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Motivated by the observation of two distinct superconducting phases in the moiréless ABC-stacked
rhombohedral trilayer graphene, we investigate the electron-acoustic-phonon coupling as a possible
pairing mechanism. We predict the existence of superconductivity with the highest 7. ~ 3K near
the Van Hove singularity. Away from the Van Hove singularity, 7. remains finite in a wide range
of doping. In our model, the s-wave spin-singlet and f-wave spin-triplet pairings yield the same T,
while other pairing states have negligible T.. Our theory provides a simple explanation for the two
distinct superconducting phases in the experiment and suggests that superconductivity and other
interaction-driven phases (e.g., ferromagnetism) can have different origins.

Introduction. — Discovery of correlated insulators
and superconductivity in the magic-angle twisted bilayer
graphene [1, 2] initiates the exploration for exotic phe-
nomena in moiré systems [3-21]. It was originally be-
lieved that the superconductivity and the correlated in-
sulator might have the same origin, reminiscent of the
cuprate phase diagram. However, this scenario is chal-
lenged by further experiments showing that superconduc-
tivity is more robust [7, 22-24], i.e., it can exist without
any nearby correlated insulating states. Therefore, one
might wonder if superconductivity and correlated states
can come from completely different origins [25].

The recent observation of ferromagnetism [26] and
superconductivity [27] in the moiréless ABC-stacked
rhombohedral trilayer graphene (RTG) provides a new
perspective to the origin of superconductivity in the
graphene based systems. There are two distinct super-
conducting regions which are coined SC1 and SC2. The
SC1 phase emerges from a paramagnetic normal state
and is consistent with the Pauli-limited spin-singlet su-
perconductivity. On the other hand, the SC2 phase arises
from a spin-polarized, valley-unpolarized half metal and
is insensitive to an applied in-plane magnetic field, im-
plying a non-spin-singlet pairing. The moiréless RTG
exhibits a number of phenomena (e.g, flavor polarization
and superconductivity) that have been seen in the magic-
angle twisted bilayer graphene. It is conjectured that the
superconductivity observed in all graphene systems has
the same origin [27].

We investigate the electron-acoustic-phonon coupling
as a candidate mechanism for the superconductivity in
RTG. We show that the leading pairings are the s-wave
spin-singlet and f-wave spin-triplet pairings, which yield
the same T, in our model, because the acoustic-phonon-
mediated attraction respects an enlarged SU(2)xSU(2)
symmetry, i.e., independent spin rotational SU(2) sym-
metry within each valley. We find that superconductiv-
ity prevails in a wide range of doping with 7, ~ 1K,
arises that acoustic-phonon-mediated superconductivity
is quite likely. We discuss how to understand the ex-
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FIG. 1. Lattice structure of rhombohedral trilayer graphene.
(a) RTG in the zy plane. For each layer, we illustrate a
hexagon to specify the relative position in the zy plane. 1A,
2A, and 3A (1B, 2B, and 3B) denote the sublattice A (B) in
the layer 1, 2, and 3 respectively. (b) The cross section view.
At K and —K points, the intra-layer hybridizations can be
ignored, and the nearest neighbor inter-layer couplings gen-
erate dimerization in 1B-2A and 2B-3A bonds (black dashed
bonds). 1A and 3B sites are the low-energy sites in this sim-
plified picture.

perimental results within the acoustic-phonon-mediated
superconductivity scenario. Specifically, the SC1 phase
(paramagnetic normal state) can be explained by the s-
wave spin-singlet, and the SC2 phase (ferromagnetic nor-
mal state) can be explained by the f-wave equal-spin
pairing. Both pairing symmetries are allowed by the
electron-acoustic-phonon coupling. Our results suggest
that the superconductivity in RTG very likely to be in-
duced by the electron-acoustic-phonon coupling.

Single-particle model. — The RTG consists of three lay-
ers of graphene with a particular ABC stacking pattern
as illustrated in Fig. 1. To describe the single-particle
bands near the K and —K valleys, we use a k - p Hamil-
tonian [28, 29] given by

fo = 3 ¥ (101 (K), 1)
Kk
where h(k) = hy (k) @ h_(k), hi(k) is a 6-by-6 matrix

associated with the low-energy Hamiltonian near £K val-
ley, 15 is the identity matrix in the spin space, and ¥(k) is



a 24-component column vector made of the fermionic an-
nihilation operator ¥,,;s with sublattice o, spin s, layer
I, and valley 7. A detailed account of the h(k) is provided
in the supplemental material [30].

The RTG can be viewed as a generalized Dirac sys-
tem with large chirality in the low-energy limit [28]. The
low-energy states have large probabilities on the 1A and
3B sites, motivating an effective 2-by-2 Hamiltonian per
spin per valley [28, 29]. As illustrated in Fig. 1(b), the
1A and 3B sites do not have adjacent atoms in the sec-
ond layer. At the K and —K points, the couping be-
tween two sublattices within one layer effectively vanishes
due to the threefold rotational symmetry, and the inter-
layer nearest neighbor tunnelings tend to form dimerized
bonds in 1B-2A and 2B-3A bonds, leaving out 1A and
3B sites. Because at least one of the sublattices in each
layer is pushed to high energy by the dimerization, super-
conducting states with intra-layer inter-sublattice pairing
structures should be suppressed for RT'G with low carrier
density.

The single-particle Hamiltonian in Eq. (1) can be di-
agonalized in the band basis as follows:

6
I:IO = Z Z Z €T,b(k)cjrrb5(k)c7'bs(k)v (2)

b=1 T==% s=1,]

where €, (k) encodes the energy-momentum dispersion
of bth band and valley 7K, and c¢;45(k) is a fermionic
annihilation operator of bth band, valley 7K, and spin
s. The operators in physical basis 1,,;s and the oper-
ators in band basis c¢,ps are connected by ¥r5(k) =
> b Proor(k)crps(k), where @1y (k) is the wavefunction
of band b with valley 7K. In addition, the (spinless)
time-reversal symmetry provides constraints: ey (k) =
Gf,b(_k) and @+b,al<k) = q)*—b,al(_k)'

We use the same model parameters as in Ref. [26]
and compute the band structures. The RTG low-energy
bands (i.e., the first valence band and the first conduc-
tion band near E = 0) feature a number of interesting
properties [26, 28]. In the absence of an out-of-plane
displacement field (corresponding to A;), each valley de-
velops three Dirac points [28]. When three Dirac cones
merge, Van Hove singularity (VHS) develops. A finite
displacement field gaps out these Dirac touching points.
In addition, annular Fermi surfaces manifest in the hole
doped regime. We plot the calculated density of states
(DOS) as a function of doping density in Fig. 2(a). In
particular, the VHS doping can be controlled by the dis-
placement field, corresponding to the parameter A; in
our calculations.

Pairing symmetry. — In the graphene based mate-
rials, all internal degrees of freedom (i.e., spin, valley,
and sublattice) play essential roles in the pairing symme-
try of the superconductivity [31-33]. We consider only
the inter-valley Cooper pairs. The intra-valley supercon-
ductivity [34, 35], corresponding to a finite-momentum
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FIG. 2. Total density of states (p) and superconducting tran-
sition temperature (7¢). ne is the total doping density, and
the doping density per flavor is n./4 as no flavor polarization
is considered in our model. (a) p as a function of the ne. Ay
corresponds to the out-of-plane displacement field. A larger
A; can enhance the peaks at VHS. The numerical results are
obtained by computing a 4001 x 4001 momentum grid. (b) 7%
for acoustic-phonon-mediated superconductivity as a function
of n.. The peaks of T, trace roughly the positions of VHS, and
the largest T, is about 3K. Moving away from the VHS, we
find sizable superconducting regimes for A; > 20meV. The
T, is extracted by solving Egs. (10) and (11) with a 71 x 71
momentum grid. The cutoff of the wavevector A a2 0.45nm~*
is used in all the plots.

Cooper pair, is generically suppressed in RT'G low-energy
bands because €, (k) # €, (—k) for each valley 7. For a
pair of electrons from different valleys, the combination of
Cs. (three-fold rotation about hexagon center) and spin
SU(2) symmetry can classify angular momentum states
associated with |L.| = 0,1,2,3, corresponding to s-, p-,
d-, and f-wave pairings respectively. The s-wave and f-
wave pairings are intra-sublattice while the p-wave and
d-wave pairings are inter-sublattice; the s-wave and d-
wave pairings are spin-singlet while the p-wave and f-
wave pairings are spin-triplet [32, 33].

In RTG, the low-energy states have large amplitudes
on the 1A and 3B sites. As a result, we find that the
inter-sublattice pairings within the same layer (i.e., p-
wave and d-wave pairings) are strongly suppressed in the
low-energy bands. Thus, we focus only on the intra-
sublattice pairings, i.e., s-wave spin-singlet and f-wave
spin-triplet pairings. See [30] for a brief discussion on
the inter-sublattice pairing.

Acoustic-phonon-mediated superconductivity. — The
low-energy bands of RTG manifest large DOS and VHS
[Fig. 2(a)], allowing for interesting many body phenom-
ena including superconductivity. We study supercon-
ductivity mediated by the in-plane acoustic longitudi-
nal phonon modes [32, 36]. The contributions from



the optical phonons are subleading because the cor-
responding electron-phonon couplings have intra-layer
inter-sublattice structures [31], which are less effective
in mediating pairings. After integrating out the acoustic
phonon and ignoring the retardation effect, the Bardeen-
Cooper-Schrieffer (BCS) pairing interaction is given by

I:IBCS,ph = - Z /d21‘ w+glgw_ ary "/} o'ls’ /(/)+alsa

o,0',l,s,s"

3)

where gg is the coupling constant encoding the phonon-
mediated effective attraction between the electrons. Note
that the electrons only interact within the same layer be-
cause the attraction is mediated by the in-plane acoustic
longitudinal phonon modes. The coupling constant gy =
D?/(pmv?), where D is the deformation potential, p,, is
the mass density of monolayer graphene, and vy is the ve-
locity of acoustic longitudinal phonon. With D = 30eV,
pm = 7.6 x 1078g/cm? [37], and vs = 2 x 105cm/s, we
obtain gy ~ 474meV-nm? [36]. We note that the value of
the deformation potential D is not precisely known, and
it might be off by a factor of 2 [32].

We focus only on the first conduction band (electron
doping) and the first valence band (hole doping). These
two bands are separated by an energy gap ~ A which is
varied from 10meV to 40meV in this work. Therefore, we
can adopt the single-band approximation (to where the
Fermi energy Fr lies). Besides the single-band approx-
imation, we focus on the intra-sublattice pairings (i.e.,
s-wave and f-wave) as the inter-sublattice pairings are
suppressed energetically. The projected BCS pairing in-
teraction (to the bth band) is given by

Hiog = a ng k/c+bs(k)CT_bS/(—k)C—bs/(—k')C%s(k'),

(4)

gk k’ —QOZ|@+bla )|2 |(I)+,b;l,a(k/)‘27 (5)

where >© =37 >, v in Eq. (4), A is the area of the

system, and gl(fi(, is the momentum-dependent coupling
constant in the bth band. In the absence of Zeeman
splitting, the s-wave spin-singlet and the f-wave spin-
triplet pairings are described by the same interaction,
and the transition temperatures are exactly degenerate.
This is because that the acoustic-phonon-mediated at-
traction respects an enlarged SU(2)xSU(2) symmetry,
i.e., independent spin rotational SU(2) symmetry within
each valley. Optical phonons [31] may break the degener-
acy between s-wave and f-wave parings, but this effect is
subleading. In addition, a sufficiently large Zeeman field
suppresses all the singlet pairings, making the spin-triplet
pairing to be the only possibility.

With the mean field approximation, Ho + ﬁllacs [given

by Egs. (1) and (4)] becomes:

Hypr = Z Z CSS

thG,s’s (k)CSS' (k)

aE s [() ] s

s,8" kk’ ’

where
T, (k) =[esps(k)cly, (K], (7)
N ey (k) — Er Ays(k)
thG,s/sZ[ A5 (K) e (—k)+ By ) (8)

Ay (k) AZngk/ b (K )eqps(K)) . (9)

To extract the transition temperature, we treat Ay to
be infinitesimal and derive the linearized gap equation
[36] (see [30] for a derivation) as follows:

k) = ZXk,k’As’s(k/)7 (10)

erp(kK')—E
g7, tanh [iw ) }

Nk = 2e (K) — 25

(11)

Notice that Eq. (10) is a self-consistent eigenvalue prob-
lem with the discrete wavevectors being the indices of
matrix. The transition temperature 7. is determined by
the highest 1" such that xy i/ yields an eigenvalue 1.

We numerically solve Egs. (10) and (11) and plot T,
as a function of doping in Fig 2(b). Again, the s-wave
spin-singlet and the f-wave spin-triplet pairings yield the
same T,. We find that superconductivity prevails with 7
peaked at the VHS doping in both the electron doping
and the hole doping for Ay = 10 — 40meV. As shown
in Fig. 2(b), T. can be of order 1K for doping densi-
ties away from VHS doping, so it is not that supercon-
ductivity manifests only at the VHS (see Ref. [38] for
a similar finding). Technically, the prevalence of super-
conductivity arises from the energy dependence of xy k/
in Eq. (11), where energy levels away from Ep can still
contribute. We also check the inter-sublattice pairings
(p-wave and d-wave) and confirm that the associated T,
is too small to be resolved in our numerical calculations.
This is consistent with the physical intuition that the
inter-sublattice pairings within the same layer are ener-
getically suppressed. Thus, we conclude that acoustic-
phonon mediated superconductivity is quite probable in
RTG, and the pairing symmetry is either s-wave spin-
singlet or f-wave spin-triplet.

So far, we use the bare electron-phonon coupling to
estimate the superconductivity mediated by the acoustic
phonon. The Coulomb repulsion can reduce the effective
attraction and suppress the superconductivity. However,
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FIG. 3. Density of states and flavor polarization. We consider
three different states with the same total density. f denotes
the number of filled flavor (spin and valley). f = 1 indicates
a spin-polarized valley-polarized state; f = 2 indicates a spin-
polarized valley-unpolarized state; f = 4 indicates no flavor
polarization. The DOS depend on both the flavor polarization
and the doped density. In this illustration, we use A; =
30meV and focus on the hole doping side.

such a suppression is usually addressed by the retardation
effect of the electron-phonon coupling — the so-called p*
effect [39, 40]. Thus, it is possible that the gy here is
over estimated, and the T, for the actual system might
be smaller. It is reasonable to expect that p* is likely
to be small because the large DOS can lead to a strong
screening of Coulomb interaction.

Discussion. — In the RTG experiment [27], there are
two distinct superconducting regions: SC1 and SC2. The
former is consistent with a Pauli-limited s-wave spin-
singlet pairing superconductor, and the latter is most
likely a non-spin-singlet pairing superconductor. Both
SC1 and SC2 superconducting states can be explained
by the electron-acoustic-phonon coupling, which allows
for s-wave spin-singlet and f-wave spin-triplet pairings.
In a paramagnetic normal state (corresponding to SC1),
s-wave is generically favored because the subleading pair-
ing mechanisms (such as optical phonon [31]) generically
enhance the s-wave channel. In a ferromagnetic nor-
mal state (corresponding to SC2), pairing among dif-
ferent spins (such as spin-singlet pairing) is suppressed,
but the f-wave equal-spin pairing may survive. Thus,
electron-acoustic-phonon coupling can produce the same
phenomenology in both SC1 and SC2 regions.

To understand superconductivity in RT'G experiments
[27], we need to take into account the flavor polarization
[26]. The flavor polarization induces a half metal (spin-
polarized valley-unpolarized state) and a quarter metal
(spin-polarized valley-polarized state) [26]. As illustrated
in Fig. 3, the DOS depends not only the doping density
but also on the flavor polarization pattern. In general,
the flavor polarized state, corresponding to higher doping
per filled flavor, is energetically favored over the unpo-
larized states at doping density that would have VHS
in the noninteracting model. These complications im-
pose further restrictions for superconductivity. As dis-
cussed in Ref. [27], the presence of flavor polarization is
not detrimental to the phonon-mediated superconductiv-

ity scenario. The Stoner criteria depends essentially on
the DOS at the Fermi level, while the BCS supercon-
ductivity has a very different dependence in DOS [see
Egs. (10) and (11)]. In Fig. 2, we show that the value of
T, can still be of order 1K away from the VHS doping,
suggesting that one should observe superconductivity in
the regimes where other competing orders are absent.
Using A; = 30meV and n, = —2.0 X 1012¢m—2 (corre-
sponding to n. = —0.5 x 1012cm~2 per flavor), we obtain
T. ~ 0.5K for the acoustic-phonon-mediated supercon-
ductivity. The T, value is off by a factor of 5 comparing
to the T, = 100mK observed in SC1 [27]. With respect to
SC2, the experimental density is —0.5 x 10*2cm~2 (cor-
responding to n, = —0.25 x 10'2cm~2 per flavor). With
Ay = 20meV, the estimated T, for SC2 is 1.6K which is
30 times larger than the experimental estimate ~ 50mK
[27]. The low experimental T, is possibly accounted for
by the Coulomb repulsion, i.e., the u* effect (for both SC1
and SC2), by impurity scattering (primarily for SC2),
and by the magnon fluctuation (for SC2), and the mean
field nature of our theory may overestimate the T, in
two dimensions. The difference in T,. between SC1 and
SC2 might be due to the optical phonon contribution,
which favors s-wave spin-singlet pairing. Moreover, inter-
valley scattering caused by atomic-scale lattice defects
and scattering from the edge can also suppress the T,
for the unconventional spin-triplet phase SC2. In latter
case, the SC2 phase would be stabilized with increasing
the sample size. Our results show that acoustic phonons
produce superconductivity in RT'G, but a more quantita-
tive understanding must await more experimental data in
more samples and future theoretical investigations. Us-
ing our current theory and the electron-phonon coupling
estimates [41], we predict a robust existence of supercon-
ductivity in ABCA-stacked graphene as well.

One interesting prediction based on our theory is that a
sufficient large Zeeman field can destroy the s-wave spin-
singlet pairing, and then the f-wave equal-spin pairing
becomes the leading superconducting instability. How-
ever, such a novel superconductor-superconductor transi-
tion has not been confirmed experimentally. In the RTG
experiment [27], SC1 is suppressed by a Zeeman field,
and no sign of re-entrant superconductivity is reported.
Although acoustic phonons give rise to the same T, for
the s-wave and f-wave pairings, the T, for the f-wave
spin-triplet pairing may be reduced due disorder scatter-
ing in the bulk and inter-valley scattering from the sam-
ple boundary. In addition, the subleading optical phonon
contribution can lift the degeneracy between s-wave and
f-wave pairings, and f-wave pairing has a lower T, typi-
cally. Therefore, it is possible that the resulting T, for the
f-wave equal-spin pairing is too small to be detectable,
but more systematic investigations at lower temperatures
are required. Based on our conclusion about RTG s-wave
(SC1) and f-wave (SC2) pairings, we predict SC1 (SC2)
phase to be robust (vulnerable) to increasing disorder in



the system.

Since acoustic phonons are important, one should see
a linear-in-T resistivity at higher temperatures (T' >
Tpa/4 [32, 41, 42], where Tpg is the Bloch-Griineisen
temperature.), depending on the doping, but we estimate
it to be above 10K-20K [41, 42], and the electron-phonon
coupling parameter extracted from such a linear-in-T re-
sistivity should have approximate consistency with the
observed T, [4, 5, 32, 41, 43, 44]. The same is true for
spin or valley fluctuation mediated SC too. In the RTG
experiment [27], a linear-in-T" resistivity is not seen for
T < 20K, but we predict that there should be a phonon-
induced linear-in-T' resistivity for T > 20K above the
superconducting state.

We comment on alternative mechanisms for supercon-
ductivity. Owing to the presence of ferromagnetism, it is
natural to speculate that spin fluctuations might play an
important role [33, 45, 46]. However, the spin-fluctuation
mechanism is not consistent with either SC1 or SC2.
First of all, superconductivity driven by the ferromag-
netic spin fluctuations is spin-triplet pairing [33], which
cannot account for SC1. In addition, the normal state of
the spin-fluctuation-induced superconductivity [33] can-
not be fully spin polarized because the paramagnon fluc-
tuation, which provides spin-triplet pairing, is negligi-
ble. Fluctuations of valley degrees of freedom [46] may
still generate spin-triplet superconductivity. Neverthe-
less, a microscopic justification of such a mechanism is
not clear. Our acoustic-phonon-mediated superconduc-
tivity can explain both SC1 and SC2. It is unlikely but
not impossible that SC1 and SC2 have different pairing
mechanisms.

The observed superconductivity and ferromagnetism
in RTG are reminiscent of that in various graphene
moiré systems. We establish that the superconductiv-
ity in RTG can be explained by the electron-acoustic-
phonon coupling, suggesting that superconductivity and
ferromagnetism have different origins. This might also
be true for other graphene systems, including magic-
angle twisted bilayer graphene [1-13, 17, 18], magic-angle
twisted trilayer graphene [19-21], and mutlilayer rhom-
bohedral graphene [47].
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