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We report on the dynamical formation of exceptional degeneracies in basic correlation functions
of non-integrable one- and two-dimensional systems quenched to the vicinity of a critical point.
Remarkably, fine-tuned semi-metallic points in the phase diagram of the considered systems are
thereby promoted to topologically robust non-Hermitian (NH) nodal phases emerging in the coher-
ent time-evolution of a dynamically equilibrating system. Using non-equilibrium Green’s function
methods within the conserving second Born approximation, we predict observable signatures of
these NH nodal phases both in equilibrated spectral functions and in the non-equilibrium dynamics
of momentum distribution functions.

In the realm of thermal equilibrium, the basic under-
standing of (semi-)metallic phases is largely based on the
notion of quasi-particles, the life-time of which diverges
at the Fermi surface when approaching zero temperature
[1, 2]. At finite temperature, inter-particle scattering in
correlated systems generically induces a finite life-time of
elementary excitations as described by a non-Hermitian
(NH) self-energy Σ.

Interestingly, if Σ acquires a complex matrix-structure
in some internal degrees of freedom, topologically sta-
ble exceptional points (EPs) [3–5] at which basic correla-
tion functions of the system become non-diagonalizable
may arise [6–9]. Such genuinely NH spectral proper-
ties of Green’s functions are hallmarked by open Fermi
arcs connecting the EPs along with a characteristic non-
analytical dispersion ∼ √q emanating from each EP,
where q denotes (lattice) momentum relative to the EP.
In a broader context, this behavior exemplifies the notion
of NH topological phases that have become a broad fron-
tier of interdisciplinary research in recent years [10–30]
(see Ref. [31] for an overview).

Here, we demonstrate how such novel exceptional NH
phases may dynamically emerge in the coherent time-
evolution of non-integrable fermionic systems that are
prepared in an insulating zero-temperature state before
undergoing a quantum quench to the vicinity of a criti-
cal point (see Fig. 1 for an illustration). To analyze the
quasi-particle excitations long time after the quench, we
study the effective NH Hamiltonian

HNH(k, ω) = Hf (k) + ΣR(k, ω), (1)

where Hf (k) denotes the non-interacting part of
the (Hermitian) post-quench Hamiltonian in reciprocal
space, and ΣR(k, ω) is the Fourier-transform of the late-
time retarded self-energy. In both one-dimensional (1D)
and two-dimensional (2D) systems, we find that fine-
tuned critical points in the post-quench Hamiltonian are
dynamically promoted to topologically stable NH nodal

FIG. 1. Illustration of the quench protocol and the complex
energy bands of the effective NH Hamiltonian (cf. Eq. (1))
around the Fermi energy. As inital state, we consider the
ground state of a band-insulator at half filling (left). The
system Hamiltonian then undergoes a parameter-quench in
which the band gap is closed thus leading to a critical non-
equilibrium state (middle), and thereafter an interaction be-
tween the particles is switched on so as to make the Hamil-
tonian non-integrable. During the subsequent coherent post-
quench dynamics, the excitations created during the quench
dynamically equilibrate. In this process, a nodal NH phase
featuring exceptional degeneracies (hallmarked by a degener-
acy of both the real and the imaginary part) emerges (right).

phases of HNH (see Eq. (1)). More precisely, isolated
EPs occurring in the k-ω plane of 1D systems are pinned
to the Fermi energy (ω = 0) only in the presence of a
pseudo-Hermiticity constraint such as chiral symmetry,
while in 2D EPs at the Fermi-energy are generically sta-
ble against small perturbations of the post-quench band-
structure. We identify clear observable signatures of
the predicted non-equilibrium phase-diagrams in spectral
functions that are found to rapidly equilibrate, as well
as in the transient behavior of momentum distribution
functions during the process of thermalization. Our find-
ings are quantitatively corroborated by numerical sim-
ulations on the time-dependent behavior of microscopic
lattice models in both 1D and 2D within the framework of
the non-equilibrium Green’s function (NEGF) approach
in conserving second Born approximation (2BA) [32].
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Quench protocol and computational implementation.—
We study the coherent time-evolution of fermionic sys-
tems in both 1D and 2D that are initially prepared in
the ground-state of a band-insulator Hamiltonian Hi,
before undergoing a parameter quench Hi → Hf to a
final Hamiltonian Hf in two stages: first, the band-
structure parameters are tuned to the vicinity of a criti-
cal point, and, second, interactions between the particles
are switched on so as to make the system non-integrable.
During the quench, a finite density of excitations is cre-
ated thus bringing the system far from thermal equi-
librium. However, due to the fully chaotic nature of
Hf , the system may dynamically equilibrate towards a
steady-state, a complex dynamical process the peculiari-
ties of which we reveal by extensive time-dependent sim-
ulations. Generally speaking, the scattering between the
particles effectively represents a source of dissipation that
may drive the elementary excitations described by the ef-
fective Hamiltonian HNH(k, ω) (see Eq. 1) into intriguing
non-Hermitian topological phases, as we demonstrate be-
low. Our quench protocol is illustrated in Fig. 1.

To compute the time-evolution of a quenched weakly
to moderately interacting system, we solve the Kadanoff-
Baym equations (KBEs) for the Green’s function [32–
36], building on the software package NESSi [36, 37].
Long time after the quench, where the Hamiltonian
stays constant in time, the retarded Green’s functions
may only depend on the time difference, i.e. GR(k, t +
∆t, t) → GR(k,∆t). As a consequence, we may
Fourier transform to frequency space as GR(k, ω) =∫∞
−∞ d(∆t)GR(k,∆t)eiω∆t. In this regime, the effective

Hamiltonian HNH(k, ω) (see Eq. (1)) then results from
the Dyson equation in frequency space as

GR(k, ω) (ω −HNH(k, ω)) = 1. (2)

We emphasize that we do by no means assume the for-
mation of a steady-state in our simulations. Instead, we
simulate the full non-equilibrium time-evolution of the
considered systems over the quench, and identify from
the resulting data a late-time regime, where GR may to
a good approximation be described by Eq. (2). [38] By
contrast to the quite rapid equilibration of the retarded
Green’s function, the momentum distribution functions
encoded in the Keldysh component of the Green’s func-
tion are found to exhibit an interesting transient behav-
ior, where the exceptional NH phase is clearly reflected
in a striking slow-down of thermalization.

Dynamically induced exceptional quasi-particles.— For
concreteness and simplicity, from now on we focus on
two-banded systems, noting that a generalization to sec-
ond order EPs in models with a higher total number
of bands is straightforward. The effective Hamiltonian
HNH(k, ω) (cf. Eq. (1)) then is a 2 × 2 matrix that may
be written as

HNH(k, ω) = d0σ0 + (dR + idI) · σ, (3)

where σ denotes the vector of standard Pauli matri-
ces, the identity matrix is denoted by σ0, and the de-
pendence of dR,dI ∈ R3, d0 ∈ C on momentum and
frequency has been suppressed for brevity. The corre-
sponding complex energy eigenvalues are given by E± =
d0 ±

√
d2

R − d2
I + 2idR · dI. Degeneracies in the spec-

trum generically occur in the form of exceptional (i.e.
non-diagonalizable) points as non-trivial solutions to the
equations

d2
R − d2

I = 0, (4)

dR · dI = 0. (5)

Simple parameter counting shows that EPs in 1D oc-
cur at isolated points in the k − ω plane, namely at the
intersections of the contours satisfying the individual con-
ditions (4) and (5), respectively. Thus, to stabilize EPs
at the Fermi-energy (i.e. at ω = 0) in 1D, an additional
symmetry such as the chiral symmetry

σzH
†
NH(k, ω)σz = −HNH(k,−ω), (6)

that reduces the co-dimension of EPs at ω = 0 by triv-
ializing (5) is required [22, 23]. By contrast, in the three-
dimensional k − ω volume of a 2D system, (4) and (5)
are simultaneously fulfilled along exceptional lines that
may cross the Fermi-energy at isolated EPs. Thus, EPs
in 2D are topologically stable independent of symmetries.
Generally, in crystalline systems exhibiting a spectral pe-
riodicity in reciprocal space (Brillouin zone), EPs occur
in pairs that are connected by so-called Fermi arcs (math-
ematically branch cuts) (cf. Fig. 2(b)) at which (5) and
d2

R−d2
I < 0 are satisfied, resulting in a continued degen-

eracy in the real part of the spectrum [31].
In the considered moderately interacting systems, for

which a (renormalized) band structure picture is not ex-
pected to break down completely, the concrete mecha-
nism by which HNH(k, ω = 0) develops EPs may be un-
derstood as follows. Since the non-interacting part Hf (k)
of the post-quench Hamiltonian is at (least in the vicinity
of) a critical phase, |dR(k, ω = 0)| is very small in the
(nearly) gapless regions in reciprocal space. At the same
time, excitations are created during the quench predom-
inantly in the same near-critical regions, thus inducing a
sizable NH self-energy (finite |dI|) during the dynamical
equilibration. As a consequence, in 1D Eq. (4) is satisfied
at pairs of points enclosing the (almost) band-touching
points of Hf (k), and in 2D Eq. (4) is satisfied on contours
around those points in momentum space, respectively. In
1D, chiral symmetry (6) then stabilizes EPs by assuring
that Eq. (5) is satisfied, while in 2D Eq. (5) is generi-
cally satisfied at isolated EPs on the aforementioned con-
tour encircling the band-touching point of Hf (k) [31]. In
both cases, basic continuity arguments yield that no fine-
tuning of Hf (k) to an exact critical phase is required.
Instead, the value of |dI| in the near-critical region that
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sets the scale for the robustness of the EPs is determined
by the density of excitations created during the quench
as well es the residual energy gap.

Microscopic 1D model and numerical analysis.— We
consider an extended Su-Schrieffer-Heeger (SSH) model
[39, 40] described by the tight-binding Hamiltonian

HSSH(t) = −1

2

∑
j

[
J(t)Ψ†jσxΨj + Ψ†j (τσx − idσy) Ψj+1

]
+ h.c., (7)

where Ψ†j =
(
a†j , b

†
j

)
denotes the spinor in A-B sublat-

tice space of creation operators acting on unit cell j, and
J(t), d, τ are real hopping parameters. To this free model
we add the density-density interaction

HI(t) =
∑
<i,j>

∑
s={a,b}

Us(t)

(
nsi −

1

2

)(
nsj −

1

2

)
, (8)

where naj = a†jaj (nbj = b†jbj) are the density opera-
tors corresponding to the sublattice sites s = {a, b}, the
sum on < i, j > is over nearest neighbor unit cells, and
Ua(t), Ub(t) are the interaction parameters. We note that
the total Hamiltonian H = HSSH +HI at the considered
half-filling obeys chiral symmetry (cf. Eq. (6)) due to its

invariance under the transformations aj → a†j , bj → −b
†
j ,

i→ −i [41]. Assuming periodic boundary conditions, the
Bloch Hamiltonian associated with HSSH reads as

HSSH(k, t) = dSSH(k, t) · σ, (9)

where dSSH(k, t) = (−J(t)− τ cos(k),−d sin(k), 0) is the
Bloch vector. To implement the above quench protocol,
we vary with time J from a gapped regime |J(ti)| > |τ |
to the critical point at J(tf ) = τ . Thereafter, we switch
on the interaction, where Ua 6= Ub is important to obtain
a self-energy with a non-trivial matrix-structure in A-B
sublattice space [9].

In Fig. 2, we present data on the occurrence of
an exceptional NH phases in the dynamically equili-
brated effective Hamiltonian. In particular, we mi-
croscopically corroborate the qualitative picture of the
exceptional NH phase shown in Fig. 1 by computing
the complex band structure of the effective Hamilto-
nian HNH(k, ω = 0) (cf. Eq. (1)) at the Fermi energy
(see Fig. 2(a)). In Fig. 2(b), we visualize the phase
φ(k, ω) = arg (∆E(k, ω)) of the complex energy gap func-
tion ∆E = 2

√
d2

R − d2
I + 2idR · dI of HNH(k, ω). The

contours in k − ω space at which conditions (4) and (5)
are individually satisfied are found to intersect at two
EPs right at the Fermi energy (ω = 0). Those EPs are
pinned to ω = 0 by chiral symmetry (6), and can only dis-
appear by local recombination in momentum space, i.e.
by contracting the Fermi arc connecting them. Clearly,
φ exhibits a discontinuity in the form of a jump by π
at the Fermi arcs connecting the EPs, thus confirming

FIG. 2. (a) Complex band-structure of the effective Hamil-
tonian HNH(k, ω = 0) (cf. Eq. (1)) at the Fermi energy in
the long-time limit. (b) Visualization of the phase φ =

arg
(√

d2
R − d2

I + 2idR · dI

)
of the complex energy gap func-

tion ∆E. Contours at which conditions (4) and (5) are sat-
isfied are indicated in violet and black, respectively. EPs
(red dots) occur at the intersections of those contours. All
EPs are connected pairwise by Fermi arcs along which (5) is
satisfied and where d2

R − d2
I < 0. When crossing a Fermi

arc, the phase φ jumps by π. Parameters in all plots are:
J(ti) = −2.0, Ua = 0.0 → J(tf ) = 1.0, Ua = 1.5 over the
quench, all other parameter constant in time at Ub = 0.0,
d = 0.5, τ = 1.0. System size L = 2 × 250 (i.e. 250 particles
and unit cells). Inset of (a): Stability of the NH exceptional
phase against opening a small gap in Hf (k) by detuning J(tf )
from its critical value 1.0, as determined by the length of the
Fermi arc ∆EP (system size L = 2× 80).

their mathematical nature as branch cuts of ∆E. In this
fully frequency dependent picture, in addition to the EPs
at the Fermi-energy (well described by HNH(k, ω = 0),
cf. Fig. 2(a)), further EPs at finite frequencies are found
to occur. To analyze the stability of the exceptional NH
phase, we varied the post-quench parameter J(tf ) so as
to detune the post-quench Hamiltonian from the criti-
cal point. We find that the dynamically induced EPs
are no fine-tuned phenomenon, but are robust against
such small parameter changes. Specifically, on opening
a small gap in the free post-quench Hamiltonian Hf (k),
the length ∆EP of the Fermi arc continuously shrinks,
eventually leading to a recombination of the EPs at a
sizable detuning of J(tf ) from the critical point (see in-
set of Fig. 2(a)).

Experimental signatures.— To predict observable fin-
gerprints of the dynamically induced exceptional NH
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FIG. 3. (a) Spectral function A(k, ω) =

− 1

π
Im
(
Tr
(
GR(k, ω)

))
in 1D. Besides energy bands with

moderate intensity, the Fermi arc characteristic of the excep-
tional NH phase is visible as strip with high intensity around
momentum k = π which slightly broadens close to the EPs.
(b) Decay times τ(k) for the decay of the non-equilibrium
occupations n(k, t). The decay times (black crosses) exhibit
fluctuations, but follow a characteristic local mean (solid
line): Within the Fermi arc (violet part, violet dots represent
the EPs) the decay times are striking higher than outside of
it (orange part). Insets: Real-time evolution of the decay of
n(k, t), distinguishing the Fermi arc region from the outer
region. Parameters in all plots identical to Fig. 2).

phase, we compute the spectral function A(k, ω) =

− 1

π
Im
(
Tr
(
GR(k, ω)

))
associated with the effective

Hamiltonian HNH(k, ω) via Eq. (2). Our numerical re-
sults are shown in Fig. 3(a). At the Fermi energy, the
extended Fermi arc connecting the EPs is clearly visible,
thus allowing a distinction between the exceptional NH
phase and ordinary nodal band-structure in basic spec-
troscopic measurements.

In addition, we study the time-dependence of the mo-
mentum distribution functions of the occupation number
n(k, t) = −iTr[G<(k, t, t)]. During the dynamical equili-
bration process, n(k, t) may obey fluctuations in time
which relax in the long time limit towards a thermal
value corresponding to a Gibbs ensemble ρ = e−βH(tf )/
Tr
(
e−βH(tf )

)
with respect to the post-quench Hamilto-

nian. There, the effective inverse temperature β is de-
termined by requiring that the total energy expectation
value concurs with that of the time-evolved state after the
quench, as determined by the Galitskii-Migdal formula
[32]. Interestingly, we observe a striking difference in
the thermalization process between the retarded Green’s

-π/2 π/20(a) (b)

1 0 1
2

0

2

FIG. 4. (a) Phase of the complex energy gap function anal-
ogous to Fig. 2(b) for tq = tI = 0.5 and Ua = 2. The violet
(black) contours represent the condition Eq. (4) (Eq. (5)),
while the red dots indicate the EPs. (b) Position of the EPs
as function of the quench time tq. For Ua = 1 we used the
GKBA for a Nk = 96 × 96 sampling of the Brilloin zone,
while for Ua = 2 the full KBEs were solved on a Nk = 40×40
grid. Ub = 0 is fixed in all calculations. The inset shows the
spectral function A(k, ω) with k = (kx, 0).

function and the momentum distributions. While GR

quite rapidly approaches a steady state, thus justifying
the use of Eq. (2), we find that n(k, t) exhibits a rich
transient behavior that clearly hallmarks the dynamical
formation of the exceptional NH phase (see Fig. 3(b)).
In particular, along the Fermi arc, the equilibration of
n(k, t) is remarkably slow and follows an exponential de-
cay reminiscent of an overdamped oscillator. By contrast,
outside of the Fermi arc the occupation exhibits damped
oscillations that decay rapidly. To quantify this behav-
ior, in Fig. 3(b) we show a simple numerical estimate
of the momentum-dependent decay time τ(k) obtained
from the width at half maximum of the Fourier-transform
of the non-equilibrium occupations |n(k, ω)| at given k.
We attribute this genuinely non-equilibrium signature
of EPs to the occurrence of modes with a very small
imaginary part in the Fermi-arc region (see Fig. 2(a))
that slow down equilibration by precluding efficient low-
momentum scattering.

Microscopic 2D model and numerical analysis.— With
our present NEGF approach not only quite long times
but even 2D systems are amenable to microscopic
study. To demonstrate the emergence of exceptional
NH phases in quenched 2D systems, we now consider
a square-lattice model that is similarly structured to
the above 1D case (cf. Eqs. (7)-(9)), but with a band-
structure defined by the time-dependent Bloch Hamil-
tonian H2D(k, t) = d2D(k, t) · σ, where d2D(k, t) =
(m(t)− cos(kx)− cos(ky), sin(kx), sin(ky)). The system
is prepared in an insulating zero-temperature state cor-
responding to m(ti) > 2, before the band-structure is
quenched to the critical point at m(tf ) = 2, where a tran-
sition to a Chern insulator phase [42, 43] takes place [37].
The quench is realized by a smooth variation with dura-
tion tq. Then, a nearest neighbor interaction with differ-
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ent strength Ua (Ub) within sublattice A (B) is switched
on (see Eq. (8)) smoothly over a short time interval tI.
The time evolution is, as for the 1D model, determined by
solving the KBEs. Due to the signifantly increased com-
putational cost we also invoke the generalized Kadanoff-
Baym ansatz (GKBA) when finer resolution in momen-
tum space and longer times are required [44].

The interacting 2D system breaks the chiral symme-
try (6). However, in contrast to the 1D case, EPs occur
even without a protecting symmetry (see our general dis-
cussion above), as exemplified in Fig. 4(a). The steady
state exhibits EPs at momenta (kx, ky) = (±ke, 0). Gen-
erally, the position of the EPs (i.e. ke) can be con-
trolled by the quench protocol via the injected entropy.
In a weak-coupling scenario, the energy is expected to be
predominantly determined by tq, which is confirmed in
Fig. 4(b). A major difference to the 1D system is that
the slow-down of thermalization in the Fermi-arc region is
much less pronounced in 2D, i.e. the 2D system is found
to thermalize efficiently on attainable time scales (even
for Ub = 0) [37]. This strong dimensional dependence is
due to the increased phase space for low-momentum scat-
tering provided in 2D by the additional spatial direction
perpendicular to the Fermi-arc.

Conclusion.— In summary, we have demonstrated
the emergence of exceptional NH phases in the coherent
post-quench dynamics of interacting semi-metals in
both 1D and 2D. Our study reveals several genuine
non-equilibrium fingerprints of NH topological phases.
In particular, experimental signatures of the nodal EP
structures become clearly visible in spectral functions on
faster time-scales than those required for a full thermal-
ization of the considered systems. Quite remarkably, the
exceptional spectral properties manifest in the transient
dynamics of momentum distribution functions that are
found to exhibit a strikingly slow decay along the Fermi-
arcs connecting the EPs. In a broader sense, our findings
show and exemplify that an effective NH description
can be useful to gain intuition about subtle dynamical
characteristics of complex quantum many-body systems.
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