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We uncover a new type of magic-angle phenomena when an AA-stacked graphene bilayer is twisted
relative to another graphene system with band touching. In the simplest case this constitutes a
trilayer system formed by an AA-stacked bilayer twisted relative to a single layer of graphene. We
find multiple anisotropic Dirac cones coexisting in such twisted multilayer structures at certain
angles, which we call “Dirac magic.” We trace the origin of Dirac magic angles to the geometric
structure of the twisted AA-bilayer Dirac cones relative to the other band-touching spectrum in the
moiré reciprocal lattice. The anisotropy of the Dirac cones and a concomitant cascade of saddle
points induce a series of topological Lifshitz transitions that can be tuned by the twist angle and
perpendicular electric field. We discuss the possibility of direct observation of Dirac magic as well
as its consequences for the correlated states of electrons in this moiré system.

Introduction.—The discovery of correlated electronic
states in twisted bilayer graphene has ushered in a new
era of “twistronics” in stabilizing novel phases of quan-
tum matter in low dimensions [1–12]. A growing number
of twisted structures of layered van der Waals materials,
such as multilayer graphene [13–23] and transition metal
dichalcogenides [24–29], have been studied theoretically
and experimentally. Some of these systems exhibit a se-
ries of “magic angles,” characterized by low-lying bands
of bandwidth much smaller than the energy scales of the
original layers and their tunnel coupling. Interactions
play a prominent role in determining the electronic state
when the Fermi energy is in such a band [30–33].

The appearance of flat bands can be understood intu-
itively from the competition between the dispersive en-
ergy scale of each layer, e.g. the Dirac cones in graphene,
and the tunneling energy scale modulated by the moiré
pattern of twisted strcuture. At small twist angles,
the latter yields a nearly periodic moiré superlattice or,
equivalently, a small moiré Brillouin zone repeated in the
reciprocal space. Magic angles are found when the energy
of the twisted bands at successive moiré Brillouin zones
become comparable to the tunneling energy. This picture
raises the question of whether other interesting band re-
constructions can arise from competing energy scales. In
particular, a heterogeneous choice of the twisted layers
broadens the possibilities for twistronics [34–37].

In this Letter, we uncover a new type of twisted
band engineering in multilayer graphene, formed by an
AA-stacked graphene bilayer twisted relative to another
graphene layer with degenerate band touchings (D), such
as a single sheet of graphene with a Dirac cone in the sim-
plest case, Bernal-stacked graphene with quadratic band
touching [38], or rhombohedral graphene trilayer with
cubic band touching [39, 40]. The choice of AA stacking
for the bilayer is motivated by its close relation to the
degenerate graphene layer, effectively consisting of two
Dirac cones shifted to finite energies by the tunneling

amplitude between the layers. We find that this geom-
etry hosts special angles for which multiple Dirac cones
coincide at the same high symmetry points in a moiré
Brillouin zone. We call this phenomenon “Dirac magic.”

For an AA-stacked graphene bilayer twisted on a sin-
gle sheet of graphene, we find that on approaching Dirac
magic angles the energy bands near the Dirac point of
the single layer undergo significant reconstruction. This
is a result of a topological transition where the local max-
imum of the second band becomes a local minimum as
C3-symmetric saddle points merge. We find that this
process generates a cascade of saddle points that spiral
toward the Dirac point. As a result, a series of topologi-
cal Lifshitz transitions are induced by varying the Fermi
level near neutrality [41, 42]. We show that in addition
to variations in the twist angle, these Lifshitz transitions
can be tuned by a perpendicular electric field. Thus,
the Dirac magic phenomena enable new types of twisted
band engineering and provide a rich platform for corre-
lated electronic states.

Model.—The general form of the Hamiltonian for the
system we study is

HAA/D =

[
hAA,θ/2 T
T † hD,−θ/2

]
, (1)

where hL,±θ/2 is the Hamiltonian of layer L = AA, D at
twist angle ±θ/2 and T is the tunneling between the ad-
jacent sheets of the layers. For concreteness, we consider
the simplest case of an AA-stacked bilayer twisted rela-
tive to a single layer, see Fig. 1(a). Results for AA/AB
and AA/ABC twisted graphene multilayers are presented
in the Supplemental Material [? ]. Following Bistritzer
and MacDonald [6], we model the trilayer system with

HAA/S =

hθ/2 − V TAA 0

T †AA hθ/2 T
0 T † h−θ/2 + V

 , (2)

where hθ/2 = −i~vF∇ · σθ/2 is the low-energy single-
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layer Hamiltonian with Fermi velocity vF and rotated
Pauli matrices σθ ≡ R†θ(σx, σy)Rθ, where Rθ = eiθσz/2.
Within the AA-bilayer we take

TAA = γAA12 + iγtw∇ · σθ/2, (3)

where 12 is the 2×2 unit matrix, γAA is onsite tunneling
and γtw the trigonal warping of the bilayer bands. The
tunneling matrix between the single layer and one of the
AA-stacked sheets is T =

∑3
n=1 Tne

−ikθqn·r,

Tn = w
(
u12 + qn · σπ/2

)
, (4)

where q1 = (0,−1) and q2,3 = (±
√

3/2, 1/2) are the
wavevectors associated with the moiré superlattice in
units of kθ = 8π sin(θ/2)/3a, a is the Bravais lattice spac-
ing of graphene, w and uw are the tunneling amplitudes
between the AA- and AB-regions of the moiré pattern.
We have also included the potential bias V to model an
electric field perpendicular to the layers. In our numeri-
cal results below we take a = 2.4 Å, ~vF /a = 2.425 eV,
γAA = 217 meV, γtw = 20 meV, w = 110 meV and
u = 0.816 unless otherwise noted [44].

Geometric origin of Dirac magic.—To understand the
origin of Dirac magic angles, we will use a perturbative
scheme in the moiré Brillouin zone as a function of w.
We note that in the absence of tunneling (w = 0), and
neglecting trigonal warping (γtw → 0), the moiré pattern
gives rise to folded bands with zero-energy states at the
K point of the single layer and at circles of radius k0 ≡
γAA/~vF centered at K ′ point of shifted Dirac cones of
the bilayer. As shown in Fig. 1(b), upon lowering the
twist angle, these circles first pass through the K point
when k0 = kθ1 for θ1 = 2 sin−1(3aγAA/8π~vF ) = 1.22◦.
As illustrated in Fig. 2(a), this is the first of a series of
angles at which the zero-energy circles centered at K ′
in higher-order moiré Brillouin zones intersect at the K
point, satisfying k0 = rnkθn for a series of ratios rn =
1, 2,
√

7,
√

13, 4,
√

19, · · · . Since the angles are small, we
find θn ≈ θ1/rn.

For small w 6= 0, the states of the bilayer and single
layer mix and, generically, split away from zero energy
governed by symmetry. Since the Hamiltonian (2) at
the K point has three-fold rotational symmetry, C3 =
diag(R2π/3, R2π/3, R2π/3)R2π/3 with Rθ the spatial ro-
tation by θ around z axis, the mixing occurs within each
eigenvalue sector of Spec(C3) = {1, ϕ, ϕ−1}, ϕ = e2πi/3.

For u = 0 the Hamiltonian is also chirally symmetric
{H,C} = 0 with C = diag(−σz, σz, σz) for all w [11],
which restricts mixing within opposite chiral eigenval-
ues ±1. Since [C,C3] = 0, the zero-energy states can
be taken to be simultaneous eigenstates of C3 and C:
the three degenerate pairs of states of the AA-bilayer
at the K point take all distinct eigenvalues of C3 and C,
while those of the single sheet have the pair of eigenvalues
(ϕ,+1) and (ϕ−1,−1), respectively, of (C3, C) [31, 45].
Thus, each C3 sector ϕ or ϕ−1 has three states, whose

FIG. 1. Sketch of (a) the real-space geometry of the AA/S
twisted trilayer heterostructure and (b) the momentum-space
energy bands near the Dirac point of the single layer. In (b)
the three negative-energy cones of the AA-stacked bilayer and
the moiré Brillouin zones are shown at the matching condition
that originates the first Dirac magic angle.

mixing will yield one state at E1 = 0 and a pair of states
at energies ±E3 ∝ w. All of these energies are doubly
degenerate due to the mirror symmetry M1 with mirror
plane K-Γ, which satisfies M1C3M1 = C−13 and maps
the ϕ and ϕ−1 sectors to one another.

The pair of states in the C3 sector with eigenvalue 1
are not protected against splitting by tunneling; how-
ever, since they both reside in the AA-bilayer for w = 0,
they can only split by mixing with higher-energy states
of the single sheet. Thus their splitting results in energies
±E2 ∝ w2. Indeed, this splitting can be made very small
by adjusting the twist angle θ.

Numerics.—We now demonstrate the physics de-
scribed above by numerically diagonalizing the Hamilto-
nian in Eq. (2) in a plane wave basis, using the reciprocal
lattice formed by q2 − q1 and q3 − q1. To achieve con-
vergence as the twist angle is lowered, we organize the
increasing number of wavevectors by a given number, s,
of tunneling matrix elements to produce perturbative re-
sults up to O(ws) as shown in Fig. 2(a). We plot the
calculated energy difference E2 −E1 ≡ δEK(w, θ) at the
K point for u = 0.816 in Fig. 2(b). The loci of δEK min-
ima converge to the geometric values θn as w → 0 and
reveal the evolution of the Dirac magic angles for w > 0.

We find the minima of δEK ≈ 0.1-0.2 meV are three
orders of magnitude smaller than the tunneling energy
scale w ∼ 100 meV. Moreover, for w > 0 the tunnel cou-
pling of the zero-energy circles of the AA-bilayer breaks
them up into arcs passing through the K point, resulting
in a highly anisotropic dispersion of nearly degenerate
Dirac cones at Dirac magic angles. Thus, we expect a
rich spectral topology at and near Dirac magic angles
that can be tuned by the twist angle as well as external
fields.

Dirac magic spectra.—We focus on the second Dirac
magic angle, θ2 = 0.826◦ for w = 110 meV and u =
0.816, since it has a direct gap between positive- and
negative-energy bands away from the K point, allowing
for clear experimental signatures. (See Supplemental Ma-
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FIG. 2. (a) Reciprocal lattice of the moiré superlattice with
the K point (red) at the origin and K′ points (green) at a
distance rnkθ for rn = 1, 2,

√
7,
√
13, 4,

√
19 (circle, triangle,

square, hexagon, diamond, star). The dashed lines mark the
K points connected to the origin at a given O(ws) of tunneling
matrix elements (solid lines). (b) The energy splitting δEK =
E2 − E1 at K point at O(w9) for u = 0.816.

terial [43] for the first Dirac magic angle θ1 = 1.31◦ as
well as a calculation of the Berry phase.)

The band spectra along symmetry lines are shown in
Fig. 3. The near degeneracy of the four central bands
at the K point in Fig. 3(a) is accompanied by significant
anisotropy in the K-M -K ′ and K-Γ directions, and a
small flat-band feature with a width of about 1.5 meV
in the K-Γ direction. Interestingly, there is a second
band minimum visible along the K-Γ. Thus, changing
the electron density away from neutrality (for example
by a gate voltage) can change the Fermi surface topology
through a Lifshitz transition.

Fermi surface topology can also be tuned by changing
the twist angle and/or applying a perpendicular electric
field. In Fig. 3(b), we show the band spectra at θ = 0.85◦,
showing the opening of the second band gap at the K
point while the near band-crossing between the first and
the second band moves away from the K point and to
nonzero energies. Moreover, an additional first band min-
imum develops along the K-M -K ′ direction. Applying a
perpendicular electric field as in Figs. 3(c) and (d) also
opens a gap for the second band at the K point as well as
accentuating the avoided band crossing away from the K
point. It also reshapes the band minima, thus providing
an additional knob to control the Fermi surface topology.

Lifshitz transitions.—To illustrate the Fermi surface
topology, we present the topography of the first and sec-
ond band spectra in the Brillouin zone in Fig 4. This
makes the anisotropy in the K-K ′ and K-Γ directions
plainly clear in both bands. In the first band, in particu-
lar, a three-blade propeller-shaped flatband region along
the K-Γ direction is evident. Strikingly, as shown by
the zoomed panel in Fig 4(a) at Dirac magic angle, this
propeller-shaped structure repeats itself at lower energies
at least three times in our numerical resolution. This re-
markable structure is one of our main findings.

As a consequence of the repeated propeller-shaped
structure in this sytem, the approach to the Dirac magic
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FIG. 3. Band spectra along symmetry lines of the moiré
Brillouin zone near the second Dirac magic angle for (a)
θ = 0.826◦, V = 0, (b) θ = 0.85◦, V = 0, (c) θ = 0.826◦, V =
72.75 meV, and (d) θ = 0.85◦, V = 72.75 meV. In (a) the
minimum gap δEK = 0.26 meV. In (b) the gap at band cross-
ings away from the K point is too small to report within our
numerical resolution.

angle at θ = 0.826◦ is accompanied by a cascade of sad-
dle points. This can also be seen in the density of states
of the two bands [43]. Thus, multiple Lifshitz transitions
appear as a function of density or Fermi energy. The sec-
ond band, by contrast, does not exhibit such an intricate
saddle point structure.

Applying a perpendicular electric field reshapes the
bands, as shown in Figs. 4(b) and (e). The propeller-
shaped contours of constant energy close to the K point
become less anisotropic, albeit still triangular. This ter-
minates the cascade of saddle points at low energies. The
main effect on the second band is to raise the overall en-
ergy scale without introducing saddle points or additional
degeneracies with the first band.

Adjusting the angle away from the Dirac magic an-
gle also reshapes the bands; a typical example is shown
in Figs. 4(c) and (f). As with the perpendicular electric
field, the first band evolves here by merging saddle points
and developing a less anisotropic topography around the
K point. By contrast, the second band displays a maxi-
mum at the K point and a contour of (near) degenerate
states with the first band away from it. This is neces-
sarily accompanied by additional saddle points around
the K point in the second band. Thus, different Lifshitz
transitions appear in higher bands near the K point.

Discussion.—The appearance of Lifshitz transitions
can, in principle, be observed in spectral probes of the
bands, e.g. angle-resolved photoemission spectroscopy
[46] or Landau level spectroscopy [47, 48]. The change in
the Fermi surface topology can also be probed via quan-
tum oscillations. Saddle points slow the semi-classical
motion of electrons, introducing anomalous drops in the
frequency of these oscillations as a function of Fermi en-
ergy [49–51].
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1FIG. 4. Density plot of the first (top row) and second (bottom row) positive bands near the second Dirac magic angle for
w = 110 meV and u = 0.816. The stars mark the locations of saddle points. The K point is at the center and the left panels
in (a) and (d) show the full moiré Brillouin zone with contour lines separated by 1 meV. The rest of the panels are zoomed in
around the K point with gray contour lines that are separated by 0.3 meV and a few specifically labeled for illustration. The
other parameters are (a), (d) θ = 0.826◦, V = 0; (b), (e) θ = 0.826◦, V = 72.75 meV; (c), (f) θ = 0.85◦, V = 0. The same color
bar is used for all plots.

A remarkable consequence of the saddle point cascade
supported by these AA-twisted systems is the expecta-
tion that, with increasing magnetic field (and decreas-
ing magnetic length), increasingly fine structure associ-
ated with the Lifshitz transitions should become evident
near zero energy, in contrast to single layer graphene, for
which only a single degenerate Landau level is present.
Such structure could be revealed via compressibility mea-
surements [52].

The propeller-shaped Fermi surfaces at the Dirac
magic angle create quasiparticle scattering wavevectors
yielding distinct quasiparticle interference patterns in
scanning tunneling spectroscopy [53–55]. The nesting of
the Fermi surface by these wavevectors could also open
the possibility of instabilities toward magnetic and/or
charge ordering in the system [56–59].

More generally, the van Hove singularities at the saddle
points can promote various correlated electronic phases.
The apparent proliferation of such saddle points at low
energy near Dirac magic angles points to a potentially
rich phase diagram of correlated states at low energies
[60–63]. Our study of band topology near Dirac magic
angle and its evolution with the twist angle and perpen-

dicular electric field are a crucial first step toward un-
derstanding correlated electronic states that can occur
in this system. In this regard, we note that while the
existence of Dirac magic angles is a robust feature of
the AA-stacked twisted multilayer graphene systems we
have studied, details of the band topology they support
are sensitive to the values of twist angle and perpendic-
ular electric field. Thus, spatial inhomogeneities in twist
angle, local potential imbalance, and electronic densities
can result in coexistence of different kinds of order in the
same system.

Summary.—We have introduced a new design concept
for twisted moiré systems, in which the geometric match-
ing of a band touching point in one layer and degener-
ate Fermi surfaces of an AA-stacked graphene bilayer,
achieved at certain Dirac magic twist angles, can lead to
the appearance of multiple near-degenerate, anisotropic
Dirac cones. The approach to these Dirac magic an-
gles is accompanied by a cascade of saddle points and
propeller-shaped constant-energy contours in the low-
energy bands. This opens the possibility of engineering
multiple Dirac cones and tunable Lifshitz transitions in
situ. We hope that these findings will stimulate further
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theoretical and experimental studies of correlated phases
in this system.
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