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Flat-band superconductivity has theoretically demonstrated the importance of band topology to
correlated phases. In two dimensions, the superfluid weight, which determines the critical temper-
ature through the Berezinksii-Kosterlitz-Thouless criteria, is bounded by the Fubini-Study metric
at zero temperature. We show this bound is nonzero within flat bands whose Wannier centers are
obstructed from the atoms — even when they have identically zero Berry curvature. Next, we derive
general lower bounds for the superfluid weight in terms of momentum space irreps in all 2D space
groups, extending the reach of topological quantum chemistry to superconducting states. We find
that the bounds can be naturally expressed using the formalism of real space invariants (RSIs) that
highlight the separation between electronic and atomic degrees of freedom. Finally, using exact
Monte Carlo simulations on a model with perfectly flat bands and strictly local obstructed Wannier
functions, we find that an attractive Hubbard interaction results in superconductivity as predicted
by the RSI bound beyond mean-field. Hence, obstructed bands are distinguished from trivial bands
in the presence of interactions by the nonzero lower bound imposed on their superfluid weight.

Introduction. In a topological insulator, the ground
state Wannier functions face an obstruction to exponen-
tial localization™ . This real-space picture connects bulk
topological invariants computed from the bands in mo-
mentum space to the local chemistry of electronic states.
Topological states can be either stable or fragile, and
are classified by their symmetry properties in momentum
space® . Fragile states can be trivialized by mixing with
non-topological bands!’™2 while stable states cannot.
Moreover, stable topological phases are distinguished
by their gapless edge states'®!4 while fragile phases
have anomalous boundary signatures exposed by twisted
boundary conditions!®18 magnetic flux!?, or defects'S.
Although our understanding of non-interacting topolog-
ical bands is nearly exhaustive %22 this is not the case
for interactions within topological bands.
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Superconductivity in topological bands
est since its discovery within the fragile flat bands
of twisted bilayer graphene®! Discovered in Ref. 42
superconducting order in flat bands, specifically the su-
perfluid weight, originates from quantum geometry char-
acterized by the Fubini-Study metric and has gathered
much excitement®¥ ™9, The quantum metric, though dis-
tinct from the band topology, is bounded by the Chern
or (Euler) winding numbers?*°%21 These early results
suggest that topological quantum chemistry could pro-
vide general lower bounds, making contact with mate-
rials databases®?®4. Qur work affirms this suggestion,
yielding nonzero bounds in phases without winding num-
bers. Our bounds are given by another quantized num-
ber, the real space invariant (RSI)X®, which uses sym-
metries to characterize topological, obstructed Wannier
centers (OWCs), and trivial bands.

From a materials perspective, although topological
bands are abundant within real crystals, a significant por-

tion are topologically trivial at the Fermi level. Topolog-
ically trivial bands with space group symmetries have a
finer classification which divides them into trivial atomic
bands, where electrons are exponentially localized at
the atomic sites, and bands with OWCs which, while
exponentially localized, are necessarily centered off the
atoms®”®? Remarkably, we show that, like topologi-
cal bands, OWCs have a nonzero, lower-bounded Fubini-
Study metric even without Berry curvature®®?, When
flat OWC bands are partially filled under attractive in-
teractions, they possess a superconducting instability.

The zero-temperature superfluid weight [D,];; of an
isolated flat band within BCS theory®? is®®

D)y =2l 0) [ (;’)“Qgij(k) (1)

where A is the superconducting gap, v is the filling frac-
tion of the flat bands, k is a momentum in the Brillouin
zone (BZ) with area (27)2/Q. (€. is the unit cell area),
and g;; is the Fubini-Study quantum metric. A nonzero
superfluid weight implies a finite critical superconduct-
ing temperature®62 and a supercurrent J = —4D A,
where A is the vector potential in the London gauge. In a
Hamiltonian with Ny, orbitals and N, occupied bands,
we define the (abelian) quantum geometric tensor®

1
Tr Gij = Tr PO PO; P = g;; + §fij7 (2)

where P (k) is the N1, X Noyp gauge-invariant projection
matrix onto the occupied bands, 9; is a momentum-space
derivative, and the trace is over the matrix indices. The
abelian Berry curvature f;; = —f;; is well studied while
the positive semi-definite quantum metric g;; = g;; is an
object of more recent interest%3 83, With spatial rotation



FIG. 1. Wannier basis at 1c = 7a1 + = az The Wannier state
|Aic) (red) centered at 1c is supported only on the neighboring
atomic sites (grey) with A, E, and 2E orbitals. Only one site
overlaps with neighboring Wannier states (blue).

symmetry, [Ds);; is determined by the trace of g;*

1 d*k
G72/(27r) Tr VP-VP >0, (3)
which is coordinate invariant, dimensionless, and impor-
tantly is quadratic in P(k)*Y. We give an efficient nu-
merical discretization formula in Ref. [60l
Flat Band Model. We begin by constructing an OWC
model in the space group p3 generated by spinless Cj
symmetry and translations along the lattice vectors a; =
(1,0),ay = Cza;. At the origin (the la position), we
place electrons in the A,'E,2F irreps. These orbitals
induce band representations®®®8 with irreps defined by

A tp3=T1+ K1+ Kj, C3=+1
"Bl tp3=To+ Ky + K}, Cy=e 5 (4)
2E1atp3=Ts+ Kz + K}, Cs=eF
where I' = (0,0)T, K = 2%(b; + by), K’ = —2%(b; +
by) are the high symmetry points, and a; - b; = §;;.

The full group theory data can be found on the Bilbao
Crystallographic server®®®%  To construct a flat band
OWC from these orbitals, we will use a Wannier basis
centered at the 1c position off the atomic sites at 1a as
in Fig. [l We form the Wannier states

[ V)

IR, Are) = 2Tr > _ C4(0, 4) +0,'E) +10,%E)), (5)

1
3 §=0

where Tg is the translation operator by R, Cj is the ro-
tation operator about the lc position, and |O p) are the

p orbitals in unit cell 0. Taking Cs — e Cy in Eq.
yields 'F and 2E states at lc. It is easy to check that
the states |R, Aj.) are orthonormal: (R, Aj.|R/, Aj.) is
nonzero only if R and R/ are nearest neighbors, and in
this case the only overlap is on a single site which vanishes
due to C3 eigenvalues of the orbitals. Fourier transform-
ing Eq. (5) to obtain the eigenstate |k, A1) yields the

eigenvector U, (k) = (k, alk, A1.), a = A, E2E:
1 1
Uk) = e 1]+ ! 5 | efi(ataz) ! 5 | eikaz,
3 1 3 27i 4ri
e 3 e 3

(6)

and the local momentum-space Hamiltonian
h(k) = —[t{UK)U" (k) = —[t|P(k) (7)

which has three exactly flat bands: the A;. band at en-
ergy —|t| and the degenerate ' E1. and ? Ej. bands at zero
energy. At filling 1/3, h(k) has the band representation

F1+K3+K§ :Alc Tp3, (8)

confirming our construction in real space. We also calcu-
late the Berry connection in crystalline coordinates,

Ai(k)=UT (-1/3,-2/3),, (9)

which is the expectation value of the lattice position oper-
ator in the occupied bands. Noting that the lattice posi-
tion operator is only defined mod 1, Eq. @ confirms that
the states are located at the lc position. Because 4;(k)
is independent of k (up to a gauge choice), the Wilson
loop bands are perfectly flat?¥ and the Berry curvature
is identically zero. Topologically, the model is therefore
trivial. However, we calculate the quantum metric in
cartesian coordinates (a is the lattice constant):

(K)i0,U (k) =

g5 () = 3Tr 9P, P = a®0,/6,  (10)
so the mean-field superfluid weight in Eq. is nonzero
despite the model being topologically trivial and having
compact Wannier functions (zero correlation length)>”

It is natural to ask what indices describe these compact
OWC phases. By definition, they are induced by off-
site atomic orbitals, so topological quantum chemistry
can identify them because their symmetry data does not
match any of the orbitals present in the lattice. This
is different than the stable and fragile indices which are
independent of the basis orbitals.

Wilson loops can also identify OWCs. A useful ref-
erence is the SSH chain?! where an eigenvalue of 7 of
the Wilson loop operator identifies the off-site states?23,
Lastly, OWCs can be most naturally defined using the
RSI formalism developed in Ref. [15. RSIs are local
quantum numbers which are well-defined in fragile and
OWC phases where they supply lower bounds on the
number of states at the high symmetry Wyckoff posi-
tions. By definition, RSIs are invariant under symmetry-
preserving adiabatic deformations. Since the Wannier
states in OWCs cannot be moved to atomic sites with-
out closing a gap, they are characterized by a nonzero
RSI off an atomic site. In space group p3, the RSIs at a
Cs-symmetric Wyckoff positions are

51 =m(*E) —=m(A), & =m(E)—-m(A) (11
and m(p) is the number of p irreps. The RSIs can be
conveniently calculated from the momentum space sym-
metry datat®. In our model, the only nonzero RSIs are
off the atomic sites at the lc position, (dic1,0162) =
(=1, —1). We will now show that, in generality, these off-
site RSIs are responsible for a bounded superfluid weight.



FIG. 2. C3 Bounds. (a) We label the Cs-invariant points T,
K, and K’ in the BZ. (b) By taking linear combinations of
P(k), we find lower bounds for the harmonics at |R| = 1,
shown in red and blue. Higher harmonics are not shown.

Lower Bounds in Real Space. We derive general lower
bounds for the superfluid weight in terms of RSIs and or-
bital positions to show that nonzero superfluid weight is a
generic feature of partially filled OWC bands, as has been
shown for Chern insulators and Euler insulators®3*Y,
Our bounds also apply to all 2D topological bands®? in-
cluding fragile bands. Here, for simplicity, we prove a
lower bound for our model with C3 and all orbitals at
the la position. Our starting point is a real space ex-
pression for P(k), the projector onto the occupied A;.
band. If all orbitals are at the 1a position, then h(k) and
P(k) are periodic under k — k + 27b,;. Thus there is a
Fourier representation

_ —iR-k _ [dk'dk® g
P9 = 3 MR) p(R) = [ e 0,
(12)
defined in terms of the harmonics p(R), which are
Nob X Nop, matrices, the lattice vectors R, and the di-
mensionless crystal momenta k%. Note that P(k) is the
momentum space Green’s function? so p(R) is the real
space correlation function. The harmonics obey a nor-
malization condition

SIPRIE = [ 5T PO = Now =1 (13
R

(27)?
where ||A||? = Tr At A is the squared Frobenius norm?.
Rewriting Eq. in real space, we find

1 [ d%k 1
G- §/Wﬂ VP.VP = TQC%]R\QH])(R)HQ .
(14)
We will use symmetry eigenvalues to show that |[p(ay)||
and symmetry-related terms are bounded below. This
immediately gives a bound for G because G >
ﬁ\a1|2|\p(a1)||2 since all terms in Eq. are positive
semi-definite. Indeed, all are positive definite except for
the zero mode p(0), the constant mode of P(k).
The momentum space irreps consist of the C3 eigen-
values in the occupied bands at T', K, K’ (see Fig. )
The irrep multiplicities m(p) obey®"

2mi

m(T'y) + e 5 m(l2) + e 5 m(l3) = Tr D[C3]P(T),
(15)

and similarly for K and K’ Here D[C;3] =
diag(1, e~ %, e%”) is the representation matrix of C'3 on
the orbitals. Thus the irrep multiplicities give informa-
tion about P(k). Writing out and summing Eq. at
each high-symmetry momentum gives

27 4

P(I) 4+ e P(K) +e

3
n=1

(16)
where the dots represent higher harmonics p(R) for |R| >
|a;| (see Fig. Pp). Crucially, the roots of unity cancel
p(0), so only harmonics at R # 0 appear in Eq. (16]). We
now bound Eq. on both sides. To manipulate the
momentum space side, we use an elementary inequality*”

|A||* > |Tr SA|?/Rk(A) VS unitary, (17)

proven in Ref. [60. Choosing 4 = P(T') + ¢35 P(K) +

_2mi

e~ "3 P(K'), we see 1/Rk(A) > 1/3 because A is a3 x 3
matrix, and with S = D[C3], we find with Eq. :

[Tr SAP = 2 (m(Ks) + m(K) —m(Ts) —m(T3)) +

%(m(Fz)—m(FP,Hm(Kl)— m(Kz)—m(K7)+m(K3))?
= 9(67e1 = G1e,10102 + 01 0),s
(18)
where we first used Eq. to write the trace in terms
of momentum space irreps, and then used the tables in
Ref. 15l to rewrite them in terms of the RSIs in Eq. .
Taking the Frobenius norm of Eq. and applying
the triangle inequality to the real space side gives

1] < 3(Ilp(an) [|+lp(Csan) || +[[p(C3an)||+...), (19)

where the dots are higher harmonics and we used
lp(R)|| = |lp(—=R)|| which follows from Eq. (12). We
check explicitly that Eq. is not a tight inequality
(by a factor of 3) and prevents our bound from being
saturated by this model. All other inequalities are tight.

We next use C3 symmetry which ensures |[p(R)|| =
l[p(C3R)|[€?. Because we have a lower bound for ||A[|?,
Eq. proves that |[p(R)|| # 0 for some R # 0. We

now employ an optimization argument:

1 1
R2 R 2> : R2 2
st SIRFIDIOI = i g SRl (o

where the minimization is taken over all g € R obeying

> lrl* =1, [Yr| =[¢-rl, ||A]] = 9ta, |+ ..., (21)

R

and the dots denote terms depending on ¥|r|>|a,|- As
such, the space of admissible |¢r| described by Eq.
includes the choice where || = |[p(R)||. By keeping
only the constraints in Eq. , and not the restriction
that ¢r be the Fourier transform of a projection matrix,
we can perform the minimization in Eq. directly.



A lemma we prove in Ref. 60/ shows that the mini-
mum occurs when ||A|| = 9|¢g,|, i.e., when Eq. (19)
is saturated with the lowest harmonics possible. This
is expected because higher harmonics have larger |R|?
weights. Adding up the contributions from the inner six
harmonics ||p(R)||? in Fig. [2| we find®"

1 a?
. %: IRP|[p(R)|* = 00, (0fc1 — G1e101c2 + 01 2) -
(22)
Plugging in 01.,1 = d1¢,2 = —1 from Eq. , we obtain
G > a?/9Q. = 2/9/3, a factor of 3 below the exact
calculation in Eq. (10). The RSIs in Eq. show that
states off the atomic positions (la in this case), which
define OWCs, enforce a nonzero superfluid weight. We
obtain bounds for all 2D space groups in Ref. 60l
Hubbard Model. We have shown that single-particle
OWCs and fragile states have a nonzero superfluid weight
at T = 0. However, [D;];; in Eq. is obtained from
mean-field BCS theory, which may seem unsuitable to
treat flat band systems lacking a well-defined Fermi sur-
face. We resort to exact numerical simulations to check
its validity at finite temperature.
Using the Hamiltonian h(k) defined in Eq. |7, we form
a spinful Hamiltonian with hq(k) = h(k) and h (k) =
Thy(k)T ! = h*(—k) which preserves time-reversal 7.
Here 1, | label the spins. Including an attractive Hubbard
term with strength |U|, the full Hamiltonian is

H = —|t| Zw;{awRU - |U] Z CEaTckaﬁRwCRaw
R,o Ra
(23)
where w;m creates the Wannier state in Eq. 1) w; L=

TwRTTﬂ, C;mg is the creation operator in unit cell R,
orbital a, and spin ¢ = {1,l}. The attractive Hub-
bard model does not suffer from the fermionic sign prob-
lem, and lends itself to auxiliary-field quantum Monte
Carlo methods?®¥7, We perform finite-temperature sim-
ulations in the grand canonical ensemble and tune the
chemical potential (7)) to half fill the A;. band. We con-
sider a range of Hubbard interactions |U| smaller than the
single-particle gap |t| above the A;. band: |U| = 3,4, 5,
with |t| = 6. These parameters set us away from the iso-
lated flat band regime |U| < |t|. We focus on a system
with 6 X 6 unit cells and periodic boundary conditions.

We can directly extract the finite-temperature super-
fluid weight D,(T) from the Monte Carlo results®. The
transition temperature 7T, is determined by the Nelson-
Kosterlitz criterion®®: T, = 7D /2, where D is the
superfluid weight at the critical temperature approached
from below. In Fig.[3] we plot D,(T) for different |U| as
a function of T/|U|, finding the curves collapse on top of
each other. This confirms 7. o |U[*Y, Our results prove
that a coherent superconductor emerges upon inclusion
of an attractive Hubbard interaction in the OWC flat
bands, as in topological bands?#10010L Ref. D6 discusses
the contrasting case of trivial atomic bands.

0.04 ‘| - L
A 7 4 u=3
5 X —~+ =4
~; 0.02 4 \
Q /,/ \ Ul =5
/”’
N—
0.00 |, T T T — T —
0.00 0.02 0.04 0.06 0.08 0.10 0.12
T/|U|

FIG. 3. Monte Carlo. The superfluid weight Ds as a func-
tion of temperature T' is computed from Monte Carlo sim-
ulations on H in Eq. 98'99. We consider |U| = 3,4,5
with |[t| = 6 in a system with 6 X 6 unit cells. The crossing
of D, with the dashed line 27'/7 indicates the Berezinskii-
Kosterlitz-Thouless superconducting transition. The yellow
star/ blue cross indicate the mean-field D (T = 0) obtained
from a multi-band/ isolated flat band calculation (Eq. (I0)).
The gray hexagon shows the RSI bound on Ds(T = 0).

We can compare the results of our Monte Carlo simula-
tions to the zero temperature predictions of BCS theory.
In particular, we recall in Ref. 60l that the BCS wavefunc-
tion is an exact zero-temperature ground state of the at-
tractive Hubbard model projected into the flat bands®!,
as follows from the equal weight of the flat band’s Wan-
nier function over all orbitals in the unit cell*2. The
blue cross in Fig. [3] shows the result of the analytical
mean-field calculation after projection into the flat band.
Alternatively, we solve the multi-band mean-field the-
ory numerically in Ref. [60l The result is shown with
the yellow star in Fig. The agreement between our
finite-temperature Monte Carlo simulations and the zero
temperature mean-field calculations justify the use of the
BCS result in Eq. , showing that our lower bounds
successfully describe the many-body physics.

Discussion. We have shown that the RSIs characteriz-
ing the quantum geometry have a profound influence on
the interacting groundstate when the flat bands are par-
tially filled. Our lower bound for the superfluid weight
is nontrivial in OWCs where the Wannier charge cen-
ters are obstructed from the atoms. Our bounds are not
saturated by the Hamiltonian in Eq. , but we hope
that future work can improve these bounds to be tight.
Our RSI bounds also apply to OWCs with corner states,
as well as stable and fragile topological phasestU2103
Conceptually, the gauge-invariant expression Eq. in
terms of the correlation function shows that long-ranged
Wannier functions are not essential to the lower bound.
Any Wannier function which is supported over multi-
ple unit cells**¥57 as can be enforced by symmetry in
a OWC state, produces a quantized RSI lower bound.
Our derivation is general for arbitrary bands and arbi-
trary symmetries. Although we studied the problem in
2D, our method is generalizable to 3D where flat band
OWCs have been exhaustively identified®Y.
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