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Magnetic energy around astrophysical compact objects can strongly dominate over plasma rest
mass. Emission observed from these systems may be fed by dissipation of Alfvén wave turbulence,
which cascades to small damping scales, energizing the plasma. We use 3D kinetic simulations
to investigate this process. When the cascade is excited naturally, by colliding large-scale Alfvén
waves, we observe quasi-thermal heating with no nonthermal particle acceleration. We also find that
the particles are energized along the magnetic field lines and so are poor producers of synchrotron
radiation. At low plasma densities, our simulations show the transition to “charge-starved” cascades,
with a distinct damping mechanism.

Introduction.— Plasmas around neutron stars and
black holes are often collisionless and strongly magne-
tized. Magnetic energy density in these systems can far
exceed the plasma rest mass and provide an ample energy
reservoir for heating the plasma and making it a bright
source of radiation. Magnetic dissipation is likely generic
across various astrophysical systems including jets from
black holes [1], magnetars [2], pulsars and their winds [3],
and mergers of compact objects [4].

One possible mechanism for magnetic energy release
is the dissipation of Alfvén wave turbulence in the mag-
netically dominated plasma, also known as relativistic
turbulence [5–8]. Recent numerical experiments demon-
strated that when an initial magnetic field B0 is stirred
by a strong external perturbation, a turbulence cascade
develops that can accelerate nonthermal particles [9–15].
These works used rather violent excitation of the turbu-
lence by driving external electric currents into the plasma
or by starting with strongly deformed magnetic fields,
which both result in δB ∼ B0.

In this Letter, we investigate relativistic turbulence ex-
cited by collisions of low-frequency Alfvén waves with
amplitudes δB/B0 < 1. This canonical mechanism of
turbulence development involves nonlinear interactions
between the waves [e.g., 16–23]. Low-frequency Alfvén
waves are natural initial magnetohydrodynamic (MHD)
perturbations, which are easily excited by shear motions
in the system. The perturbations are long-lived [24] and
ducted along B, which promotes multiple wave collisions.
Below we present the first, large-scale, fully-kinetic, 3D
simulations of the relativistic turbulence generated by
this mechanism. Such simulations allow one to study
from first principles the formation of the cascade, even-
tual dissipation of the waves, and the resulting conversion
of magnetic energy to particle energy.

Simulation setup.— The plasma in our simulations is
made of electrons and positrons. It is initially cold with
a dimensionless temperature θ0 ≡ kBT/mec

2 = 10−5

(where kBT0 is the initial temperature, me is the electron

rest-mass, c is the speed of light) and has a uniform den-
sity n0. The problem is not sensitive to the initial tem-
perature: we have also tested θ0 = 0.3 and obtained sim-
ilar results. A uniform background magnetic field B0 =
B0ẑ defines the magnetization σ0 ≡ B2

0/4πn0mec
2 � 1.

We have studied configurations with σ0 = 30, 100, and
1000.

We initiate the simulation with two periodic, plane-
Alfvén waves superimposed on top of each other and B0
(see also [21, 25]):

δB1 = −δB cos(k⊥,0y + k‖,0z) x̂,
δB2 = +δB cos(k⊥,0x− k‖,0z) ŷ.

(1)

The electric fields of the waves are δE1,2 = vAẑ×δB1,2/c

where vA/c ≡
√
σ0/(σ0 + 1) ≈ 1 is the Alfvén speed.

The waves have two dimensionless parameters: ampli-
tude δB/B0 and obliqueness k⊥,0/k‖,0. In MHD, non-
linear interaction is activated for waves with non-aligned
polarizations [21, 23, 26]; we use δB1 ⊥ δB2. The two
waves propagate in the opposite directions ±ẑ and cross
one (parallel) wavelength on the timescale t‖ = 2π/ck‖,0.
We also experimented with more elaborate initial config-
urations (e.g., colliding Alfvén wave packets [8, 34, 39]),
with similar results. We chose the simplest configuration
in Eq. (1), because its evolution well captures the devel-
opment of turbulence cascade and plasma energization
that we wish to study.

The strength of the nonlinear interaction is determined
by the parameter,

χ0 ≡
2δB
B0

k⊥,0

k‖,0
, (2)

where 2δB = δB1 + δB2. Our fiducial model presented
below has δB/B0 = 1/4 and k⊥,0/k‖,0 = 4, resulting in
χ0 = 2 .

Numerical method.— We use a 3D simulation domain
L⊥ × L⊥ × L‖ with L⊥ = 2π/k⊥,0 and L‖ = 2π/k‖,0,
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which satisfies periodic boundary conditions. Our fidu-
cial simulation has the grid size 12802 × 5120. The char-
acteristic plasma scale c/ωp (where ω2

p = 4πe2n0/me) is
resolved with 6 cells. The initial wavenumber k⊥,0 ≈
0.03ωp/c is well separated from the plasma scale, allow-
ing a significant range for the turbulence cascade. The
simulation is run until most of the turbulence energy be-
comes dissipated; e.g., the run time for our fiducial sim-
ulation with χ0 = 2 is 10 t‖.

The self-consistent evolution of the plasma and the
electromagnetic field is followed using the open-source
code Runko [28]. It employs the particle-in-cell (PIC)
method with a standard 2nd-order field solver, charge-
conserving current deposition scheme, and a relativistic
Boris pusher. The plasma is modeled with 8 particles
per cell and we smooth the electric current with 8 filter
passes. The time-step is 0.45 of the cell light-crossing
time. Further numerical details of the simulations are
given in the Supplementary Materials.

Radiative “ring-in-cell” (RIC) simulations.— In addi-
tion to the PIC simulations, we use a novel RIC method,
suitable for rapidly gyrating particles in strong magnetic
fields, which tracks the particle’s guiding center motion
without resolving the fast gyration [29–32]. This tech-
nique is particularly useful when simulating plasmas with
σ0 � 1, where gyrofrequency ωB = σ

1/2
0 ωp far exceeds

the plasma frequency. Strong magnetic fields often also
imply fast synchrotron cooling. In particular, in neutron
star magnetospheres the particles become confined to the
ground Landau state and move along the magnetic field
lines like beads on a wire. This extreme limit can be sim-
ulated by damping any particle motion perpendicular to
B (in E×B drift frame), which is easily implemented in a
RIC simulation. Below we compare the results obtained
in this extreme limit with the PIC simulation without
synchrotron cooling. Remarkably, the wave and plasma
evolution are very similar in the PIC and RIC simula-
tions.

Nonlinear wave interactions.— We observed the fol-
lowing evolution. The two initial, counter-propagating,
orthogonally polarized waves deform the magnetic field
lines effectively creating a sheared background for each
other. This causes the non-linear interaction of the waves
on the timescale ∼ t‖/χ0, [21, 23]. The Alfvén waves are
sustained with a parallel electric current j ≈ jẑ. As the
waves pass through each other multiple times the cur-
rents become compressed into thinner sheets (Fig. 1).
This is the result of nonlinear interaction producing
daughter modes — the thin sheets may be viewed as a
superposition of the increasing number of high-frequency
modes [33]. This cascade process has previously been
observed in gyrokinetic, MHD, and force-free electrody-
namics simulations, and found responsible for the secular
energy transfer to small scales [23, 34]. The fact that our
kinetic simulations of relativistic turbulence show a sim-
ilar evolution suggests that it is generic.
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FIG. 1. 3D visualization of the onset of the wave turbu-
lence excited by the collision of two orthogonally polarized
Alfvén waves with amplitudes of δB/B0 = 1/4 and oblique-
ness k⊥,0/k‖,0 = 4 at time t = 1.5L‖/c. The magnetization
parameter in this simulation is σ0 = 100. Color shows the
electric current density along the dominant magnetic field di-
rection, jz (in units of en0c).

Current sheet formation in MHD turbulence is
presently a significant topic of research [35–39]. Cur-
rent sheets could become unstable to tearing, triggering
magnetic reconnection. However, our simulation shows
no tearing instability of the gradually thinning current
sheets. As the evolution proceeds, we observe that the
sheets develop more and more folds with increasing com-
plexity and eventually become chaotic, filling the entire
simulation domain. An early phase of turbulence de-
velopment is visualized in Fig. 1. This nonlinear evolu-
tion involves primarily Alfvén waves with energy density
∼ (B2

⊥+E2
⊥)/8π. Compressive modes (in particular, per-

turbations of Bz from the background B0) develop at a
lower level, contributing ∼ 10% of the turbulence energy.

When viewed in Fourier space, the magnetic field and
electric current fluctuations demonstrate the expected
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FIG. 2. Power spectrum Pj(k⊥, k‖) of the electric current j
(in units of en0c), averaged over time window 1 < t/t‖ < 1.5,
observed in two simulations with different σ0 and the same
fiducial parameters δB/B0 = 1/4, χ0 = 2, and ωp/ck⊥,0 ≈ 34.
The simulation with σ0 = 100 (left) is charge-surfeit, and the
simulation with σ = 1000 (right) is charge-starved. The blue
dashed line indicates the expected direction of the cascade
development in the charge-surfeit regime, k‖ ∝ k2/3

⊥ .

anisotropy: the cascade is k⊥-dominated (Fig. 2). The
fluctuation spectrum in the k⊥, k‖ plane has practically
no k‖-dependence at k‖/k‖,0 < (k⊥/k⊥,0)2/3 as expected
for a critically-balanced cascade [16]. The magnetic field
power spectrum is similar but noisier than the electric
current spectrum.

Besides the fiducial model with χ0 = 2 presented here,
we ran other simulations with 1/16 ≤ δB/B0 ≤ 1/2 and
1 ≤ k⊥,0/k‖,0 ≤ 8. All of them excited turbulence cas-
cades and showed a similar dissipation mechanism, inde-
pendent of χ0. However, χ0 controls how quickly the cas-
cade develops and becomes dissipative. A characteristic
timescale tdiss can be defined as the time it takes to dis-
sipate half of the wave energy. We found tdiss ∼ 7 t‖/χ2

0
for χ0 ≥ 1 (strong coupling regime), and tdiss ∼ 15 t‖/χ0
for χ0 � 1 (weak coupling regime).

Charge starvation.— The electric current density
grows with k⊥ in the cascade and may exceed cen0.
Then, the plasma becomes unable to support the high-
frequency waves [19, 40–42]. The parameter quantifying
this “charge-starvation” effect for waves with amplitudes
Bw(k⊥) is

κ ≡ j

ecn0
≈ k⊥Bw

4πen0
≈ σ1/2

0 η

(
ck⊥,0

ωp

)q (
ck⊥
ωp

)1−q

, (3)

where η and q parameterize the magnetic field spectrum
Bw = ηB0(k⊥/k⊥,0)−q. One may expect the cascade
to terminate because of charge starvation if κ > 1 is
reached at k−1

⊥ > c/ωp. This occurs if σ0 > σcr =

1
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FIG. 3. Particle kinetic energy spectra (top) and mean pitch
angle (bottom) at a late time t = 3L‖/c in the simulations
with δB/B0 = 1/4, χ0 = 2, and different σ0 = 30 (green),
100 (red), and 1000 (purple). The fully kinetic PIC results
are shown by the solid curves, and two RIC simulations for
σ0 = 30 and 1000 are shown by the dashed curves. Arrows
indicate the mean Lorentz factor at the end of turbulence
dissipation, 〈γ〉 ≈ (δB/B0)2σ0. The horizontal dotted line in
the bottom panel shows the mean pitch angle that would be
found for an isotropic particle distribution.

η−2(ck⊥,0/ωp)−2q. In the opposite case, the cascade is
charge surfeit. Assuming a Kolmogorov-like turbulence
spectrum (q = 1/3) our fiducial model parameters give
σcr ≈ 170 (σcr ≈ 530 for weak turbulence with q = 1/2).
The effects of charge starvation may be studied by com-
paring the simulations with σ0 = 100 (charge-surfeit) and
1000 (charge-starved).

In the simulation with σ0 = 1000 the magnetic field
lines become stiffer, resisting sharp kinks that appeared
in the charge-surfeit turbulence. The system tries to
avoid starvation by increasing the local plasma density
at the folds (by a factor n/n0 = 2−4), however this does
not prevent the suppression of turbulence at sufficiently
high k⊥ > k⊥,s at which κ > 1. Some of the cascading
wave power is then re-directed into expansion in the k
space along k‖ (see Fig. 2, right panel).

The main consequence of charge starvation is the
changed pattern of turbulence damping. We observed
that damping strongly varies on a timescale comparable
to ω−1

s where ωs ≈ ck‖,s is the frequency of the starving
waves. Damping peaks when the colliding waves are try-
ing to produce a daughter mode with ω > ωs that is not
supported by the plasma. This is accompanied by the
development of a significant electric field component E‖
(parallel to B) comparable to the wave amplitude Bw.

Particle energization.— In all the simulations, we find
that damping of the Alfvén turbulence produces quasi-
thermal heating of the plasma (see Fig. 3; top panel).
There is no extended high-energy tail beyond the ex-
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pected mean Lorentz factor 〈γ〉 ≈ (δB/B0)2σ0. This is
in stark contrast with simulations of turbulence with vi-
olent driving [9–15]. Another big difference from [9–15].
is that the heated particles move mainly along B. The
mean pitch angle [43] of the hot particles is 2-4 times
smaller than would be expected for an isotropic distri-
bution (Fig. 3, bottom panel). The small pitch angles
sinα� 1 make the fully kinetic PIC simulations with no
synchrotron cooling similar to the RIC simulations with
complete synchrotron cooling.

The quasi-thermal heating along B demonstrates that
the particles gain energy gradually, much slower than
their gyration in the strong B. This is true for both
charge-surfeit and charge-starved cascades. With in-
creasing scale separation ωp/ck⊥,0, which implies de-
creasing Bw/B0 on the damping scale, we expect the
heating to become completely one-dimensional along B.

In the charge-surfeit regime, the expected heating
mechanism is Landau damping. Alfvén waves with high
k⊥ (approaching the kinetic scale) have a significant
E‖ ∼ Bw, because of the plasma inertia. Their phase
speed along B drops below c [44], so particles can reso-
nantly exchange energy with the high-k⊥ waves. A sim-
ilar damping mechanism has been invoked for the non-
relativistic turbulence in the solar wind [45–48]. By con-
trast, in the charge-starved regime E‖ ∼ Bw develops in
waves with k⊥ ∼ k⊥,s, which have κ ∼ 1.

In both regimes, particle acceleration is slower than gy-
ration. Furthermore, bending of the magnetic field lines
at the damping scale is small, Bw/B0 � 1. As a result,
particle motion perpendicular to B cannot be efficiently
excited, and almost all the turbulence energy converts
into particle motion along B. We have measured the
dissipation rate W‖ = 〈E‖ · j〉 (averaged over space and
time) and compared it with W⊥ = 〈E⊥ · j〉 where E⊥
is the electric field component perpendicular to B. We
found W‖/W⊥ ≈ 6.4 for σ0 = 30 and W‖/W⊥ ≈ 16 for
σ0 = 1000, confirming the dominant role of E‖.

Discussion.— Our simulations are among the largest
3D kinetic simulations of relativistic turbulence, reach-
ing the scale separation ωp/ck0 ≈ 34 in our fiducial runs
with the high resolution of the dissipation scale, and up
to ωp/ck0 = 170 in shorter runs employing domains of
25602 × 10240 and a reduced resolution of c/ωp. The
simulations may still be unable to capture possible effects
special to cascades with extremely large inertial ranges.
In particular, it was argued that Alfvénic cascades with
very large scale separations may develop tearing-unstable
current sheets, releasing magnetic energy via magnetic
reconnection [35–39]. If reconnection is activated on
small scales and dissipates field jumps ∆B � B0, it
would kick particles to modest γ ∼ (∆B/B0)2σ0. Such
dissipation in the dominant guide field would be unable
to “un-magnetize” the particles — their motion would re-
main confined along B (resembling particle energization
we observed in the charge-starved cascade).

Deviations from the picture described in this Letter
could occur if the turbulence is excited with a large
δB/B0 & 1, depending on how it is driven. We have
also simulated collisions of Alfvén-wave packets with
δB/B0 > 1 and experimented with both plane and tor-
sional waves (see [8, 39] for similar setups). We observed
that such collisions immediately emit a large fraction of
the wave energy in a strong compressive “fast” mode —
the second eigen mode of the magnetically dominated
plasma, which can freely propagate across B and escape
the system. The remaining Alfvén waves developed the
turbulence cascade resembling our simulations with lower
δB/B0.

Violent deformation of the magnetic field δB/B0 & 1
with an arbitrary perturbation pattern may qualitatively
differ from proper Alfvénic turbulence. Then, immediate
formation of large tearing-unstable current sheets, was
observed, followed by strong nonthermal particle acceler-
ation [10–12]. This violent dissipation occurs in a similar
way in 2D and 3D simulations, even though 2D configu-
rations do not support nonlinear Alfvén wave interaction
[21]. Such reconnection-mediated energy release may re-
sult from global instabilities triggered by over-twisting of
magnetic field lines, and it should be distinguished from
damping of Alfvénic turbulence cascades in a dominant
background field B0.

This distinction has important observational implica-
tions. For Alfvénic turbulence, our simulations show the
absence of nonthermal particle acceleration, and heating
occurs along B. Then, synchrotron emission will be sup-
pressed, and the dominant radiative process is inverse
Compton (IC) scattering of ambient photons, which pro-
duces hard radiation spectra. Synchrotron emission from
plasmas heated by Alfvénic turbulence can be activated
if the IC photons do not escape the system and turn into
secondary e± pairs, after a sufficient free path that al-
lows them to develop pitch angles relative to local B.
Copious pair creation will occur in sufficiently compact
systems, and can even make the plasma optically thick.
In this high-compactness regime, the radiative output of
Alfvénic turbulence can become similar to flares emit-
ted by large-scale magnetic reconnection [49]. For less
compact, optically thin systems, one can expect a dras-
tic difference between damping of Alfvénic turbulence
and large-scale magnetic reconnection: plasma heated by
Alfvénic turbulence will be synchrotron-silent. This dif-
ference may help identify the energy release mechanism
in observed sources.
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[1] M. Böttcher, Galaxies 7, 20 (2019), URL https://doi.
org/10.3390%2Fgalaxies7010020.

[2] V. M. Kaspi and A. M. Beloborodov, An-
nual Review of Astronomy and Astrophysics
55, 261 (2017), URL https://doi.org/10.1146%
2Fannurev-astro-081915-023329.

[3] R. Bühler and R. Blandford, Reports on Progress in
Physics 77, 066901 (2014), URL https://doi.org/10.
1088%2F0034-4885%2F77%2F6%2F066901.

[4] S. Ascenzi, G. Oganesyan, M. Branchesi, and R. Ciolfi,
Journal of Plasma Physics 87 (2021), URL https://doi.
org/10.1017%2Fs0022377820001646.

[5] C. Thompson and O. Blaes, Phys. Rev. D 57, 3219
(1998).

[6] D. A. Uzdensky, Monthly Notices of the Royal Astro-
nomical Society 477, 2849 (2018), URL https://doi.
org/10.1093%2Fmnras%2Fsty721.

[7] E. Sobacchi and Y. E. Lyubarsky, Monthly Notices of
the Royal Astronomical Society 491, 3900 (2019), URL
https://doi.org/10.1093%2Fmnras%2Fstz3313.

[8] X. Li, J. Zrake, and A. M. Beloborodov, Astrophys. J.
881, 13 (2019), 1810.10493.

[9] V. Zhdankin, G. R. Werner, D. A. Uzdensky, and
M. C. Begelman, Physical Review Letters 118 (2017),
URL https://doi.org/10.1103%2Fphysrevlett.118.
055103.

[10] L. Comisso and L. Sironi, Physical Review Let-
ters 121 (2018), URL https://doi.org/10.1103%
2Fphysrevlett.121.255101.

[11] L. Comisso and L. Sironi, Astrophys. J. 886, 122 (2019),
1909.01420.
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