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We study the geometric response of three-dimensional non-Hermitian crystalline systems with
nontrivial point-gap topology. For systems with four-fold rotation symmetry, we show that in
presence of disclination lines with a total Frank angle which is an integer multiple of 27, there can
be nontrivial, one-dimensional point-gap topology along the direction of the disclination lines. This
results in disclination-induced non-Hermitian skin effects. By doubling a non-Hermitian Hamiltonian
to a Hermitian 3D chiral topological insulator, we show that the disclination-induced skin modes
are zero modes of the effective surface Dirac fermion(s) in the presence of a pseudo-magnetic flux
induced by disclinations. Furthermore, we find that our results have a field theoretic description,
and the corresponding geometric response actions (e.g. the Euclidean Wen-Zee action) enrich the

topological field theory of non-Hermitian systems.

Introduction.-Non-Hermitian Hamiltonians provide a
natural formalism to describe wave phenomena in the
presence of loss and gain, which are ubiquitous in both
classical [1-16] and quantum [17-26] systems. Recently,
there has been a growing interest in the interplay between
non-Hermiticity and topology. The synergy of these two
concepts has produced fruitful results in non-Hermitian
crytalline systems, such as new transport and dynamical
features [27-38], new forms of bulk-boundary correspon-
dence [39-53], and non-Hermitian analogy of topological
insulators [54-59] and semimetals [60-75].

One of the most remarkable consequences of non-
Hermiticity is new classes of topological systems [76—
83] without Hermitian analogs. These intrinsically non-
Hermitian topological systems have topological invari-
ants associated with a point gap [76] at a reference energy
in the complex energy plane. In one spatial dimension,
the nontrivial point-gap topology produces the celebrated
non-Hermitian skin effect (NHSE) [39, 43], which gener-
ates an extensive number of states localized at the bound-
aries of a system [84-93]. Recently, the magnetic-field-
induced NHSE in three-dimensional (3D) non-Hermitian
Weyl semimetals has been studied, which originates from
a 3D nontrivial point-gap topology [94]. In addition
to electromagnetic response, there have been extensive
studies of the geometric response of Hermitian topolog-
ical systems both in the continuum limit [95-104] and
at lattice level [105-112]. However, the understanding
of the interplay between geometry and non-Hermitian
point-gap topology is still preliminary.

In this letter, we consider the geometric response of
3D non-Hermitian crystalline systems having nontrivial
point-gap topology. We show that disclination lines in ro-
tationally invariant systems can support one-dimensional
(1D) point-gap topology along the direction of the discli-
nation lines, hence leading to a corresponding NHSE.
By mapping the non-Hermitian problem to a 3D chi-
ral topological insulator, we show that the disclina-
tion skin modes are zero modes of the effective surface

Dirac fermions subjected to a pseudo-magnetic field in-
duced by the curvature singularities at the disclinations.
Furthermore, we show that we can describe this phe-
nomenon with the inclusion of geometric terms in the
non-Hermitian field theory approach [113].

Point-gap topology and NHSE.— We shall first review
point-gap topology and its relation to the NHSE in 1D
and the magnetic-field-induced NHSE in 3D. For a non-
Hermitian Bloch Hamiltonian H, one can define a point
gap if its spectrum does not cross a reference energy F €
C, i.e., det(H — E) # 0. This means that det(H — E)
is a non-zero complex number and can have a winding
number in the 1D Brillouin zone (BZ) protected by the
point gap:

™ dk 0

5 TR arg [det (H (k) — E1)]. (1)

Wy (E) = —/0

W1(E) has been shown to count the number of eigen-
states at energy F that are localized at a semi-infinite
boundary [87]. Interestingly, W;(E) can be nonzero
for a continuous region of energy E in the complex en-
ergy plane (bounded by gap-closing points), and there-
fore indicates an extensive number of eigenstates local-
ized at the boundary. This phenomenon is known as
the NHSE. Furthermore, for a Hamiltonian with a non-
trivial Wy (E), the long-lived excitations are chiral, and
feature anomalous dynamics absent in Hermitian sys-
tems [30]. To illustrate this property, one simple example
is a one-band model H(k)=e~" with nontrivial wind-
ing +1 for each reference energy inside the unit circle.
The most amplified mode is at k= — /2 with chirality
X = sgn [Re (0H/0k)] = + 1. The NHSE and anomalous
dynamics are crucial features of 1D point-gap topology.

Similar to Wi (F), one can define a quantized winding
number W3(E) for a Bloch Hamiltonian H (k) in the 3D



BZ at a reference energy F

*k ijk T—19 77
Wg(E) = — - mﬁ tr |:(H ale)

X (0, H)(H 0, 1))

(2)

where H(k) = H(k) — 1E. The generalization of the
anomalous dynamics is straightforward: the long-lived
excitation is a 3D Weyl fermion. In a uniform magnetic
field the Weyl node exhibits chiral 1D Landau levels dis-
persing along the field direction. These anomalous 1D
chiral modes can be shown [94] to be precisely ascribed
to the nontrivial 1D winding W1 (E) = W5(FE)® /27 with
® being the total magnetic flux, and hence a magnetic-
field-induced NHSE.

Disclination-induced NHSE.- Beyond the NHSE asso-
ciated with electromagnetic fields, we can explore ge-
ometric probes of intrinsically non-Hermitian topology.
We focus on lattice disclinations that heuristically serve
as sources of geometric curvature. A disclination is a
classified by a Frank angle and a Burgers vector equiv-
alence class, which capture the amount of rotation and
translation accumulated by a vector parallel transported
along a loop encircling the disclination respectively. An
example is given in Fig. 1, and comprehensive discussions
about the classification can be found in Refs. [106, 108].
Due to the Frank angle and the Burgers vector (equiva-
lence class), a wavepacket will generically obtain a Berry
phase when it adiabatically encircles the disclination, and
thus the disclinations can effectively generate a pseudo-
magnetic field. In the following, we will demonstrate
that the pseudo-magnetic flux induced by disclinations
can lead to a NHSE in systems having nontrivial W3 (E),
and this effect is captured by a nontrivial effective 1D
winding number W;(F) along the direction of the discli-
nation line.

FIG. 1. Cy-symmetric lattice with a disclination. Starting
from the red circle, the parallel transport around the loop
provides net rotation of —7/2 and net transportation of —3e;.
The Frank angle of this disclination is w/2. The equivalence
class of Burgers vector is the parity of the sum of the Burgers
vector components: —3 mod 2 = 1.

Hermitian description.— In order to see how the

pseudo-magnetic flux induced by disclinations leads to
NHSE in lattice models, it is convenient to introduce a
doubled and Hermitianized Hamiltonian with chiral sym-
metry [76, 114]:

0  HEk-E ) , 3)

H(k) = (H(k) - E 0

where H (k) is the non-Hermitian Hamiltonian we want
to study, and F is the reference energy on which we focus.
Two main features of this approach are: (i) the topolog-
ical winding number W3(E) of H(k) equals the chiral
winding number of H (k). Hence, the bulk-boundary cor-
respondence of (Hermitian) chiral symmetric insulators
indicates that a nonzero W5(E) implies the existence of
|Ws5(E)| protected surface Dirac cones (SDCs), and (ii)
the existence of an exact zero mode of H implies the ex-
istence of an eigenstate at energy E (E*) for H (HT)
depending on its chirality.
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FIG. 2. (a) A tabulation of (sgn[y — ImE], x;) at the eight
Weyl points of Eq. (4) when 1 <Im E < 3. (b) the locations
of Dirac cone(s) on the surface of the Hermitian Hamiltonian
in Eq. (3) when1 <ImFE < 3 (red), —1 < Im E < 1 (yellow),
and —3 <Im E < —1 (blue).

For an explicit illustration, let us focus on a con-
crete non-Hermitian Weyl semimetal model with a Bloch
Hamiltonian:

H(k) = tsink,o, +tsinkyo, +tsink.o, +iy(k), (4)

where v(k) = cosk, + cosk, + cosk,. This model has a
Cy, rotational symmetry represented by:

vy i
O4z:€ if0s, 177[:2/2’

CuoH(ky, by, k.)CL = H(ky, —ko, k2), ®)
where the Pauli matrices represent the spin degree of
freedom, and L, is the angular momentum of the orbital
that we put on each site, which takes values —1,0,1,2
mod 4, for C4,-symmetric systems. We will see below
that the orbital rotation phase in Eq. (5) is important for
the geometric response. For this model, the 3D winding
number W3(E) has a simplified formula [94, 115, 116]:

Wy(E) =Y Jsmb(@Q) Bl (9
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where Q; are the momenta of the eight Weyl points in
the Hermitian limit, and x; = £1 are their corresponding
chiralities. The positions of the Weyl points in momen-
tum space are shown in Fig. 2 (a), as well as their corre-
sponding (sgn [y — ImFE], x;). This model therefore has
a nontrivial 3D point gap winding number W5(F) =1 for
1<|ImFE| <3, and W3(E)= —2 for |ImE|<1.

Now we consider (the Hermitian) A in a semi-infinite
bulk geometry terminated with a surface normal Z and its
2D reduced Brillouin zone (rBZ) (see Fig. 2(b)). We start
with the simple case where 1 < Im E <3 and W3(E) =1.
The low-energy effective Hamiltonian on the top Cy,-
symmetric surface termination is a rotationally symmet-
ric SDC at T as shown in Fig. 2(b) :

Hest = v(kyTy + kyTy), (7)

where the Pauli matrices 7; are the effective degrees of
freedom, and the chiral symmetry is represented by .

Now we introduce disclination lines parallel to the z-
direction, which correspond to curvature singularities in
the continuous effective Dirac model (e.g. Eq. (7)). The
curvature is represented by the coupling to a spin con-
nection w; via the rotation generators. The Frank angle
of disclination lines can be expressed in terms of w; as
0. = [(0pwy — Oyw,)drdy. In addition to the coupling
to 7., the spin connection also couples to £,1, which adds
an effective gauge flux £,0, to the Dirac fermion [117].
According to the index theorem [118], this flux £,0,,
will lead to robust zero modes on the top surface with
total number v=|£,0,/(27)|. Furthermore, the zero
modes are eigenmodes of 7, with eigenvalue (chirality)
T=sgn £L,0, [117]. For L,0, >0, the eigenmodes will
have 7= + 1 and correspond to skin modes of H on the
top surface and at energy E. By a similar argument for
the bottom surface, one can derive that for £,0, <0,
there are zero modes of H corresponding to skin modes
of H on the bottom surface and at energy E. It is
known [87] that the number of zero modes of H with
7= + 1 equals |Wi(E)|, and that sgn[W(E)]= + /—
indicates that the zero modes with 7= + 1 are on the
top/bottom surface. Hence, we can conclude that when
1<ImFE < 3 and W3(E) =1, the disclination induces a
winding number W1 (E)=L,0./(27). We note that the
effective flux is contributed only by the orbital rotation
generator, which commutes with 7;,. From here on, we
focus only on this part to compute the effective flux for
a Dirac fermion in order to determine Wi (E).

Let us proceed to discuss cases where the SDCs are at
momenta away from I'. Since disclinations are classified
by a Frank angle ©, and a Burgers vector (equivalence
class) b= (by,b,), for a SDC with non-zero momentum
Q. , the Burgers vector will also contribute an effective
flux of —Q, -b. With this consideration in mind, we an-
alyze other topologically nontrivial regimes of our model.
First, when —3 < Im F < — 1, there is a single SDC at M

[see Fig.2 (b)], and the effective flux it feels is [117]

(M) =L£.0, — (r,7) - b. (8)
From the index theorem for 2D Dirac fermions, and
the relation between Wj; and the number of surface
zero modes, it is straightforward to see that the ef-
fective flux in Eq.(8) leads to a winding number
Wi (E)=®f(M)/(27). Second, when —1<ImFE <1,
there is a pair of SDCs at X and Y [see Fig.2 (b)]. Since
a (4, rotation takes one SDC to another, and the trans-
lation phase obtained by each SDC is different, these two
SDCs together form an irreducible representation of the
space group. A subtlety arises that we cannot individu-
ally define the effective flux for each SDC, and need to
consider the (possibly non-Abelian) effective flux of both.
In doing so, we write the Cy, rotation operator for these
two SDCs acting on the orbital degrees of freedom:

C4z = U;e_igﬁz = exp (_Zgﬁzaﬂx)) ) (9)

where the superscript v indicates the operator is in the
valley space X and Y, and oY exchanges the two val-
leys. From Eq.(9), we can see L,0¥ is the orbital ro-
tation generator, which leads to a non-Abelian flux for
SDCs at the two valleys. The effective flux can be writ-
ten as @, = L£,0,07, where ©, is a multiple of 7/2 in the
Cy.-symmetric case. In addition, the translation phase
of SDCs at the two valleys contributes another matrix

flux:
b, 0O

Combining these two contributions, we define the total
non-Abelian effective flux felt by SDCs at two valleys to
be

ei(bcff(ﬁ) _ ei®t6i¢r. (11)
Now applying the index theorem again [117], we find a
winding number W, (E) = —tr[®°f(XY)]/(27), where the
minus sign comes from the chiral winding number —1 of
the SDCs. Notice that the analysis from the index theo-
rem is for the effective Dirac Hamiltonian in the contin-
uum limit, however, we will show that this indeed cap-
tures the disclination-induced skin effect in our lattice
model [c.f. Eq.(4)].

Numerical results.— To find a quantized W1 (E) and the
corresponding NHSE, we need a total pseudo-magnetic
flux that is time-reversal odd and an integer multiple of
2. However, there is a subtlety on the lattice that a flux
of nm passing through a single lattice plaquette is time-
reversal even and incompatible with the chiral anomalous
dynamics and the corresponding NHSE. Thus, for our
lattice calculations this motivates us to consider orbital
angular momentum £, = 1, and introduce four disclina-
tions [119] each with Frank angle ©% = +7/2, where the



FIG. 3. Schematic illustration of a lattice construction with
four disclinations, each of which has Frank angle w/2. (a) is
the gluing procedure [117], and (b) is a completed lattice with
disclinations.

superscript s is to distinguish the Frank angle of a single
disclination and the total Frank angle ©, in the system.
For illustration purposes, let us fix £, =1, and focus on
the case where each of the four disclinations has a Frank
angle ©% = /2 in the following. We discuss other cases,
eg., (©i=7m/2,L.=—1),and (©3=—7/2, L, =+ 1),
etc., in the Supplemental Material [117].

For our numerical lattice calculations we construct four
disclinations with Frank angle ©% =7/2 by a process
shown in Fig. 3. Then, we add the hopping terms de-
termined by the Hamiltonian in Eq. (4) on the discli-
nated lattice to derive a Hamiltonian Hygis(k,). We
note that we are using disclinations with “plaquette-
type” cores [105] which implies a Burgers vector class
b® =az, where a is the lattice constant and the super-
script s indicates the Burgers vector is for a single discli-
nation. Note that because of the Cy, symmetry we could
equivalently say that b®=ag, hence a Burgers vector
class. Let us first focus on the simplest regime when
1<ImFE <3 and W3(E) = 1. To show the nontrivial
1D point gap winding number W1 (E) = 1 [c.f. Eq.(1)]
of Hyis(k.), we plot — argdet (Hgis(k.) — F1) at E = 24
in Fig. 4(a). Fig. 4 (b) shows the spectrum of Hg;s un-
der periodic boundary conditions along the z-direction,
where a loop circling the 1 < Im E < 3 region can be seen.
The skin modes on the top surface, which are qualita-
tively captured by W7 (F) =1, are indicated by blue dots
in Fig. 4(c) which is the spectrum with open boundary
conditions in the z-direction. We find ten skin modes
in the region 1< Im F < 3, which is consistent with the
extensive NHSE for a 1D line in a 3D system where
N.=10. In Fig. 4(d) we show an exponentially decay-
ing wavefunction of a representative skin mode (circled
in Fig. 4(c)). Hence, when 1< ImE <3, £,= +1, and
there is pseudo-magnetic flux 27, we have shown numer-
ically that W7(E)=1 and there are corresponding skin
modes, which is consistent with our Hermitian descrip-
tion above [120].

Next, consider the regime when —3 < Im FF <—1. Since
each of the four disclinations in Fig. 3 have Burgers vec-
tor class b® =aZ, the effective flux [c.f. Eq. (8)] con-

5 ) 3 (b)
o2 E=2 2
S -
50 = 0
= =
= -1 -1
<
o0 =2 -2
F s -

0 1 2 3 4 5 6 -0.7 0. 0.7

kz Re F

3f(c) E - 0.30} (d)

2 g o 0.25

1 o 0.20
Lg 0 =0.15
1 0.10

-2 0.05

_3 0.00

-0.6 0. 0.6 2 4 6 8 10
Re F z

FIG. 4. Numerical calculations for the non-Hermitian Weyl
semimetal described by Eq. (4) on a lattice with four disclina-
tions as shown in Fig. 3, and ¢t = 1/2 is used in all calculations.
The lattice has 10 unit cells along z-direction, and 200 unit
cells in the z-y plane at each z. (a) shows the nontrivial one-
dimensional point gap winding number W1 (E) at E = 2i. (b)
and (c) show the energy spectrum under periodic and open
boundary condition along z, where the blue dots in (c) are
skin modes on the top surface. (d) shows the wave-function
along z direction for the state indicated by a red circle in (c).

tributed from each disclination is —7/2. In total, there
is a (M) = — 27 pseudo-magnetic flux, and we expect
a nontrivial 1D point gap winding, Wi (F) = —1, which is
confirmed by our numerical calculation shown in Fig. 5
(a). Finally, consider the regime when —1 < ImFE <1.
By substituting b® = a& and ©% = /2 into ®; and P, de-
fined above, one can calculate 1 (XY) =o,, of which
the two eigenmodes feel time-reversal even flux (®; =0
and ®2 =) on each disclination, and thus we expect a
trivial 1D point gap winding W7 (F)=0. This is con-
firmed by our numerical calculation shown in Fig. 5(b).
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FIG. 5. The 1D point gap winding number Wi (E) on a lattice
with four disclinations as shown in Fig. 3 for (a) £ = —2i and
(b) E = 0i.

Conclusions and discussions.—We studied the geomet-
ric response of a Cy,-symmetric 3D non-Hermitian lattice
model with nontrivial point-gap topology characterized
by W3. We found that disclinations can induce NHSEs
along the disclination lines. Interestingly, we note that
our results can be described by the framework of the Eu-



clidean field theory for non-Hermitian systems recently
proposed in Ref. [113]. The disclination-induced NHSE
can be captured by a Euclidean Wen-Zee term encoding
the Frank angle contribution[96]:

SWZ = Evgig() /d3xe”kAi6jwk, (12)
™

and a term containing the mixing of the U(1) gauge field
and the frame/translation gauge field for the Burgers vec-
tor equivalence class. These geometric response actions
enrich the types of topological field theory responses for
non-Hermitian systems. Interested readers are referred
to the Supplementary Material for more details [117].

It is also important to note that our model is expected
to be realizable in a variety of platforms [1-16] previously
used to study non-Hermitian physics. Besides directly
observing the boundary localized skin modes, one can
also probe the disclination-induced skin effect using the
chiral propagation of wave-packets/signals created near
disclinations in the bulk. Furthermore, our model study
serves as a first concrete example to theoretically un-
derstand geometric response in non-Hermitian topologi-
cal systems, which will motivate the pursuit of the non-
Hermitian analogy of more geometric responses such as
Hall viscosity in future research.
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