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Many clever routes to Majorana fermions have been discovered by exploiting the interplay between
superconductivity and band topology in metals and insulators. However, realizations in semimetals re-
main less explored. We ask, “under what conditions do superconductor vortices in time-reversal symmet-
ric Weyl semimetals – three-dimensional semimetals with only time-reversal symmetry – trap Majorana
fermions on the surface?” If each constant-kz plane, where z is the vortex axis, contains equal numbers
of Weyl nodes of each chirality, we predict a generically gapped vortex and derive a topological invari-
ant ν = ±1 in terms of the Fermi arc structure that signals the presence or absence of surface Majorana
fermions. In contrast, if certain constant-kz planes contain a net chirality of Weyl nodes, the vortex is
gapless. We analytically calculate ν within a perturbative scheme and provide numerical support with a
lattice model. The criteria survive the presence of other bulk and surface bands and yield phase transitions
between trivial, gapless and topological vortices upon tilting the vortex. We propose Li(Fe0.91Co0.09)As
and Fe1+ySe0.45Te0.55 with broken inversion symmetry as candidates for realizing our proposals.

The interplay of band topology and superconductivity
has paved new routes to Majorana fermions (MFs) – as
topologically protected zero energy bound states trapped
in topological defects such as superconductor vortices [1–
20]. Following realizations in semiconductor nanowire-
superconductor heterostructures [11, 14, 21], MFs were re-
cently found for the first time in a three-dimensional (3D)
system – at the ends of vortices in the bulk superconductor
FeSe0.45Te0.55 [22–26]. This inspires a fundamental ques-
tion: in a 3D superconductor, what properties of the normal
state band structure ensure that vortices trap protected MFs
at their ends? Restricting to bands with time-reversal sym-
metry (T ), since T enables a Cooper instability to begin
with, sufficient conditions are known in two generic cases:
a band insulator (metal) yields MFs if it is topological [5]
(a modestly doped topological insulator [6]).

The third type of generic T -preserving band material is
a time-reversal symmetric Weyl semimetal (TWSM) [27–
30]. Here, point intersections between non-degenerate
bands create Weyl nodes (WNs) that possess a chirality of
±1 and appear in quadruplets to respect T and Brillouin
zone periodicity. Weyl semimetals constitute topological
matter as they are immune to perturbations that do not hy-
bridize anti-chiral WNs, i.e., WNs of opposite chirality and
exhibit numerous topological responses [31–57]. On the
surface, the bulk band topology manifests as Fermi arcs
(FAs) that connect surface projections of anti-chiral WNs.

Motivated by the quest for MFs, we ask, “what is the
fate of a superconductor vortex in a TWSM?” We show
that there are three possible vortex phases – (i) gapped,
with end-MFs; (ii) gapped, without end-MFs; (iii) gapless,
with topologically protected chiral MFs dispersing along
the vortex axis ẑ. Crucially, we prove that the vortex phase
relies solely on basic band structure data, namely, the FA
configuration on the surface normal to ẑ and the locations
of the bulk WNs. Remarkably, simply tilting the vortex can
drive transitions between the three phases.

The criteria for the phases are as follows (see Fig. 1).
Within each constant-kz plane, identify the pair(s) of anti-
chiral WNs that are closest to each other in periodic k-
space. Connect the partners with a geodesic and project it
onto the surface. From the remaining WNs, identify the
next closest pair(s) and project their geodesic(s) onto the
surface, and so on for all WNs and constant-kz planes. If
all the WNs find partners in this process, the surface Bril-
louin zone will contain a set of lines that, along with the
FAs, form closed Fermi-geodesic loops. In general, the sur-
face will also carry closed Fermi loops and Dirac nodes. If
the total number of Fermi-geodesic loops, Fermi loops and
Dirac nodes is M , we predict a gapped vortex with a topo-
logical invariant

ν = (−1)M (1)

Thus, odd M yields a topologically protected MF in the
vortex core on the surface whereas even M does not. All
WNs find partners only if each constant-kz plane contains
equal numbers of left- and right-handed WNs. For a mini-
mal TWSM with four WNs at (±K1,±K2), a vortex di-
rection such that |K1z| = |K2z| ensures this, while general
TWSMs with more WNs need a mirror or glide symme-
try plane parallel to ẑ – which is present in most TWSMs
[45, 58–60] – to ensure all WNs are partnered. Generically,
though, some WNs will lack partners and the surface will
host open Fermi-geodesic arcs whose end-points will be
projections of the unpartnered WNs. Each such WN will
contribute a 1D chiral MF to the bulk vortex spectrum with
a chirality equal to its own chirality times the vorticity of
±1. The vortex will be in a gapless phase protected by kz-
conservation, analogous to the topological protection of a
Weyl semimetal by 3D momentum conservation.

These criteria hold for general pairing symmetries pro-
vided the superconductor is gapped in the absence of a vor-
tex. They survive doping around the WNs if the resulting
Fermi surfaces are well-separated and the presence of triv-
ial Fermi surfaces with rare exceptions. They are also im-
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Figure 1. Schematic of the main result. Orange (blue) dots
denote right(left)-handed WNs which produce right(left)-
moving chiral MFs, colored red (green), inside the vortex.
To determine the vortex phase, identify pairs of anti-chiral
WNs at the same kz and project the line joining them onto
the surface. If these lines (solid black), along with the FAs
(red curves), form M closed loops, the vortex is gapped
and has a topological invariant ν = (−1)M (a), whereas
open arcs produce a gapless vortex (b).

mune to surface effects unless the surface is exposed to a
topological insulator, in which caseM effectively acquires
the odd number of surface Fermi loops or Dirac nodes of
the latter. Finally, (1) captures the known results for metals
[6] and insulators [5], which lack Fermi-geodesic contours
but may have Fermi loops and Dirac nodes.

Eq. (1) is obtained by computing the Z2 topological
invariant for the vortex viewed as a 1D superconductor
[7, 61, 62]. We require a mild assumption in the clean
limit: for a given WN, if the two nearest anti-chiral WNs
at the same kz are at distances ∆K1 and ∆K2, then
e

~ξ
∆0

[v1(∆K1)2−v2(∆K2)2] � 1 or ∆K1 & ∆K2, where ∆0

and ξ are superconducting properties – the uniform pair-
ing amplitude and coherence length, respectively – and vi
is the typical Weyl velocity along ∆Ki. This condition
ensures that the dominant hybridization is between chi-
ral MFs from neighboring anti-chiral WNs, assuming hy-
bridization is driven by band curvature. If hybridization is
due to non-magnetic disorder that is smooth over distance
`D, the requirement becomes ∆K1 � `−1

D � ∆K2 while
magnetic disorder invalidates (1). Disorder can be sup-
pressed in principle whereas band curvature is unavoidable,
so a physical regime of validity of (1) exists. We neglect
hybridization between equi-chiral chiral MFs, i.e., chiral
MFs of the same chirality, which amounts to smoothly de-
forming any accidentally gapless non-chiral vortex mini-
bands away from zero energy.

Heuristically, (1) says that vortex-end MFs are present
(absent) if the TWSM normal state is “closer” to a topo-
logical (trivial) insulator. To see this, imagine moving the
WNs along the geodesics and annihilating them in pairs.
If all WNs get annihilated, the resulting insulator will be
topological (trivial) if the surface FAs evolve into an odd
(even) number of surface Fermi loops, while the vortex will

be topological (trivial). However, the vortex spectrum re-
mains gapped in the process, so its topological state before
and after WN-annihilation must be the same.

Recently, Refs. [63, 64] showed that s-wave supercon-
ductor vortices in Dirac semimetals can trap helical MFs
protected by crystal symmetries. Unlike those vortices, the
gapless vortex here is a 1D phase of matter rather than a
critical point as it cannot be gapped out by perturbatively
changing the crystal space group. Ref. [65] found that be-
low a critical doping in a lattice model of a Dirac semimetal
with two Dirac nodes, an s-wave vortex normal to the line
joining the nodes is gapped and traps a surface MF. The
MF survives when the Dirac semimetal is perturbed into a
minimal TWSM with four WNs in the plane normal to the
vortex, assuming s-wave pairing even with broken inver-
sion symmetry (I) in the TWSM. In comparison, our cri-
teria include the TWSM results of Ref. [65] at low doping,
but allow arbitrary numbers and configurations of type-I
WNs, trivial Fermi surfaces and filled topological bands in
the bulk, FAs, Fermi loops and Dirac nodes on the surface,
and arbitrary pairing that opens a full gap when uniform.

Continuum analytics:- Consider a canonical WN of chi-
rality h = ±1 described byHW (P ) = h

∑
j vjΣjPj−µ,

where Σj , j = X,Y, Z, are Pauli matrices spanning the
lowest two bands and P is the momentum relative to the
WN. At PZ = 0, HW resembles the 2D surface Hamilto-
nian of a 3D topological insulator [3, 5, 6, 66]. If vX = vY
and µ = 0, it yields a pseudospin-polarized MF with
〈ΣZ〉 = w in the core of an s-wave superconductor vortex,
∆(R) = ∆(R)eiwΘ, w = ±1 [5]. Being topologically
protected, the MF will survive albeit with partial polariza-
tion, 0 < w〈ΣZ〉 < 1, when vX 6= vY , µ 6= 0 and the
pairing is arbitrary but real and non-zero on the Fermi sur-
face. In fact, the MF only requires a Fermi surface Berry
phase of π in the weak-pairing, smooth-vortex limit [6].
When PZ 6= 0, the MF disperses as Eh = hvZPZ〈Σz〉,
thus realizing a chiral MF with chirality h at PZ = 0 or the
kz of the parent WN. In a real TWSM, kz-conservation for-
bids hybridization between chiral MFs whose parent WNs
are at different kz , resulting in a gapless vortex [Fig. 1(b)].

Next, consider a minimal TWSM with one quadruplet of
WNs at (±K1, 0), (±K2, 0), where WNs at±Kn are re-
lated by T and have chirality (−1)n. Suppose FAs on the
z = 0 surface connect K1 to K2 and −K1 to −K2,
and Fermi surfaces around the WNs are well-separated.
In the presence of a superconductor vortex along ẑ, each
WN produces a chiral MF dispersing along (−1)nẑ with a
wavefunction ψ±n = eiKn·rϕn(r), where ϕn(r) is the
zero mode of the vortex Hamiltonian near the nth WN.
The chiral MFs remain robust when |Knξ| → ∞, but
hybridize for finite |Knξ|. Neglecting hybridization be-
tween equi-chiral chiral MFs, a generic perturbation H ′

in the basis (ψ+1, ψ−1, ψ+2, ψ−2)
T has the form H ′ =(

0 iQ
−iQ† 0

)
where Q =

(
q12 q12̄

q1̄2 q1̄2̄

)
and qmn =
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〈ψm |H ′|ψn〉. If H ′ preserves T , then qmn = qm̄n̄ and
the vortex is a gapped 1D superconductor with topolog-
ical invariant ν = sgn(Pf[H ′]) = sgn(|q12|2 − |q12̄|2)
[7]. For a spatially smooth perturbation, qmn decays with
|Km − Kn|; for instance, band curvature terms yield
qmn ∼ e−

1
2 |Km−Kn|

2ξ/∆0 for a linear vortex profile with
slope ∆0/ξ [67]. Then, |K1 −K2| . |K1 +K2| pro-
duces a trivial vortex while |K1 − K2| & |K1 + K2|
yields a topological vortex with end MFs. On the surface,
geodesics connectingK1 toK2 and−K1 to−K2, along
with the FAs, form M = 2 loops. In contrast, geodesics
connecting K1 to −K2 and −K1 to K2 form M = 1
loops with the FAs. Thus, there is a one-to-one correspon-
dence between ν and M that is captured by (1). The Gaus-
sian form of qmn further ensures only logarithmic correc-
tions to the above inequalities due to O(1) pre-factors.

Next, consider moving the WNs away from kz = 0 in
pairs while preserving T in the normal state. If K1z =
K2z , the chiral MF ψ+1(r) can hybridize with ψ+2(r) but
not with ψ−2(r), so the resulting vortex is adiabatically
connected to the trivial vortex where all WNs are at kz = 0,
q12 6= 0 and q12̄ = 0. In contrast, ifK1z = −K2z , the adi-
abatic equivalent with all WNs at kz = 0 has q12̄ 6= 0 and
q12 = 0, which is a topological vortex. These conclusions
extend straightforwardly to more quadruplets of WNs, thus
proving (1) for arbitrary configurations of WNs and FAs.

Finally, let us consider the effects of additional bands
on our criteria. A filled topological band will produce a
2D Dirac node or Fermi loop on the surface in the nor-
mal state, thereby changing the parity of M . However,
the superconductor vortex will trap another surface MF
and acquire a bulk gap due to this band, thus preserv-
ing (1). Suppose the bulk also contains trivial Fermi sur-
faces, i.e., Fermi surface that do not enclose WNs or other
band intersections. For pairing that is real and non-zero on
the Fermi surface, a vortex will contain bands εn(kz) ∼

∆0

ξlF (kz)

(
n+ 1

2
+ φF (kz)

2π

)
for each trivial Fermi surface,

where n ∈ Z and lF (kz) (φF (kz)) is the perimeter (Berry
phase) of the Fermi surface cross-section at kz [6]. Unless
φF (kz) = 0, trivial Fermi surfaces come in pairs with op-
posite Berry phases ±φF (kz) to ensure that the constant-
kz slice is a sensible 2D metal. As a result, slices with
φF (kz) 6= π will acquire a vortex minigap ∼ ∆0/ξlF (kz)
while slices with φF (kz) = ±π, where the minigap van-
ishes, will host counter-propagating chiral MFs that will
generically hybridize and gap out. In summary, additional
bands will not interconvert gapped and gapless vortices and
filled bands always preserve our general criteria.

For gapped vortices, predicted to obey (1), curable vi-
olations due to trivial Fermi surfaces occur in two cases:
(i) a surface Fermi loop or Dirac node gets buried under
the surface projection of a bulk Fermi surface, resulting in
Mobservable = M−1. This can be cured in principle by dop-
ing to expose the relevant surface state; (ii) a Fermi surface
centered at kz = 0 or π is past the doping threshold for a

vortex phase transition [6], which changes the vortex phase
without changingM . This can be fixed by noting that such
a Fermi surface has a pair of slices away from kz = 0, π
where φF (kz) = π. An incurable violation occurs when
φF (kz) = π at the precise kz where a WN exists, the WN
is closer to the trivial Fermi surface than to other anti-chiral
WNs at the same kz and the chiral MFs produced by the
trivial Fermi surface and the WN have opposite chiralities.
Then, H ′ must include hybridization between these MFs,
but (1) is ruined because M stays unchanged.

Figure 2. Vortex topological phases predicted by (1) and
computed numerically. The yellow mask (black dots)
denote a vortex predicted (computed) to be topological.
Black lines separate the normal states: TWSMs with N =
1, 2 quadruplets of WNs at kz = 0 and trivial/topological
(N = 0±) insulators. We fix vx,y = 1.18, .856, βx,y,z =
.856, 1.178, 3.0, ∆(r) = 0.42 tanh (0.3r) and Lx,y =
31. Points t, m and b are further studied in Fig. 3

Lattice numerics:- We support our general claims with
numerics on an orthorhombic lattice model defined by
H(k) = τxσ · d (k) + τzm (k) − τyσz` where di =
vi sin ki, i = x, y, z, m(k) = m0 −

∑
i βi cos ki and

τi (σi) are Pauli matrices in orbital (spin) space. Varying
βx,y,z and ` allows tuning into trivial and topological insu-
lating phases as well as TWSMs with up to two quadruplets
of WNs each at kz = 0, π at the Fermi level. We then intro-
duce an s-wave superconductor vortex ∆(r) = |∆(r)| eiθ
and diagonalize the Bogoliubov-deGennes Hamiltonian in
2D real space at fixed kz to obtain the spectrum and the
topological invariant [7] for a class D 1D superconductor
[61, 62]. In [68], we describe graphical methods for deter-
mining the normal state of H(k) and FA-configuration as
well as further details of the lattice numerics. Fig. 2 shows
that the prediction using (1) agrees excellently with the ex-
plicit calculation. We found smaller mismatch for larger
systems or weaker pairing, suggesting that it is due to de-
parture from the thermodynamic and weak-pairing limits.

Fig. 3 shows the Fermi-geodesic loops in the normal
state and the probability density of the lowest few vortex
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Figure 3. Left column: Color plots of the lowest band for a
45-layer slab in the normal state for the points t, m and b in
Fig. 2 defined by l = 0.942,m0 = 6.28 (top), l = 0.972,
m0 = 5.48 (middle) and l = 0.552, m0 = 6.18 (bottom).
Red filled (empty) circles denote surface projections of
right-(left-)handed WNs. Surface projections of geodesics
(black lines) connecting anti-chiral WNs at kz = 0 form
M closed loops along with the FAs (red curves). Right col-
umn: Probability densities of six lowest energy states along
a z-oriented vortex in a 31×31×45-site system. Bold and
dotted lines mark states with energies E < 5.0 × 10−3,
considered ”zero energy”, and E > 1.0× 10−2.

modes for select points in Fig. 2. The FAs are obtained
by plotting the lowest energy at each surface momentum
in the normal phase and the geodesics are simply straight
lines connecting proximate anti-chiral WNs at kz = 0.
The probability densities are computed by diagonalizing
the vortex Hamiltonian in 3D real space. For each selected
point, we find that the number of MFs localized to the vor-
tex ends equals M . In Fig. 4, we show that tilting the vor-
tex drives phase transitions between trivial, topological and
gapless vortices since geodesics connect WNs at the same
kz . The transitions are expected at infinitesimal tilting in
the weak-pairing, smooth-vortex limit, while the numerics
find the transitions to occur at small angles.

Figure 4. Topological phase transitions upon tilting the
M = 2 trivial vortex in Fig. 3 (bottom) obtained by diago-
nalization in real-space (a, c) and k-space (b, d). (a) Tilting
about the x-axis produces M = 3 (inset) and gaps out one
of the two MFs at θc ≈ 0.06π. (b) At θp = 0.1π, the bulk
vortex is gapped, so the surviving MF in (a) at θ > θc is
protected and the vortex is topological. (c, d) Analogous
figures for tilting about x+ y = z = 0. In (c), a small gap
opens for one MF at θc ≈ 0.1π while the surface has open
Fermi-geodesic arcs (inset). (d) The bulk vortex is gapless,
indicating that the gap in (c) is a finite size gap.

Candidate material:- We propose Li(Fe0.91Co0.09)As
and Fe1+ySe0.45Te0.55 with broken I as candidate mate-
rials. Li(Fe0.91Co0.09)As is a Dirac semimetal with two
Dirac nodes on the c-axis of the crystal [69] and shows
strongly type-II superconductivity below Tc ≈ 9K [70].
FeSe0.45Te0.55 realizes a doped topological insulator that
turns into a type-II superconductor below Tc ≈ 14.5K
[25, 26], but the normal state also has two Dirac nodes
along the c-axis ∼ 15meV above the Fermi level that
may be accessed with naturally occurring Fe-dopants [69].
Perturbatively breaking I while preserving T will turn
the Dirac semimetals into a TWSM with four WNs at
±K1,±K2 with Kc

1 ≈ Kc
2 � |K1 − K2|. If su-

perconductivity survives I-breaking, a vortex along ẑ will
be topological (trivial) according to (1) if |K1z| = |K2z|
and (ẑ × K1) · (ẑ × K2) > 0 (< 0), whereas a vor-
tex in any other direction will be gapless. Assuming typi-
cal values v ∼ 105m/s for the Dirac velocity, chemical
potential µ ∼ 100K relative to the WNs, ∆0 ∼ 5K,
ξ ∼ 5nm � the penetration depth d ∼ 102nm ob-
served in LiFeAs [64] which guarantees negligible inter-
vortex tunneling (∝ e−d/ξ), and |K1 −K2|/Kc

1 ≈ 0.1,
we estimate a vortex gap of ∼ 0.1K. However, the gap
depends exponentially on ξ, |K1−K2| and ∆0, so it will
change substantially for small changes in their values [71].
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