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It has recently been shown [I] that superconductivity in magic-angle twisted trilayer graphene
survives to in-plane magnetic fields that are well in excess of the Pauli limit, and much stronger
than the in-plane critical magnetic fields of magic-angle twisted bilayer graphene. The difference is
surprising because twisted bilayers and trilayers both support the magic-angle flat bands thought
to be the fountainhead of twisted graphene superconductivity. We show here that the difference
in critical magnetic fields can be traced to a CoM} symmetry in trilayers that survives in-plane
magnetic fields, and also relative displacements between top and bottom layers that are not under
experimental control at present. An gate electric field breaks the CaM;, symmetry and therefore

limits the in-plane critical magnetic field.

Introduction— Superconductivity has been observed in
magic-angle twisted bilayer graphene (MATBG) over a
broad range of flat-band fillings and electrical screen-
ing environments [2H9]. The underlying mechanism re-
spomnsible for superconductivity in MATBG remains un-
der active debate; both strong electron-electron inter-
action driven unconventional superconductivity [T0H28],
and electron-phonon interaction mediated conventional
superconductivity [20H33] have been considered theoret-
ically. The recent confirmation of superconductivity in
magic-angle twisted trilayer graphene (MATTG) [34H36]
represents an important advance because MATTG and
MATBG share nearly identical flat bands at twist angles
that differ by a factor of v/2 [37H41], but also have im-
portant differences. In particular, the trilayer hosts both
even parity flat bands and odd parity dispersive bands
that can be mixed by a mirror-symmetry-breaking elec-
tric displacement fields [34], 35].

Since the densities of states of MATBG and MATTG
are both dominated near neutrality by magic-angle flat
bands, it is not surprising that the two systems share
many properties, including similar patterns of broken fla-
vor symmetries, and a strong superconducting dome be-
tween moiré filling factors v = —2 and —3 [34] B5]. It
is therefore remarkable that MATBG and MATTG su-
perconductors differ qualitatively in their response to in-
plane magnetic fields. Whereas the in-plane critical mag-
netic field is comparable with the Pauli limit in MATBG
[42], this limit is exceeded by nearly a factor of three in
MATTG [I]. We show below that this surprising obser-
vation can be explained if we assume that both systems
have valley-singlet spin-triplet Cooper pairs.

Generally speaking, superconductivity is suppressed
by magnetic fields because they break the time-reversal
(T) symmetry that guarantees degeneracy of the elec-
tron pairs that combine to form Cooper-pair bound
states. For example, if the Cooper pairs in MATBG and
MATTG were spin-singlets, Zeeman splitting A, of op-
posite spins would suppress superconductivity when the
Pauli limit A, ~ 1.75kgT, is exceeded [43, 44]. In this
work we take the view that superconductivity must be

TABLE I. Symmetries of MATTG models with different at-
tributes (see main text). We distinguish symmetry operations
that map electronic states between valleys (intervalley) from
those that preserve valley (intravalley). TM,; and Co M,
symmetries are equivalent when intravalley Co7 symmetry
is present. Layer energy refers to the difference between -

orbital energies on interior and exterior layers. Sublattice
refers to sublattice polarization within layers.
Intravalley Intervalley

Cz My CoT CoTMu| T TMp CoMy
Layer energy| vV v v v v v
Gate field v X v X v X X
Lateral shift | x X X v v X v
In-plane By | x X v X X v v
Sublattice v v X X v v X

nearly identical in MATBG and MATTG. Since the Pauli
limit is exceeded in MATTG [1], we conclude that the
Cooper pairs must be spin triplets not only in trilayers
but also in bilayers. We will see that this view never-
theless provides a natural explanation for the difference
in-plane critical fields. Indeed there is some evidence
[45H47) that in both systems the state from which su-
perconductivity emerges is a spin polarized ferromagnet
[48], leaving spin-triplets as the only pairing possibility.

In the absence of a magnetic field, 7 symmetry guar-
antees that band states with opposite momentum in op-
posite valleys are degenerate. These are the states that
pair in valley-singlet superconductors. In-plane magnetic
field By breaks 7 symmetry in both bilayers and tri-
layer. In bilayers this produces an energy splitting that
suppresses superconductivity [42] [49]. In trilayers, how-
ever, both time-reversal and mirror (7 Mj,) and twofold
rotation and mirror (C2Mj,) symmetries survive (see Ta-
ble [I) and, as we explain below, independently guaran-
tee the degeneracy that supports valley-singlet supercon-
ductivity. In Fig. [1} we illustrate this qualitative differ-
ence by comparing typical Fermi surfaces of MATBG and
MATTG at finite BH

Below we first confirm this symmetry argument by per-
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FIG. 1. Nesting between ex (k) and e/ (—k) Fermi sur-
faces for in-plane magnetic field B, = 2 T and moiré fill-
ing factor v = —2.4 in (a) MATBG and (b) MATTG. In
(a), ex(k) # ex/(—k) due to broken T symmetry. In (b),
ex (k) = exs(—k) survives because this degeneracy is guaran-
teed by Ca M, symmetry, which survives in-plane magnetic
fields as summarized in Table. [ The small Fermi pocket
around the x point is contributed by dispersive Dirac bands,
which are centered on x and x’ in the K and K’ valleys,
respectively. Since we plot ex/(—k), both pockets are x-
centered.

forming mean-field calculations of By dependent super-
conducting critical temperatures, using continuum model
band structures and a phenomenological attractive in-
teraction. We then study the influence on the in-plane
critical magnetic field of gate electric fields, which can
easily be tuned experimentally, and lateral shifts of the
top or bottom graphene layer, which may occur acciden-
tally. We find that the former breaks both 7 M} and
Co M, symmetries, leading to a reduced in-plane critical
magnetic field, while the later preserves Co M, symmetry
thereby retaining state degeneracy and robust supercon-
ductivity.

Band structure and symmetries — An approximate
single-particle band structure model of MATTG can
be constructed by generalizing the Bistritzer-MacDonald
MATBG model [50]. In the absence of gate electric fields
and lateral shifts, the K-valley projected Hamiltonian

hgso(k)  T(r) 0
Hi = | T(r) h_gp(k) T'(r) |, (1)
0 T(r) he/z(k)

where hg(k) = €2+ (vpk-o)e 29 vp is the Dirac ve-
locity of isolated monolayer graphene, and o = (0, 0y)
are Pauli matrices acting on sublattice. The interlayer
tunneling matrix T'(r) = Zi:l T,e'9" where T} 41 =
taaoo + tas[cos(ng)o, + sin(ng)o,] and ¢ = 27/3. It
follows from mirror symmetry that Hyx can be written
in a representation of decoupled even-parity and odd-
parity states [39, 40]. From Eq. (1), we see that the
trilayer’s even parity subspace Hamiltonian maps to that
of a bilayer, with the even parity combination of the tri-
layer’s outer layers playing the role of a single layer. Be-
cause two different tunneling terms couple the inside and
outside layers, the effective bilayer tunneling amplitude,

(and therefore the magic twist angle, the flat band width,
and the density of states) increases by a factor of v/2.
The odd parity band, also formed from the outside lay-
ers, is identical to that of an isolated graphene layer and
strongly dispersive [39, [40].

Although Eq. captures the essential properties of
MATTG, some modifications that we classify in Table [I]
can be important. First, since the chemical environments
of the middle and outer graphene layers in MATTG are
different, there is a layer energy difference between them
[41], which does not break any symmetry. Other modi-
fications break one or more of the T, C3, My, CoT, and
CoM;,T symmetries of undisturbed trilayers. For exam-
ple, the electric fields routinely applied using gates break
M, symmetry and hybridize the dispersive Dirac bands
and flat bands. Because C3 and C2T symmetries survive
this perturbation, gapless Dirac cones remain at the s
and ' points of the moiré Brillouin zone (MBZ) [39-41].
Additionally, relative translational shifts between the top
and bottom graphene layers, which are not under exper-
imental control at present, can occur even though first-
principles calculations show that the mirror symmetric
configuration is energetically most stable [39]. Lateral
shifts can be captured by adding phase factors to T'(7)
[50] and break C3, M}, and CoT symmetries. The gapless
Dirac cones nevertheless remain because they are pro-
tected by CoT My, symmetry, and simply move away from
k and k' points. Tablesummarizes these symmetry con-
siderations.

In-plane magnetic fields — The application of By to
MATBG or MATTG induces a layer-dependent gauge
field Ay = By x z [49, bI]. For MATBG, the gauge
field shifts the momenta of electrons in the the top and
bottom graphene layers along opposite directions so that

hg2(k +p/2) T(r)

Hi(k , (2
KO =) k- pr2) P
where p = (nd/®¢) (By, —Bz), d is the interlayer dis-

tance, ¢y denotes the magnetic flux quantum, and we
have placed z = 0 at the center of the two layers. Since
the momenta of the electrons from the same layer but
in opposite valleys are shifted along the same direction,
T symmetry is broken, and 0F = ex/(—k) — ex (k) # 0
as illustrated in Fig. (a), suppressing contributions to
valley singlet ladder sums. Therefore, the application of
By, leads to a reduction on the superconducting critical
temperature T,.. The critical magnetic field B, at which
T, is driven to zero is reached when 0FE ~ A, where A is
the gap in the absence of B.

In the MATTG case, choosing z = 0 in the middle
layer, the gauge field shifts momenta of top and bot-
tom layer electrons along opposite directions, while leav-
ing the middle graphene layer unaffected. The K-valley



Hamiltonian
hgso(k+p)  T(r) 0
Hi(k)=| T'r) h_gpk) Ti(r) |, (3)
0 T(r) h0/2(k - p)

has broken C3 and M, symmetries. Note that the sign of
p is changed by a miror operation. Although 7 symme-
try is broken, the two valleys can still be mapped to each
other by either the combined Co My, or T M}, symmetry,
as summarized in Table [l Therefore, ex/(—k) = ex (k)
even in the presence of Bj, suggesting a perfect inter-
valley Fermi surface nesting as shown in Fig. [[[b). Be-
cause the quasiparticle pairs from which the Cooper pairs
are formed retain degeneracy there is no obvious mech-
anism to suppress superconductivity. Indeed, numerical
model calculations summarized below suggest that super-
conductivity in MATTG can survive at extremely large
values of B). On the other hand simultaneous breaking
of CoM, and T Mj, symmetries by an gate electric field,
lifts the pairing degeneracy and leads to a reduced B..
Numerical model calculations — Superconductivity oc-
curs in MATBG and MATTG when each is close to its
magic rotation angle. We therefore compare the two sys-
tems with Orgg = 1.1° and Opre = v2 x 1.1°. First
principles calculations show that the moiré patterns of
both systems distort to avoid high energy local AA stack-
ing, leading to taa/tap < 1 [39, £2]. Here we take
taa/tap = 0.7 for both systems. Similarly, particle-
hole asymmetric behavior has also been observed in the
transport measurements of MATTG [34, [35], and be-
comes dramatic near the magic angle. This property
can be modeled by including a nonlocal momentum-
dependent correction to interlayer tunneling [45]. We
choose dtap/dk = dtap/dk = —0.1 in this study. The
nonlocal interlayer tunneling also increases the energy
difference between the dispersive Dirac bands and the
flat bands of MATTG. Below, the moiré filling factor is
fixed at v = —2.4, where the experimentally observed T,
is commonly maximized in both MATBG and MATTG
superconductors [2H4, [34], B5]. As discussed in the in-
troduction, we take the view that the normal state at
v = —2.4 is spin polarized due to flavor symmetry break-
ing [46). In the model we study, the Fermi surfaces are
located around the s and x’ points of MBZ as shown in
Fig. Il This detail is not yet established experimentally.
We perform mean-field Bogoliubov-de Gennes calcula-
tions that account for By to determine T and B.. Our
calculations employ a model interaction Hamiltonian

Hint = UZ/dWPLJ(T)wilg(T)l/Lla(T)Mla(T)
lo

(4)
+VZ/drwlla(r)wil;,(T‘)l/bla(TW}Jrla(T')v
lo

where +, [, and o are valley, layer, and sublattice in-
dices, respectively. The intra- (U) and inter-sublattice
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FIG. 2. (a) MATTG mean-field T, vs. gate electric field D /e.
The dashed curve shows the Fermi-level density of states. (b)
T. vs. lateral shift R of the top or bottom graphene layer.
The insert defines the directions of the lateral shift relative to
the lattice vectors of the shifted graphene layer. The dashed
curve again plots the Fermi level density of states.

(V) interacting strengths can have important screened
Coulomb [28] B3], [54], electron-phonon mediated [29-
31, 65], and flavor-fluctuation-mediated interaction con-
tributions [47, [56]. In the absence of a microscopic the-
ory, we approximate U and V as momentum-independent
tunable parameters that support valley-singlet spin-
triplet pairing [57, [68]. Our illustrative calculations use
U = —320 meV-nm? and V = 480 meV-nm?. This choice
yields T, ~ 2 K, comparable with experimental observa-
tions [34} 35], in the absence of B)|. No qualitative aspect
of our results depends on this model choice provided that
pairing occurs between electrons from opposite valleys
with the same spin.

Critical temperature — Figure[2|(a) shows the MATTG
mean-field 7T, as a function of the screened gate electric
field D/e. We find that a maximum in 7, is reached at
an intermediate value of D/e ~ 0.19 V/nm, after which
T. drops, vanishing at D/e ~ 0.34 V/nm. The dome-like
behavior of T, vs. D/e is due to the change of density
of states (DOS), which is non-monotonic but has a ten-
dency to decrease as D/e and the mixing between even
and odd parity bands it produces increase. In Fig. (aL)7
the peak of the DOS coincides with the maximum value of
T.. The dome-like behavior agrees qualitatively with re-
cent experimental observations of T, in MATTG [34} [35],
indicating that DOS variations likely play a role. Figure
2(b) illustrates the effect of a lateral shift R of the top
or bottom graphene layer on T,. Superconductivity is
completely suppressed when R ~ 0.2a with a the lattice
vector of the shifted graphene layer. The suppression of
T, is almost isotropic and caused by a dramatic reduc-
tion of DOS at sufficiently large lateral shift where the
flat bands become more dispersive due to M) symme-
try breaking. The fact that the critical temperatures are
similar in MATTB and MATBG may indicate that R is
small in experimental devices due to energy minimiza-
tion.

In-plane critical magnetic field — Figure a) shows
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FIG. 3. (a) Mean-field T vs. in-plane magnetic field applied
along z direction B, for MATTG with valley-singlet spin-
triplet pairing at zero and finite gate electric field D/e. The
insert plots T. as function of B, for MATBG. The dashed
curves plot similar results for valley-triplet spin-singlet pair-
ing. (b) Two-dimensional color plot of T, vs. By and D/e for
MATTG . These results are calculated with R = 0.

valley-singlet spin-triplet critical temperatures T, cal-
culated at finite values of B)|, and compares with the
case of valley-triplet spin-singlet pairing for which Zee-
man coupling plays a role. As illustrated in the insert of
Fig. a), breaking 7 symmetry by applying B, dramat-
ically suppresses T, in MATBG for both of spin-singlet
and spin-triplet pairing. The in-plane critical magnetic
field obtained for MATBG superconductors is B, ~ 1.6
T, which is consistent with experimental observations
[42]. Because B, for spin-singlet and spin-triplet pairing
is nearly the same in MATBG, the B|| response does not
clearly distinguish spin-singlet pairing from spin-triplet
pairing. In MATTG, on the other hand, Co My, or T My,
symmetry survives Bj, resulting in an infinite large B.
for spin-triplet pairing at D/e = 0 V/nm as illustrated
in Fig. B[a). The small increase in T is attributed to
the change of the DOS in the presence of B,. Applica-
tion of a gate electric field to MATTG breaks both of
CoMy, and T M), symmetries, as summarized in Table |I|7
leading to the suppression on 7T, at finite values of B,
shown in Fig. 3(a). For D/e = 0.1 V/nm, B, ~ 12
T, well in excess of the the Pauli limit estimated by
Bp =~ 1.86T, ~ 4.8 T. In comparison to spin-triplet pair-
ing, T, for spin-singlet pairing is strongly suppressed by
B, as shown in Fig. a). The critical in-plane mag-
netic field for D/e = 0 V/nm and D/e = 0.1 V/nm are
3.5 T and 4.75 T, which are consistent with the corre-
sponding Pauli limits, indicating that the Zeeman effect
dominants the pairing breaking for spin-singlet pairing
in MATTG. Because orbital pair breaking by B, is weak
at small values of D/e, studies of T, vs. B, clearly dis-
tinguish spin-singlet and spin-triplet superconductivity
in MATTG [1]. Figure (b) shows T, vs. B, and D/,
illustrating the robustness of superconductivity at finite
B, when D/e is small.

Figure [d(a) illustrates the influence of the lateral shift
of top or bottom graphene layer on T, at finite values
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FIG. 4. (a) T. vs. By and D/e at a lateral shift R = 0.1as.
(b) Angular dependence of B. for zero (R = 0) and finite
(R = 0.1a1) lateral shifts of the top or bottom graphene
layer. In (b) we chose D/e = 0.1 V/nm.

of B,. As summarized in Table[l] although 7 M, sym-
metry is broken by lateral shifts, the Co M) symmetry
survives. The critical magnetic field is therefore infinite
at D/e = 0 V/nm and large at small values of D /e. In our
model calculations B, ~ 8 T for D/e = 0.1 V/nm. Fig-
ure b) shows the angle-dependence of B, for D/e = 0.1
V/nm. Note that in the absence of lateral shift, B, has a
sixfold rotation symmetry for valley-singlet pairing, even
though each valley possesses only Cs symmetry. A lat-
eral shift of the top or bottom graphene layer breaks Cs
symmetry and suppresses T, as shown in Fig. b), re-
sulting in a reduced B, with twofold rotation symmetry,
as illustrated in Fig. [4[b).

Discussion — The present study provides an explana-
tion for the recent observation of extremely large in-plane
critical magnetic field in MATTG superconductors [I] by
relating it to a Co M, symmetry that survives both By
and relative lateral shifts of one of the outside graphene
layers. Co M, symmetry is broken by gate electric fields.
By combining model band structures with phenomeno-
logical electron-electron interactions, we obtain values for
T, at finite By that agree qualitatively with experimen-
tal observations, and provide an explanation for the par-
tially contrasting properties of MATBG and MATTG su-
perconductors that is consistent provided that both have
valley-singlet spin-triplet pairing.

In our theory we find that in the absence of a gate
electric fields there is practically no suppression of su-
perconductivity by B)|, whereas the experimental critical
fields are finite. We attribute the supression of supercon-
ductivity in experiment to Mj symmetry-breaking dis-
order that is always present in experimental devices, due
for example to spatially random vertical electric fields.
Another likely culprit is random differences between the
local twist angle between the top and middle graphene
layers and the local twist angle between the bottom and
middle graphene layers [35][59]. Both potential and twist-
angle disorders generically break Mj symmetry and will
lead to a finite B, even if spatially averaged potentials
and twist angles preserve this symmetry. Finally, CoT



symmetry breaking due to Fock self-energies, thought to
occur in the insulating state at v = —2 [45] [60], would
if present suppress superconductivity at D/e = 0 V/nm
for R # 0, as indicated in Table [} It follows from our
analysis that measurements of B, anisotropy can be used
to identify R # 0 devices, and in this way help identify
which of these weak supression mechanisms is active.

The model we employ in this work yield a Fermi sur-
face for v = —2.4 that has two hole pockets centered on
k and k' points of the MBZ. The true character of the
Fermi surface underlying the superconducting dome is
however highly uncertain at present in both MATBG and
MATTG because a combination of weak single-particle
dispersion and wavefunctions that vary qualitatively with
momentum means that mean-field interaction effects are
likely to alter band dispersion and Fermi surface topology
[61L[62]. At the mean-field level, the Hartree self energies
at negative filling factors shift the bands around x and
k' to lower energies relative to bands around v as the
valence band is emptied, providing a potential opening
for hole pocket centered on . These electronic structure
uncertainties do not alter our main conclusions.
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