions have
been discussed in terms of two categories that repre-
sent different limits of the anharmonic potentials driv-
ing the distortions [1–4]. In the first category, displacive
transitions result from the condensation of soft phonon
modes at the wavevector of superlattice peaks in the
low-temperature phase [1]. The second category, order-
disorder transitions, requires that the distorted atoms oc-
cupy sites located at the minima of a deep multiwell po-
tential. These sites are randomly occupied at high tem-
perature, but as the temperature is lowered, site occupa-
tions in neighboring unit cells become increasingly cor-
related, and the transition occurs when long-range phase
coherence develops. In the extreme order-disorder limit,
the quasi-harmonic phonon spectra above the structural
transition temperature, Ts, are not renormalized, but a
quasi-elastic peak, usually called a “central” peak, is ob-
served from tunneling between the potential wells [2, 3].

It is now commonly believed that few materials rigidly
belong to either category but instead fall on a broad spec-
trum between the two limits [4, 5]. Such classifications
have usually depended on spectroscopic properties mea-
sured above the transition, such as one-phonon spectra
accessible through inelastic neutron or x-ray scattering
[2]. However, the data are often ambiguous; materials
that are considered to undergo displacive transitions of-
ten display a central peak due to anharmonicity or pre-
cursor critical fluctuations [2], while there can be soft
mode behavior in systems that display the characteristics
of an order-disorder transition, such as local distortions
persisting well above Ts [6].

The problem with basing the classification on measure-
ments performed above the phase transition is that ther-
mally activated disorder blurs the distinction between
the two categories, particularly when the temperature is
comparable to any potential barriers. Furthermore, such
experiments do not address the most salient character-
istic of order-disorder transitions, namely that, within

the ordered phase, the amplitudes of local distortions
are to a first approximation fixed by the positions of
the potential well minima. In an order-disorder transi-
tion, the temperature dependence of the order param-
eter, observed as an increase in the superlattice peak
intensities below Ts, is due to changes in the site oc-
cupations, not changes in the distortion amplitude. To
distinguish between these two, one must also measure
fluctuations in the local order parameter in addition to
the average value. Recent advances in x-ray instru-
mentation now allow large contiguous volumes of re-
ciprocal space to be measured rapidly in single crys-
tals, thus enabling both Bragg peaks from the average
structure and diffuse scattering from local disorder to
be transformed into three-dimensional pair-distribution-
functions (PDF). These provide real space maps of in-
teratomic vector probabilities [7, 8] that contain direct,
model-independent measures of displacements in the low
temperature phase, allowing both the local distortions
and their correlations up to 200 Å or more to be deter-

FIG. 1. (a) The unit cell of the high temperature cubic phase
of (CaxSr1−x)3Rh4Sn13 with only the tin sites shown. The
Sn(1) and Sn(2) sites are at the centers and vertices of the
icosahedra, respectively. All the Sn(1)-Sn(2) bond lengths
are identical above the structural phase transition. (b) Two
neighboring icosahedra viewed along the z-axis, showing an
example of the atomic distortions along the X-axis below the
transition.
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FIG. 2. (a-c) S(Q) of Sr3Rh4Sn13 measured in the (HK 1
2
) plane at (a) 30 K. (b) 120 K, and (c) 150 K. (d-f) 3D-PDF in the

(XY 1
2
) plane at (d) 30 K, (e) 120 K, and (f) 150 K. The axes are in units of (a-c) 2π/a and (d-f) a, respectively (a = 9.8 Å).

mined [8].
The reason why the classification matters is that it is

key both to understanding both the origin of the struc-
tural phase transition and the nature of the fluctua-
tions in the disordered phase. In this letter, we show
how it helps to explain the interplay between structural
and electronic fluctuations in the quasi-skutterudite com-
pounds, (CaxSr1−x)3Rh4Sn13. This family of compounds
undergoes second-order structural phase transitions from
a simple cubic structure (Pm3n), usually labelled the I
phase [9, 10], to a body-centered cubic I ′ superstructure
(I43d). Both contain icosahedra of tin atoms (Fig. 1),
with the Sn(1) site at their center and 12 Sn(2) sites
at their vertices [9]. The transition involves displace-
ments of the Sn(2) sites that result in a doubling of
the unit cell lattice parameter. In the related family,
(CaxSr1−x)3Ir4Sn13, Klintberg et al proposed that the
phase transition is due to a charge density wave (CDW)
instability [11], an interpretation apparently supported
by shifts in spectral weight in optical spectroscopy mea-
surements observed in both sets of compounds [12, 13],
although the nature of the charge disproportionation at
Ts has never been established.

These compounds are also superconducting [14], with

transition temperature that peak when the structural
phase transition is suppressed by either applied pressure
or, equivalently, chemical pressure by calcium substitu-
tion [10, 11]. In (CaxSr1−x)3Rh4Sn13, Ts ∼135 K and
the superconducting transition temperature, Tc = 4.7 K,
at x = 0, but Ts falls to 0 at x ≈ 0.9, where Tc = 7.8 K.
This makes it reminiscent of quantum phase transitions
observed in other doped CDW systems [15], implying a
phase competition between CDW and superconducting
order.

We report a 3D PDF analysis of (CaxSr1−x)3Rh4Sn13,
with x = 0, 0.1, 0.6, and 0.65, using the methods de-
scribed in Ref. 8, which shows that the PDF maps re-
veal the magnitude of the local tin atom displacements
in the I ′ phase. Our main observation is that, at all x,
the displacement amplitude is independent of tempera-
ture below Ts, and even above Ts (up to at least 200 K
at x = 0) where the structural correlations are short-
range. Our results therefore show unambiguously that
Ts marks an order-disorder transition, i.e., the temper-
ature at which the phase coherence of the distorted-site
occupations becomes long-range, rather than the temper-
ature at which the static distortions collapse. This has
important implications for the nature of the electronic re-
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construction at Ts and the electronic fluctuations above
Ts close to the quantum critical point, which we discuss
at the end.

Single crystals of (CaxSr1−x)3Rh4Sn13, with x = 0.0,
0.1, 0.5, 0.6, and 0.65, were synthesized by the Sn flux
method [16]. Three-dimensional volumes of x-ray scat-
tering were collected on Sector 6-ID-D of the Advanced
Photon Source over a range of ±15 Å−1 in all directions
by rotating the sample through 360◦ using an incident
energy of 87.1 keV. The temperature was varied between
30 K and 300 K using a helium/nitrogen cryostream.
Further details of the experimental methods are given
in the Supplemental Material of Ref. 8.

In a previous report, machine learning on the same
data sets showed that all the additional superlattice
peaks below Ts have a wavevector of ( 1

2
1
20) and its sym-

metry equivalents with respect to the Bragg peaks [17], in
agreement with previous x-ray diffraction results [10, 18].
Figure 2(a,b) shows superlattice peaks in the (HK 1
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FIG. 3. (a) Fit of PDF peak intensities along the (0.35,0.65,Z)
direction to an exponential decay function in the high-
temperature phase at x = 0. (b) The temperature depen-
dence of the PDF peak intensities extrapolated to the origin
at x = 0.0, 0.1, 0.6, and 0.65 and (c) the inverse correlation
lengths determined from the exponential decay constants.

plane for x = 0 at 30 K, which weaken in intensity and
collapse above Ts ∼ 130 K. At 150 K, there is evidence
of diffuse scattering peaking at superlattice wavevectors
from structural fluctuations above Ts (Fig. 2(c)).

The local distortions were estimated by transform-
ing the data into real space to produce 3D PDFs, both
conventional 3D-∆PDFs, in which the Bragg peaks of
the high-temperature phase were removed by using the
“punch-and-fill” method [7, 8], and a modified procedure,
in which the data were premultiplied by tiled 3D Gaus-
sian functions centered at superlattice locations. Using
these Gaussian windows has the advantage of reducing
contributions from thermal diffuse scattering to the PDF,
at the cost of an additional convolution with a known
waveform. We show in the Supplemental Material (SM)
that this does not add artifacts that affect the scientific
interpretation of the data.

Figures 2(d-f) show results for x = 0 from the modifed
3D PDFs in the Z=0.5 plane. These are maps of the
differences in interatomic vector probabilities between
the local structure at each temperature and the high-
temperature phase. Red (blue) peaks are located at vec-
tors that have higher (lower) probability than the undis-
torted structure. As expected, the PDF at 30 K shows
structural correlations that are long-range, although the
intensities are modified due to a Gaussian envelope func-
tion from the finite Q-resolution of the original data. At
150 K, however, the correlations only persist over short
range, but with similar relative probabilities.

Fits of the ∆PDF peak intensities to an exponential
decay as a function of temperature can be used to make
estimates of two critical exponents, the order parameter
exponent, β, and the correlation length exponent, ν (Fig.
3). Extrapolations of the ∆PDF intensity to the origin
is proportional to the square of the average distortion,
which is therefore proportional to the order parameter
below Ts apart from a weak contribution from fluctu-
ations close to the transition. Fig. 3(b) shows that the
average distortion extrapolates to 0 at Ts consistent with
a second-order phase transition. The correlation length is
determined by the decay constant above Ts (Fig. 3(c))
(see the SM of Ref. 8 for a more detailed discussion).
At x = 0, 2β = 0.65, which is consistent with 3D crit-
ical scaling. It falls to 0.35 at x = 0.1, but the values
at higher x are unreliable because Ts was too close to
the minimum measuring temperature. We can, however,
derive reliable values of ν over the entire range, with val-
ues of 0.31, 0.34, 0.66, and 0.72, at x = 0, 0.1, 0.6, and
0.65, respectively, i.e., systematically increasing as the
quantum critical point is approached.

Figure 4 shows the PDF maps around four interatomic
vectors that connect nearest-neighbor icosahedra in the
X-Y plane. In the high-temperature phase, there are by
symmetry three such vectors parallel to the X, Y, and
Z axes, respectively, each of length 0.4 lattice units (1
l.u.= a = 9.8 Å), which connect twelve pairs of Sn(2)
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FIG. 4. (a) 3D-PDF map of the Z=0 plane for Sr3Rh4Sn13

showing the interatomic vectors connecting nearest-neighbor
icosahedra, with positive (red) peaks at the distorted posi-
tions and negative (blue) peaks at the undistorted positions.
These are equivalent to the vectors displayed in Figure 1. X
and Y are in lattice units (1 l.u.=9.8 Å). (b-d) An expanded
view of the peaks at X∼ 0.4 as a function of temperature at
(b) 30 K, (c) 100 K, and (d) 150 K. The PDF intensities are
scaled by the factors shown in the figures. (e) Line-cuts along
the X-axis (Y=Z=0) showing the temperature dependence of
the PDF peaks shown in (b-d) at, in order of decreasing in-
tensity, 30 K, 70 K, 100 K, 120 K, and 150 K. An expanded
view is shown in the Supplemental Material.

sites. These split into 48 vectors below Ts based on the
crystallographic analysis in Ref. 10, with 12 vectors of
length 0.35 l.u. and 12 of length 0.45 l.u.; the remain-
der stay close to 0.4 l.u. These distortions along the
X-axis are illustrated in Fig. 1(b) and the derivation
of their magnitude is described in the SM. The vectors
correspond closely to positions of the peaks observed in
the 3D-PDF maps (Fig. 4(b))), with the two red peaks
arising from distorted vectors and the blue peak at the
undistorted vector. Another smaller blue peak occurs
at 0.5, but this is the tail of two out-of-plane peaks at
(0.5,±0.05,±0.05).

The side panels of Figure 4 shows the positions of the
peaks as the temperature increases both below and above
Ts. In a displacive transition, the three peaks would be
expected to merge and cancel each other out at Ts, but
Fig. 4(e) shows that there is no temperature variation of
the distortion amplitude. Furthermore, the peaks persist
in the same locations up to 200 K, 50 K above Ts (see
also Fig. S6 in the SM). Within that temperature range,
it appears that the vectors connecting nearest-neighbor
icosahedra are still distorted even after the longer-range
correlations have decayed. Therefore, the PDF analy-
sis provides unambiguous evidence that the amplitude of
the local lattice distortions are temperature independent,
both within the ordered phase and above. In the SM we
show similar results at other compositions.

Our main conclusion is therefore that the structural

phase transitions in (CaxSr1−x)3Rh4Sn13 are of the
order-disorder type because the displacement amplitudes
are independent of temperature, whereas in displacive
phase transitions they should fall to zero at Ts [19]. Our
conclusion is in apparent contradiction with the obser-
vation of soft phonon modes in inelastic x-ray experi-
ments [20]. As discussed in the introduction, however,
it is now generally accepted that few transitions can be
rigidly assigned to one or other category on the basis of
spectroscopic data above the transition. When the en-
ergy barriers between the potential wells are comparable
to Ts, both soft modes and central peaks may be seen
[2, 3]. It may be significant that the extrapolation of the
soft mode energy to zero as a function of temperature
falls slightly below Ts (Fig. 3i in Ref. 20), as predicted
in some order-disorder models [3, 21], although the dif-
ference is small. We also note that the inelastic x-ray
measurements show evidence of substantial quasielastic
scattering at the superlattice wavevector, consistent with
a central peak (Fig. 2 in Ref. 20).

Spectroscopic measurements are not therefore incon-
sistent with the Sn(2) atoms in (CaxSr1−x)3Rh4Sn13 and
related compounds occupying sites located at the minima
of multiple potential wells. We believe that it is appro-
priate to classify the transition as order-disorder, because
it is based directly on the temperature-independent am-
plitude of local Sn(2) displacements, derived from a 3D-
PDF analysis that combines diffuse scattering from local
fluctuations with superlattice peak intensities, similar to
the PDF analysis of polycrystalline materials [22].

The order-disorder character of the transitions may
have implications for the associated electronic transi-
tions in (CaxSr1−x)3Rh4Sn13, and, by extension, related
compounds such as (CaxSr1−x)3Ir4Sn13. In these com-
pounds, there is substantial evidence of electronic recon-
struction at Ts, which has been interpreted as resulting
from CDW order. There is an increase in the resistivity
[10, 11], as well as a change in sign of the Hall coefficient
[23] and a fall in the Knight shift ascribed to a reduc-
tion in the density-of-states at the Fermi level [12, 24].
The 119Sn NMR spectra are temperature dependent be-
low Ts [23–25], and optical spectroscopy shows evidence
of a transfer of spectral weight from a broad Drude com-
ponent above Ts to a high-frequency peak below that was
tentatively identified as the CDW gap energy [12, 13].

For all these reasons, the quasi-skutterudites have been
added to the relatively small list of 3D CDW compounds
[11]. However, although phonon instabilities are pre-
dicted by density functional theory [26], the nature of the
charge modulation has never been established. Charge
transfer between Sn(1) and Sn(2) atoms has been pro-
posed based on bond-length arguments [9, 27]; the Sn(1)-
Sn(2) bond lengths are all equal above Ts but split into
four groups below [10]. Nevertheless, the thermal ellip-
soids are anomalously broad above Ts, consistent with
our PDF analysis, so it is not clear whether there is a
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change in charge disproportionation at the transition.

The persistence of local distortions above the tran-
sition therefore calls into question whether these com-
pounds undergo a CDW transition driven by an elec-
tronic instability. What then causes the change in elec-
tronic properties? One possibility is that the loss of struc-
tural phase coherence at Ts produces a concomitant loss
of coherence in the electronic states, producing a pseu-
dogap such as seen in the cuprates [28] or intercalated
NbSe2 [29]. This could explain both the broad Drude
response above Ts and, if these electronic fluctuations
favor superconductivity, the peak in the superconduct-
ing dome at the quantum critical point. Photoemission
experiments would be valuable to investigate this possi-
bility.

In conclusion, we have shown that, by revealing the
amplitude of the local atomic distortions both below
and above the transition, 3D-PDF can help to distin-
guish between order parameters that are determined by a
temperature-dependent amplitude (displacive) and those
that are determined by the relative site occupations of
a number of discrete sites (order-disorder) [19]. In the
case of (CaxSr1−x)3Rh4Sn13, our results provide clear ev-
idence of order-disorder character, with implications for
the nature of the electronic reconstruction at the phase
transition.
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