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We introduce a new variational wavefunction for a quantum Hall bilayer at total filling vr = 1,
which is based on s-wave BCS pairing between electron composite fermions in one layer and hole
composite fermions in the other. In addition we reexamine a trial wavefunction based on p-wave
BCS pairing between electron composite fermions in both layers. We compute the overlap of the
optimized trial functions with the ground state from exact diagonalization calculations of up to 14
electrons in a spherical geometry, and we find excellent agreement over the entire range of values
of the ratio between the layer separation and the magnetic length. The s-wave trial wavefunction
naturally allows for charge imbalance between the layers and provides important insights into how
the physics at large interlayer separations crosses over to that at small separations in a fashion

analogous to the BEC-BCS crossover.

Introduction — The bilayer quantum Hall
(BQH) system at total filling fraction v = 1
has been the subject of considerable theoreti-
cal and experimental interest for more than two
decades[1, 2]. The v = 1 BQH system consists
of two two-dimensional electron systems separated
by a distance d. A magnetic field B perpendicular
to the layers is applied such that v = n¢g/B =1
with n = ny + n the total electron density, and
¢o = 2wh/e the flux quantum (1 and | refer to
the two different layers). The competition between
inter- and intra-layer Coulomb interactions makes
this system both interesting and challenging.

We assume here that all electrons are confined
to the lowest Landau level and are fully spin po-
larized. At small interlayer distances d compared
to the magnetic length ¢ = /h/eB the ground
state can be described as an exciton condensate:
the electrons in one layer form tightly bound states
with the holes in the opposite layer[1, 3]. In con-
trast, at infinite interlayer distances, the two layers
decouple completely, such that each layer forms an
independent composite fermion (CF) liquid[4—6].
Since these two limits are described in terms of dif-
ferent quasiparticles, understanding how they are
connected is a difficult problem. There has been
an enormous amount of theoretical work attempt-
ing to address this question[2, 7-38].

In a recent paper by one of the current au-
thors and one with other collaborators[39, 40], a
new approach to this crossover was proposed —
s-wave BCS pairing of electron-CFs (eCFs, two
flux quanta bound to an electron) in one layer
with hole-CFs (hCFs, two flux quanta bound to
a hole) in the other layer. This approach qual-
itatively appeals in that it describes the correct
types of quasiparticles both for small d (excitons)

and large d (CFs). Further, it naturally allows a
description in the case of imbalanced layers where
ny # ny. The purpose of this current paper is to
numerically test this proposal.

At small d/¢p, the v = 1 system forms
Halperin’s (111)-state[3]. This state can be viewed
as a condensate of interlayer excitons, or equiva-
lently s-wave pairing of electrons in one layer with
holes in the other. This limit is well described
in Hartree-Fock[7] and is a good description even
when the density is imbalanced between the layers.

At large d/fp the description of the layers is
more complicated. For infinite d/¢p the layers be-
have as independent quantum Hall states. For the
balanced case of v4 = v) = 1/2 each layer is well
described as a CF Fermi sea in zero effective mag-
netic field[4-6]. Away from filling 1/2 the CF's see
a residual magnetic field.

When the two v = 1/2 layers are then weakly
coupled together, we expect the CF liquids to be-
come correlated with each other. A possibility
that was considered from very early on is that the
two layers form a BCS paired state of eCFs[8—
10].  Numerical work with trial wavefunctions
established[26] that the p-wave channel is the sym-
metry channel with the largest gap. In exact diag-
onalization (ED) studies the p-wave paired state
was shown[25, 26] to have very high overlaps with
the exact ground state for d 2 . In those studies
the overlap rapidly decreased at d < £p. However
Ref. 29 argued that the p-wave pairing state could
be continuously deformed to the exciton conden-
sate without going through a phase transition.

In recent years, after the initial investigations
into the v = 1 bilayer, there has been renewed fo-
cus on the issue of particle-hole symmetry in the
v = 1/2 CF Fermi liquid state[41, 42]. While the



single-layer half-filled Landau level is particle-hole
symmetric[43], the CF construction[4, 5] does not
appear to respect this symmetry in any obvious
way. This then raises the question as to whether
we should view the half filled Landau level as a
Fermi sea of eCFs, or as a Fermi sea of hCF's re-
moved from a filled Landau level (we call this an
“anti-CF” Fermi sea). While the two descriptions
are numerically almost equivalent[44], there may,
nonetheless, be advantages to thinking in terms of
one or the other.

In this paper we examine a new model of the
v = 1 bilayer: s-wave pairing of the eCFs in one
layer with hCFs in the other layer. We show that
a trial wavefunction based on this approach has
very high overlaps with the exact ground state at
all distances d/fp. The evolution of the system
as a function of d/¢p is analogous to the BEC-
BCS crossover familiar from cold atom gases[45].
At large d, we have weakly bound eCF/hCF pairs
(BCS limit), whereas at small d, we have tightly
bound eCF/hCF pairs, tending toward the BEC
regime. A nice feature of this approach is that
if one considers the Chern-Simons (Halperin-Lee-
Read[4]) description of CFs the s-wave pairing
wavefunction described above exactly recovers the
d — 0 limit as the limit where the s-wave pairs
have very small binding radius and Landau level
mixing is neglected[40, 46].

This approach also applies just as well to the
case of charge imbalance of the layers. If one trans-
fers charge between the layers, the two Fermi seas
remain the same size as each other, both growing
or shrinking together, so that the pairing is not
destroyed. We find that the imbalanced bilayer
system still forms an s-wave paired state of eCF's
and hCFs. We also reexamine a trial wavefunction
based on p-wave pairing of eCFs in both layers
and find significantly higher overlaps than previ-
ous works|[25, 26], such that the improved overlaps
are comparable to the newly introduce s-wave trial
state.

Details of Calculation — We consider
Coulomb interaction e?/er for electrons in
the same layer (intralayer interaction) and
e?/e\/r2 + d? for electrons in different layers (in-
terlayer interaction). As mentioned above, we as-
sume that the physical spin of the electrons is com-
pletely polarized due to the Zeeman splitting and
exchange interaction. We assume zero tempera-
ture and no disorder, and we neglect Landau level
mixing. We also assume no tunneling between the
layers, which is a good approximation of many of
the experiments.

We perform exact diagonalization (ED) on the
sphere for systems of up to N = 14 electrons, i.e.

Ny = N = 7 electrons per layer in the balanced
case. More generally, the total number of electrons
needs to satisfy N = Ny + N = Ny + 1 with Ny
the total number of flux quanta passing through
the sphere, such that we have total filling v = 1.
We particle-hole transform[47] the bottom layer,
such that we are describing it in terms of N4 hole
coordinates. Note in particular that the number
of holes in the bottom layer matches the number
of electrons in the top layer.

In the top layer, we form eCFs by attaching
two Jastrow factors to each electron. In the pla-
nar geometry, this would be achieved by multi-
plying our wavefunction by [T, ; (z; — z;)?, where
zi = x; + ty; is the complex coordinate of the
i-th electron at position (z;,y;). (Adaptation to
the spherical geometry is discussed in the Supple-
mentary Material[48].) The effective flux seen by
the eCFs is N;;'H = Ny — 2(N4 —1). In the bot-
tom layer, we similarly form hCFs, which see the
same effective flux, by attaching two anti-Jastrow
factors, multiplying by [[,_;(wi — w;)*%, where
w; = X; + 1Y; is the complex coordinate of a hole
at (X;,Y;)[49]. We then BCS pair the eCFs from
the top layer with the hCF's from the bottom layer
in the s-wave channel. We can write down a varia-
tional pairing wavefunction based on this approach
(see Supplementary Material[48] for details):

Ugpcs,s = H(% — 2)* (w; — w;)*? det(G)
G(zi,w;) = > g1 Gr.m(2:) B} (w;) (1)

l,m

where ¢, are the Jain-Kamilla orbitals[50, 51]
with angular momentum quantum numbers I, m
describing CFs in effective flux Nzﬁ. The g; are
variational parameters. Due to rotational symme-
try, the variational parameters cannot depend on
m. This trial wavefunction approach is similar to
the BCS p-wave pairing approach of Refs. [25, 26]
except that in that work eCFs are paired with
eCFs, whereas here eCFs are paired with hCFs.
The assignment of the terms s-wave and p-wave
for the two wavefunctions can be seen from two
properties of the wavefunction of the sphere (see
[48]): (a) the behaviour of the wavefunction as two
particles are brought close together: the wavefunc-
tion scales like rf, where r is the separation of the
pair and ¢ is the angular momentum, (b) the be-
haviour of the wavefunction as two particles are
exchanged: the wavefunction picks up a sign (—1)*
under exchange.

We convert the ED ground state into position
space and compute the overlap with the trial state
by performing Monte-Carlo integration. We use



the probability distribution of the (111)-state for
the importance sampling. The optimal variational
parameters that maximize the overlap are found
using a dual annealing algorithm[52].

Balanced case — Let us focus on the case
where the two layers are balanced, ie. 14 =
v, = 1/2, and the number of electrons per layer
on the sphere is Ny. We show the overlaps of
the s-wave variational state with the ED ground
state in Fig. la for Ny = 6 (See Supplemen-
tary Material[48] for other system sizes.) For
Ny = 4,5,6,7 we achieve overlaps squared of
better than 0.95 by including 3,4, 5,6 variational
parameters respectively. Given that the Hilbert
space dimensions of the L? = 0 subspace in which
the ground state and the trial wavefunctions lie
are D(L? = 0) = 12, 38, 252, 1599 respectively, the
high overlaps obtained are significant. In Fig. la,
we also show overlap results for the (111)-state
and the p-wave paired state from Ref. [26], as well
as the CF Fermi liquid state (two uncoupled eCF
liquids).

At very large distances the CF Fermi liquid state
is essentially exact for Ny = 2,6,12... where we
have enough eCFs to completely fill an integer
number of angular momentum shells. For unfilled
shells we construct a Hund’s rule state of eCFs in
each layer where we fill orbitals so as to maximize
the angular momentum of each layer[53]. Both the
p-wave and the s-wave variational wavefunctions
recover the CF Fermi liquid or Hund’s-rule state
for a suitable choice of variational parameters, at
least when N is such that one has a configura-
tion with either an integral number of completely
filled angular-momentum shells, or one with a sin-
gle CF above the outermost filled shell or with a
single CF missing from the outermost shell. At
intermediate distances d/fp ~ 1 the overlaps of
both the p and s-wave variational wavefunctions
have dips, however they remain extremely accu-
rate in this regime. At small interlayer distances,
the (111)-state is the exact ground state as ex-
pected. Both the p-wave and the s-wave capture
this limit as well. As the number of variational
parameters is increased, both the s-wave and p-
wave overlaps rapidly improve at small d. (In the
s-wave picture including more variational parame-
ters allows us to form more tightly bound excitons,
hence recovering the (111)-state.) Our s-wave trial
wavefunctions slightly outperform the previous p-
wave trial state for an equal number of variational
parameters. For example, in Fig. la, both the p
and s-wave wavefunctions have five variational pa-
rameters. The squared overlaps at d = 0 are 0.67,
0.95 and 1.00 for three, four, and five variational
parameters in the s-wave case, whereas they are
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FIG. 1. Exact diagonalization results for a balanced
system with 6 + 6 electrons on the sphere. (a) We
plot the overlap of the trial wavefunctions with the
true ground state |¥qgs) as a function of the inter-
layer distance d. We compare the overlap of our s-
wave BCS state with the previously proposed p-wave
BCS state of Refs. [25, 26]. The s- and p-wave curves
are almost indistinguishable on this plot. For both
trial wavefunctions we include 5 variational parame-
ters. We also show the overlaps with the composite
Fermi liquid (CFL) state and the 111 state, which are
accurate descriptions of the state in the large and small
d limits respectively. The errorbars denote the errors
of the Monte-Carlo integration. (b) BCS parameters
A/Er and £/{p extracted from the s-wave variational
wavefunction from (a). A is the s-wave superconduct-
ing order parameter, Er is the Fermi energy and £ is
the coherence length. The evolution of the BCS pa-
rameters as a function of the interlayer separation d is
consistent with a BEC-BCS crossover.

0.56, 0.93 and 1.00 in the p-wave case. (See Sup-
plementary Material[48] for more details.) Never-
theless, for sufficiently many variational parame-
ters, both the s-wave and p-wave trial states have
extremely good overlaps. It is an interesting open
question why these seemingly different wavefunc-
tions appear to describe the same Hilbert space.
Note that the p-wave wavefunctions described
here are putatively the same as those Ref. 26.
However, detailed comparison will show that the
overlaps with exact diagonalization we obtain here
are somewhat better, particularly at small d, given
the same number (or even fewer) variational pa-
rameters. In the present work we use a global op-
timization algorithm (dual annealing[52]) to opti-



mize the overlaps. Ref. 26 used a gradient descent
algorithm, which may only find a local optimum
of the overlap.

In Fig. 1b we use the best variational s-wave
trial wavefunction to extract the BCS parameters
A/EF and & (see Supplement[48]), where ¢ is the
coherence length (typical size of a Cooper pair), A
is the superconducting order parameter and E is
the composite fermion Fermi energy. Note that in
regular superconductors A is precisely the excita-
tion gap, but here the superconductor has been
“composite fermionized”, so the excitation gap
may not precisely match A. We find a crossover
from the BEC-like regime (£ < {p, A 2 Ep) at
d < ¢p to the BCS regime (£ > {p, A < EF)
at d > fg. In this picture, we have a continuous
crossover from the exciton condensate of the 111
state to the BCS-paired composite Fermi liquid.

Charge tmbalance — We now add a charge
imbalance to the two layers, while keeping the
total filling fraction constant. The filling frac-
tions of the individual layers are now vy = 172A”
and v, = %. Here we present results for
the charge imbalanced s-wave eCF/hCF pairing
trial wavefunctions (see Supplementary Material
for a discussion of the p-wave trial wavefunction
for the imbalanced case[48]). In our approach, we
composite-fermionize the minority carriers in each
layer, consistent with the experimental observa-
tion that the density of the minority carriers sets
the Fermi wavevector away from half-filling[54, 55].
We show the overlaps of our trial state with the
ED ground state in Fig. 2. For small layer imbal-
ances, our trial wavefunction performs less well at
small distances than in the balanced case, however
considering the dimension of the Hilbert space, the
high overlaps obtained even in the imbalanced case
are significant. At large d//g, we expect the layers
to form independent CF states, which will succes-
sively fill angular-momentum shells. As mentioned
above, our trial wavefunction Eq. (1) can describe
this accurately as long as the shells are either filled,
or have a single CF in them, or are one CF short of
being filled. This largely explains why some of the
values of (N4, N|) in Fig. 2 are very accurate at
large d/¢p and some are inaccurate in this limit.

Experiments observe enhanced superfluid be-
havior with layer imbalance[56-58]. We can con-
jecture the following natural explanation for this.
At half-filling the eCFs (or hCFs) are neutral
quasiparticles. Away from half-filling the eCFs in
the top layer develop charge e(l — 2v4) = eAv,
while the hCFs in the bottom layer develop charge
e(l —2v;) = —eAv. In the imbalanced case, these
two charges can attract to improve the BCS pair-
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FIG. 2. Exact diagonalization results for the overlap
of the s-wave BCS trial wavefunctions with the true
ground state for imbalanced layers with a total of 14
electrons (using 6 variational parameters). The L? = 0
Hilbert space dimensions are 1599, 1319, 614, 205 for
7+7,648,5+9, and 4+ 10 respectively. We note that
in the limit d = 0 the Hamiltonian has an enhanced
SU(2) pseudospin symmetry, which our trial states do
not exhibit, since the overlaps in different pseudospin
sectors are not identical.

ing. However, once Av ~ 1/2, we are close to i—i—%
and the CF description with two flux quanta at-
tached to each electron/hole should be replaced
by a CF description where four flux quanta are
attached to each electron/hole. A detailed com-
parison with experiment[56-58] would require ex-
amination of the energies of possible competing
phases, which is beyond the scope of this work.

Conclusion — We proposed a new trial wave-
function for the bilayer quantum Hall system,
where eCF's and hCFs pair up in the s-wave chan-
nel. This trial state has very high overlaps with the
exact ground state for any interlayer separation d.
In this language, the bilayer system undergoes a
BEC-BCS crossover as the interlayer separation
is varied. At large d the system is in the BCS
limit, with weakly bound eCF/hCF Cooper pairs,
whereas at small d, the system enters the BEC
regime with tightly bound eCF /hCF excitons. We
presented numerical results for the BCS order pa-
rameter and the coherence length that support this
picture. Our trial state also performs extremely
well for imbalanced layers and the enhanced sta-
bility of the paired state for imbalanced layers seen
in experiments can be viewed as a consequence of
the CFs developing a nonzero electric charge.

We also re-examined the trial wavefunction
based on pairing eCFs in both layers in the p-
wave channel and found that by including suffi-
ciently many variational parameters and by using
an improved optimization algorithm compared to
Ref. [25] this wavefunction can also accurately de-



scribe the system for any interlayer separation d.
This is consistent with Ref. [29], which used field
theory arguments to show that the p-wave state
can be continuously connected to the (111)-state.

Although both the s-wave and the p-wave trial
states give similar overlaps if sufficiently many
variational parameters are included, the BEC-BCS
crossover only appears naturally in the s-wave pic-
ture: eCF/hCF excitons are equivalent to the elec-
tron/hole excitons forming the (111)-state in the
tightly bound limit[59]. For the p-wave wavefunc-
tion there is no simple way to see this (although
field theoretic arguments in Ref. [29] suggest that
the p-wave and (111) state are related).
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