
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Correlation-Induced Triplet Pairing Superconductivity in
Graphene-Based Moiré Systems

Yang-Zhi Chou, Fengcheng Wu, Jay D. Sau, and Sankar Das Sarma
Phys. Rev. Lett. 127, 217001 — Published 15 November 2021

DOI: 10.1103/PhysRevLett.127.217001

https://dx.doi.org/10.1103/PhysRevLett.127.217001


Correlation-induced triplet pairing superconductivity in graphene-based moiré
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Motivated by the possible non-spin-singlet superconductivity in the magic-angle twisted trilayer
graphene experiment, we investigate the triplet-pairing superconductivity arising from a correlation-
induced spin-fermion model of Dirac fermions with spin, valley and sublattice degrees of freedom.
We find that the f -wave pairing is favored due to the valley-sublattice structure, and the supercon-
ducting state is time-reversal symmetric, fully gapped, and non-topological. With a small in-plane
magnetic field, the superconducting state becomes partially polarized, and the transition temper-
ature can be slightly enhanced. Our results apply qualitatively to Dirac fermions for the triplet-
pairing superconductivity in graphene-based moiré systems, which is fundamentally distinct from
triplet superconductivity in 3He and ferromagnetic superconductors.

Introduction.– Since the incipient discovery of corre-
lated insulators and superconductivity in magic-angle
twisted bilayer graphene (MATBG) [1, 2], the moiré
graphene systems continue to uncover exotic phases and
excite new ideas [3–21]. In particular, magic-angle
twisted trilayer graphene (MATTG) [19–21] establishes
a second example of the robust superconductivity in the
moiré graphene systems that reveals a clear Fraunhofer-
like oscillation in Josephson interference pattern. In ad-
diton, the out-of-plane displacement field can modify the
band structure significantly, providing a controllable way
to tune the Van Hove singularity as well as the supercon-
ductivity [19–21].

A recent experiment in MATTG [21] demonstrated
that the superconducting state survives with a large
in-plane magnetic field (until ∼10T) that exceeds the
Pauli limit for spin-singlet superconductivity, prima fa-
cie implying a non-spin-singlet superconducting state in
MATTG. Remarkably, the experiment also found a non-
monotonic superconducting behavior as a function of the
applied in-plane magnetic field, which suggests a separate
(re-entrant) superconducting phase for magnetic field be-
yond 8T.

In this letter, we study a spin-fermion model [22–27]
for Dirac fermions with spin, valley and sublattice de-
grees of freedom, as a proxy for investigating the possible
spin-triplet superconductivity in graphene-based moiré
systems. The idea is that the system is proximate to
correlation-induced ferromagnetism even when the long-
ranged order is not observed. The fluctuation of such
a phase (i.e., spin fluctuation) is captured by the spin-
fermion model, and the spin fluctuation generates super-
conductivity regardless of the details in the band struc-
ture. We establish that the spin-triplet superconducting
state is f -wave [see Fig. 1(a)] and fully gapped due to
the valley-sublattice structure in the Cooper pairs. We
also discuss the effect of a small in-plane magnetic field
and experimental characterization.

FIG. 1. (a) f -wave pairing symmetry and the Brillouin zone.
The signs indicate the relative phase when a f -wave pairing
is rotated by π/3. K and K′ denote the valleys. (b) Angu-
lar momentum and valley-sublattice structure. The electrons
carry finite angular momenta depending on the valley and
sublattice as depicted in the figure. Therefore, the Cooper
pair wavefunction might carry nontrivial z-directional angu-
lar momentum (Lz). A and B denote the sublattices.

We note that the sublattice and valley structures in the
pairing states crucially determine the dominating pairing
instability, while the moiré band structures in twisted
graphene systems inherits Dirac fermions with internal
degrees of freedom (e.g., spin, valley, sublattice) from
monolayer graphene. Therefore, we anticipate that f -
wave is generically the dominating pairing symmetry for
spin-triplet superconductivity in the graphene based sys-
tems.

Model.– The spin-fermion model [22–27] describes that
the low-energy itinerant electrons interact with the fluc-
tuating spin fields. Although the spin fields arise from the
electrons microscopically, we treat them as independent
degrees of freedom in the spirit of the spin-fermion model
[27]. In this work, we consider a spin-fermion model of
Dirac fermions which can be realized on a honeycomb
lattice, Ĥ = Ĥe + Ĥs + Ĥes. The low-energy electron is
described by [28]

Ĥe =
∑
k

ψ†khkψk, (1)
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where

hk = ~vFσxτzkx + ~vFσyky − EF . (2)

In the above expression, σa (τa) denotes the a-component
of the Pauli matrices for the sublattice (valley), vF is
the Dirac velocity, EF is the Fermi energy, and ψk is
an 8-component fermionic field (valley, sublattice, and
the intrinsic spin) with momentum k. The reduced
Hamiltonian hk obeys a (T 2 = 1) time-reversal opera-
tor, Π̂h∗−kΠ̂−1 = hk, where Π̂ = τx. The fluctuating
spin fields are described by

Ĥs =
1

2

∑
q

χ−1(q)~S−q · ~Sq, (3)

where χ−1(q) is the inverse spin-spin zero-frequency cor-

relation function and ~Sq = (Sxq, S
y
q, S

z
q) encodes the

three-component fluctuating bosonic spin field at mo-
mentum q. Finally, the spin-fermion coupling is given
by

Ĥes =
g√
A

∑
k,q

(
ψ†k−q

~µ

2
ψk

)
· ~Sq, (4)

where g is the spin-fermion coupling constant, A is the
area of the system, and the Pauli matrices for the spin
~µ = (µx, µy, µz). The spin-fermion model here is mo-
tivated by the non-spin-singlet superconductivity in the
MATTG experiment near ν = −2 [21] since spin fluctu-
ation provides a natural explanation for the spin triplet
pairing [29, 30]. We further assume that the fluctuat-
ing spin fields fail to develop a long range order at the
temperatures of our interest, but the spin-spin correla-
tion function χ(q) is peaked at q = 0, e.g., χ(q) =
χ0/(|q|2 + ξ−2) where χ0 > 0 and ξ is the correlation
length. Such an assumption is consistent with the ab-
sence of ground state magnetization in MATTG experi-
ment near ν = −2 [21].

To obtain an effective inter-electron interaction, we in-
tegrate out the fluctuating spin fields in Eqs. (3) and (4).
The effective interaction is given by

ĤI =− g
2

2A

∑
k,k′,q

χ(q)

(
ψ†k+q

~µ

2
ψk

)
·
(
ψ†k′−q

~µ

2
ψk′

)
. (5)

ĤI describes the ferromagnetic interaction between the
intrinsic spins of the itinerant electrons which favors spin-
triplet pairing [29–31]. One possibility is paramagnon
mediated interactions.

Pairing symmetry.– Besides the spin degrees of free-
dom, the valley and sublattice structures play important
roles in the pairing symmetry of the superconductivity
[32, 33]. We discuss only the inter-valley Cooper pairs
as the intra-valley Cooper pairs correspond to a lattice-
scale oscillating gap function in the position space. The

s-wave and f -wave pairings are intra-sublattice while
the p-wave and d-wave pairings are inter-sublattice [33].
To see this, we consider Cooper pairs in the position
space and examine the symmetry operations in the fol-
lowing. The wavefunction under the three-fold rotation
(C3z) about a hexagon center is given by C3zψ†(r)C−1

3z =

ei
2π
3 τzσzψ†(R3r) as illustrated in Fig. 1(b). In addition,

the two-fold rotation (C2z) about a hexagon center is im-
plemented by the valley and sublattice exchanging as fol-
lows: C2zψ†(r)C−1

2z = τxσxψ†(R2r). For a pair of elec-
trons from different valleys, C3z operation can distinguish
s-wave and f -wave (Lz mod 3 = 0) from the p-wave and
d-wave (Lz mod 3 = 1, 2); C2z operation can distinguish
s-wave and d-wave (Lz mod 2 = 0) from the p-wave and
f -wave (Lz mod 2 = 1). With both C3z and C2z, we
can classify angular momentum states associated with
|Lz| = 0, 1, 2, 3. Therefore, the sublattice structure are
fully determined for the inter-valley s-, p-, d-, and f -wave
pairings [32, 33].

The spin-triplet Cooper pair bilinears are summarized
in the following. (The spin-singlet operators are listed in
Sec. I of [31].) The p-wave spin-triplet Cooper pairs are
inter-sublattice and are given by

~Φp,X(k) =ψT−k

[
(−iτy)σx (i~µµy)

†
]
ψk, (6)

~Φp,Y (k) =ψT−k

[
τx(iσy) (i~µµy)

†
]
ψk. (7)

The subscript X and Y correspond to the px and py
structure respectively. The f -wave spin-triplet Cooper
pairs are described by

~Φf (k) =ψT−k

[
(−iτy) (i~µµy)

†
]
ψk. (8)

In addition to p-wave and f -wave, we find a staggered
intra-sublattice spin-triplet Cooper pair [34] given by

~Φs̃(k) =ψT−k

[
(−iτy)σz (i~µµy)

†
]
ψk. (9)

The σz indicates a staggered sublattice structure, which
might suggest a vanishingly small effect, similar to the
intra-valley pairing terms.

The above bilinear exhaust all the possible spin-triplet
pairing. We note that all the spin-triplet Cooper pairs
discussed above can have a pairing potential with no ex-
plicit dependence on momentum k. This should be con-
trasted with other spin-triplet superconductors such as
3He [29] and heavy fermion ferromagnetic superconduc-
tors [30, 35], where the spin-triplet pairing potential is
an odd function of momentum k.

Notice that it is important to use the bilinear opera-
tors with respect to basis in Eq. (1) because the expres-
sions of Cooper pairs are basis-dependent. We adopt the
microscopic basis for Eq. (1) and the bilinear operators
discussed above.
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BCS theory.– To investigate the qualitative features of
the superconductivity, we employ the standard BCS ap-
proach [29, 36] and derive the pairing Hamiltonian from
Eq. (5) (with the attractive channels only) as follows:

Ĥ ′I =− Ũ

A

′∑
k,k′

[
~Φ†p,X(k) · ~Φp,X(k′) + ~Φ†p,Y (k) · ~Φp,Y (k′)

+ ~Φ†s̃(k) · ~Φs̃(k′) + ~Φ†f (k) · ~Φf (k′)

]
, (10)

where Ũ > 0 is the momentum-independent effective
pairing strength, the prime in the momentum summa-
tion indicates summing half of the Brillouin zone. The
interaction Ũ is momentum-independent, but we still find
unconventional pairings such as p-wave and f -wave be-
cause of the valley and sublattice degrees of freedom. Ũ
can be derived from χ(q) in Eq. (5), which is discussed
in Sec. II of [31]. Equation (10) describes attractive in-
teractions among the spin-triplet Cooper pairs, implying
spin-triplet superconductivity as the leading instability.
The spin-singlet terms, which are left out in Eq. (10) are
given in Sec. II of [31] and are checked to be repulsive
as expected from ferromagnetic spin-fluctuation pairing
[29].

To study the superconductivity, we employ the mean-
field decoupling in Eq. (10) and express the mean field
theory in terms of the Bogoliubov-de Gennes (BdG)
Hamiltonian as follows:

ĤMFT =

′∑
k

Ψ†kHBdG(k)Ψk

+
A

Ũ

(∣∣∣~∆p,X

∣∣∣2+
∣∣∣~∆p,Y

∣∣∣2+
∣∣∣~∆f

∣∣∣2+
∣∣∣~∆s̃

∣∣∣2) , (11)

where ΨT
k = [ψTk , ψ

†
−k(−iµy)], ~∆p,X (~∆p,Y ) is the order

parameters for the px (py) pairing, and ~∆f (~∆s̃) is the or-
der parameter for the f -wave (staggered intra-sublattice)
pairing. HBdG(k) is expressed by

HBdG(k) =(~vF kx)σxτz 1̂κ + (~vF ky)σyκz − EFκz

+
(
~Ξ · ~µ

)
κ+ +

(
~Ξ† · ~µ

)
κ−, (12)

~Ξ =~∆p,X(−iτy)σx + ~∆p,Y τ
x(iσy)

+ ~∆f (−iτy) + ~∆s̃(−iτy)σz, (13)

where the Pauli matrices (κx,y,z) and identity (1̂κ) in the
particle-hole space are introduced and κ± = (κx±iκy)/2.
One can easily confirm the particle-hole symmetry

P̂H∗BdG(−k)P̂−1 = −HBdG(k), (14)

where P̂ = µyκy, corresponding to the P2 = 1 particle-
hole symmetry.

FIG. 2. Coefficients in the Landau free energy density. We
plot η(T ) (black curve), ξ(T ) (blue curve), and ζ(T ) (red
curve) with EF = 30meV and ~vF Λ = 50meV. The unit in
the y-axis is (~vF )−2meV−1. The results show that η̃(T ) >

ξ̃(T ) > ζ̃(T ) in the parameter regime relevant to MATTG
experiment, suggesting that f -wave is the dominating pairing
symmetry.

Formally, we can derive the free energy associated with
Eq. (11) by integrating out the fermionic field in the par-
tition function. Then, the free energy density (F) is ex-
pressed by

F =− kBT

A
ln det

[
−iωn1̂ +HBdG(k)

]
+

1

Ũ

(∣∣∣~∆s̃

∣∣∣2 +
∣∣∣~∆p,X

∣∣∣2 +
∣∣∣~∆p,Y

∣∣∣2 +
∣∣∣~∆f

∣∣∣2) , (15)

where kB is the Boltzmann constant. We perform a per-
turbative expansion of F upto the quadratic order of the
order parameter. This can be done systematically with
the standard treatment in the matrix Green function ap-
proach [29]. The Landau-type free energy density is given
by

F= const +

[
1

Ũ
− ξ(T )

](
|~∆p,X |2 + |~∆p,Y |2

)
+

[
1

Ũ
−η(T )

]
|~∆f |2+

[
1

Ũ
−ζ(T )

]
|~∆s̃|2+O(|∆|4), (16)

where η(T ) > ξ(T ) > ζ(T ) > 0 (see Fig. 2 and Sec. IV in
[31]), and T is the temperature. The transition temper-
atures can be determined by Ũξ(T pc ) = 1, Ũη(T fc ) = 1,
and Ũζ(T s̃c ) = 1, where T pc , T fc , and T s̃c are the transition
temperatures for the p-wave, f -wave, and the staggered
intra-sublattice spin-triplet pairings respectively. Re-
markably, we obtain that T fc > T pc > T s̃c , suggesting that
f -wave is the dominating superconducting state. This re-
sult is due to the valley-sublattice structure [32, 33] (see
Sec. IV in [31] for a discussion) rather than the detail
band structure, and we anticipate that f -wave is gener-
ically the dominating pairing symmetry for spin-triplet
superconductivity in the graphene based systems includ-
ing MATTG, independent of the pairing mechanism. We
note that the possibility of realizing f -wave supercon-
ductivity was also discussed previously in the context of
graphene and MATBG [33, 37–43].
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f -wave superconductivity.– In the rest of this letter,
we focus on the f -wave pairing spin-triplet superconduc-
tivity. With only the f -wave order parameter, the free
energy density given by Eq. (15) can be derived exactly
(see Sec. V of [31]) and is expressed by

F =− 2kBT
∑
s,r=±

∫
k

ln

2 cosh


√
ε2k,s + ∆2

r

2kBT

+
|~∆f |2

Ũ
,

(17)

where εk.± = ~vF |k| ±EF , ∆± =
√
|~∆f |2 ± |i~∆f × ~∆∗f |,

and
∫
k

denotes
∫

d2k
(2π)2 . Without a magnetic field, the

free energy is minimized when i~∆f × ~∆∗f = 0 (i.e., ~∆f ‖
~∆∗f ). Therefore, the order parameter can be expressed by
~∆f = eiφ ~O, where ~O is a real-valued vector. Note that
the phase φ can be gauged away. We find that the f -
wave BdG Hamiltonian satisfies a (T 2 = 1) time-reversal
symmetry:

Π̂H∗BdG(−k)Π̂−1 = HBdG(k), (18)

where Π̂ = σyτzµy [44]. The superconducting state here
belongs to the class BDI, which is topologically trivial
in two dimensions based on the ten-fold way classifica-
tion [45]. As such, we conclude that the spin-triplet
f -wave pairing superconducting state is unitary (i.e.,

i~∆f × ~∆∗f = 0), time-reversal symmetric, fully gapped,
and topologically trivial.

To derive the gap equation, we minimize the free en-
ergy in Eq. (17) with respect to |~∆f |2 (with i~∆f × ~∆∗f =
0). The gap equation is expressed by

1

Ũ
=

∫
k

 tanh
(
Ek,+

2kBT

)
Ek,+

+
tanh

(
Ek,−
2kBT

)
Ek,−

 , (19)

where Ek,± =
√
ε2k,± + |~∆f |2. To regularize the momen-

tum space integral, we introduce a momentum cutoff (Λ).

For |~∆f | � |EF |, ~vFΛ, we derive the asymptotic expres-

sions for the zero temperature gap, 2∆0 ≡ 2|~∆f (T = 0)|,
and the transition temperature, T fc , as follows [46]:

2∆0 =2|EF |A exp

[
− 1

ŨN(EF )

]
, (20)

kBT
f
c =|EF |

eγ

π
A exp

[
− 1

ŨN(EF )

]
, (21)

where A = 2
√

~vFΛ−|EF |
~vFΛ+|EF | exp

(
~vFΛ−|EF |
|EF |

)
is a dimen-

sionless parameter, γ is the Euler–Mascheroni constant,
and N(EF ) = |EF |/(2π~2v2

F ) is the density of states at
the Fermi energy.

To gain an intuitive understanding, we expand the free
energy density (without an applied magnetic field) in

FIG. 3. Sketch of ηa(T,B) versus B2. In the absence of Zee-
man splitting (i.e., B = 0), ηx(T, 0) = ηy(T, 0) = ηz(T, 0).
For a small finite B, ηx(T,B) = ηy(T,B) > ηz(T,B) and
ηx(T,B) − ηz(T,B) ∝ B2. See main text for a detailed dis-
cussion.

Eq. (17) upto the quartic order of the order parameter
as follows:

F = const +
∑

a=x,y,z

[
2

g2U
− ηa(T )

]
|∆a

f |2

+ a4(T )
[
|~∆f |4 + |i~∆∗f × ~∆f |2

]
+O(|∆f |6), (22)

where a4(T ) > 0 and ηa(T ) = η(T ) in the absence of a

magnetic field. The absence of i~∆f × ~∆∗f is the manifes-
tation of the positive a4(T ) in the Landau theory.

In the presence of a small in-plane magnetic field, elec-
tronic band develops a Zeeman splitting. Then, −Bµz
is added to hk [Eq. (2)], where 2B denotes the Zeeman
splitting and the z direction is rotated to the field di-
rection. Similar to the expansion in Eq. (16), we treat
the order parameter perturbatively. In addition, we also
treat −Bµz perturbative in the Green functions. (See
Sec. VI of [31] for a derivation.) The free energy density

acquires a term proportional to −iB~∆f× ~∆∗f · ẑ, implying

i~∆f × ~∆∗f · ẑ 6= 0 and a finite magnetization in the super-
conducting state. The quadratic terms in the free energy
density are also affected by B as illustrated in Fig. 3.
Specifically, ηx(T,B) = ηy(T,B) = η(T, 0) + B2δη(T )
and ηz(T,B) = η(T, 0)−B2δη(T ), where δη(T ) > 0 (Sec.
VI of [31]). Thus, ∆x

f and ∆y
f are the favored states, sug-

gesting that equal-spin pairing is the dominating pairing
structure with a Zeeman splitting [See Eq. (8)]. Recall

that ∆± =
√
|~∆f |2 ± |i~∆f × ~∆∗f |. Thus, there are two

gaps in the superconducting state. For a small B, the gap
formed by ‘up’ spins is increased while the gap formed
by the ‘down’ spins is suppressed. This is consistent with
the previous theoretical results in [47] for MATBG. We
conclude that the superconductivity with a small in-plane
field is f -wave, spin-triplet, and equal-spin pairing.

Relation to MATTG experiment.– A recent MATTG
experiment found that the superconductivity near ν =
−2 persists for a large magnetic field (10T) beyond the
Pauli limit for the spin-singlet superconductivity [21]. A
natural explanation is that the superconductivity is spin-
triplet, which we emphasize in this letter. However, there
is no clear sign of magnetism in the experiments. A pos-
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sible explanation is that the electrons are spin polarized,
but the coherence length is too small to develop a true
long-range order. In such a scenario, the phenomenologi-
cal spin-fermion model provides a natural starting point.
In addition, our predicted f -wave superconducting state
can withstand finite Zeeman splitting, and the gap (from
the ‘up’ spins) is enhanced for a small in-plane magnetic
field. To compare with the MATTG experiments, we take
vF = 4 × 104m/s, ~vFΛ = 50meV (half of the MATTG
bandwidth [19]), |EF | = 30meV, and Ũ = 30meV·nm2.
Putting these numbers in Eq. (21), we obtain T fc = 3K,
which is comparable to the extracted TBKT in the experi-
ments [19, 20]. We also note that Ũ cannot be larger than
Ũc ∼ 1/ρ0 (with ρ0 being the density of states at Fermi
level) as the Stoner ferromagnetism must be absent in
the normal state. Although the spin-fluctuation mecha-
nism proposed in this work is likely, we cannot not rule
out the acoustic-phonon mechanism which might realize
f -wave spin-triplet superconductivity also [33, 48, 49].

The f -wave spin-triplet superconductivity can be ex-
amined experimentally. The spin-triplet Cooper pair
cannot tunnel into a spin-singlet superconductor (i.e.,
zero Josephson current) but can tunnel into an “Ising”
superconductor (such as NbSe2 [50, 51]) as long as the
spin-triplet Cooper pair has zero out-of-plane spin projec-
tion. Since the small magnetic field can partially polar-
ize the superconducting state, the MATTG-NbSe2 junc-
tion with a small magnetic field can distinguish the spin-
triplet pairing form the spin-singlet pairing. In addition,
the f -wave symmetry can be confirmed by a hybrid cor-
ner Josephson junction as discussed in Sec. VII of [31].

Relation to Hubbard model.– The phenomenological
spin-fermion model used in this work might be derived
from the Hubbard model [27]. In the single-band square
lattice SU(2) Hubbard model, the antiferromagnetism
arises at half filling for a large onsite repulsion, and
the Nagaoka ferromagnetism takes place when doping
slightly away from the half filling. We expect that
the phenomenological spin-fermion model here should
capture the gross features of the possible spin polar-
ized states in the MATTG bands. However, the micro-
scopic justification remains an important question, both
whether there is superconductivity in the Hubbard model
[52] and whether Hubbard model is relevant to MATTG
[43, 53, 54]. Our work, however, transcends these ques-
tions and applies as long as spin fluctuations mediate the
observed superconductivity.

Outlook.– The present work can be straightforwardly
generalized to the MATTG bands [55–57], which is an
important direction for the future work. We anticipate
that f -wave remains the main pairing symmetry because
of the valley-sublattice structure unique to graphene. In
this letter, we concentrate only on the zero and the low
in-plane magnetic field limits. With a sufficiently large
in-plane magnetic field, the spin fields are fully polarized,
and a sizable Zeeman splitting in the electronic bands

develop. The transverse fluctuation of the polarized spin
fields (analogous to the magnon) can still mediate the
effective interaction. The presence of spin fluctuations
implies that Pomenranchauk effect applies to the system
[58, 59].
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