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For the typical quantum many-body systems that obey the eigenstate thermalization hypothesis
(ETH), we argue that the entanglement entropy of (almost) all energy eigenstates is described by
a single crossover function. The ETH implies that the crossover functions can be deduced from
subsystem entropies of thermal ensembles and have universal properties. These functions capture
the full crossover from the groundstate entanglement regime at low energies and small subsystem
size (area or log-area law) to the extensive volume-law regime at high energies or large subsystem
size. For critical one-dimensional systems, a universal scaling function follows from conformal field
theory (CFT) and can be adapted for nonlinear dispersions. We use it to also deduce the crossover
scaling function for Fermi liquids in d > 1 dimensions. The analytical results are complemented
by numerics for large non-interacting systems of fermions in d < 3 dimensions and have also been
confirmed for bosonic systems and non-integrable spin chains.

Introduction. — A fundamental concept in modern
physics and information theory is quantum entangle-
ment. Specifically, the entanglement entropy quantifies
quantum correlations and the utility of a given state
for quantum information processing [1, 2]. It is also
used to guide tensor network state simulations and to
bound their computation costs [3-5]. Henceforth, con-
sider the entanglement entropy S for the bipartition of a
d-dimensional quantum many-body system into a com-
pact subsystem A of volume ¢¢ and the rest B, which is
much larger or infinite. Ground states have been stud-
ied intensely [6-8] and one generally finds an area law,
where S is proportional to the surface area of A, or an
area law with a logarithmic correction. In contrast, for
random states and highly-excited states, one generally
finds S to be proportional to the volume of A. The tran-
sition from the groundstate scaling to the extensive scal-
ing and, more generally, the distribution of S in excited
states, have been largely unexplored.

The long-range physics of typical quantum many-body
systems is captured by a field theory with local interac-
tions. Then the groundstate entanglement entropy in
gapped systems obeys an area law Sgs o 471 [5, 9-16].
Intuitively, only the vicinity of the boundary between
A and B contributes to Sgs due to the finite correlation
length induced by the energy gap. In critical systems, the
correlation length diverges and the scaling of Sy depends
on the dimension d and particle statistics. Critical 1d
systems are usually captured by CFT, giving Sgs o< In/
[9, 11, 17-21]. For critical fermionic systems, Sy gener-
ally obeys a log-area law [22-25]

Sgs o L7 1 In 0. (1)

For critical bosonic systems in d > 1 dimensions, Sy still
obeys the area law [9, 17, 24, 26, 27].

Our previous understanding of excited states is rather
limited. Area, log-area laws and subleading corrections
were found for states with few-particle excitations (van-
ishing excitation-energy density) [28-34] and for special

rare excited states which are often ground states of other
Hamiltonians [28, 34-36]. For broad classes of highly
excited states, the entanglement volume law has been
found in Refs. [35, 37-39]. Extensive scaling of the aver-
age eigenstate entanglement was shown in Refs. [40-44].

In this Letter, we address the long-standing question
about the scaling of S in excited states and its transi-
tion from the groundstate scaling to an extensive scaling
S o< £* at higher energies. We argue and demonstrate
that, generally, the eigenstate thermalization hypothesis
(ETH) [45-54] implies the existence of crossover func-
tions that capture the entanglement entropies of (almost)
all eigenstates. Moreover, for system parameters and en-
ergies corresponding to the quantum critical regime of
a system, the crossover function has universal scaling
properties. For critical 1d systems, the result follows
from CFT. We also derive the crossover scaling function
for Fermi liquids. In addition, we discuss the scaling in
gapped systems and the eigenstate entanglement distri-
bution. The general arguments and derivations are con-
firmed numerically for systems in d = 1, 2,3 dimensions.

ETH and excited-state entanglement. — Accord-
ing to the strong ETH, local expectation values of all
energy eigenstates approach those of corresponding mi-
crocanonical ensembles with the same energy, where de-
viations decrease with increasing system size. Weak ETH
allows for an exponentially small number of untypical en-
ergy eigenstates [48, 50, 55].

While strong ETH is difficult to establish in a general
way, weak ETH [48, 56, 57] can be understood rather
easily and, in contrast to strong ETH, also applies to
integrable systems: Consider an observable O with fi-
nite spatial support and the microcanonical ensemble
D=1Y" |E,)(E,| for a small energy window E — AE <
E, < E containing D energy eigenstates |E,,). The weak
ETH bounds the variance

AO%, =D ((BulO|E,) — (O)me)” < AOZ, (2)

for deviations between eigenstate and microcanoni-



cal expectation values. The inequality, follows from
(E,|O|E,)? < (E,|O2|E,). For a translation-invariant
system, |F,) can be chosen as momentum eigenstates
and we can replace O by the sum O’ := v Zf\il O, over
all lattice translates O; of O without changing matrix
elements in Eq. (2). This yields

AOZ, < 802, = 15537 (10.05) — (0)(0)) .- ()

(2%

Thus, if connected correlation functions decay expo-
nentially or according to a sufficiently fast power law,
AQgn indeed vanishes in the thermodynamic limit,
limpr oo AOgtn, = 0. Due to the equivalence of ther-
modynamic ensembles for large systems [58-61], we can
also use other canonical ensembles. We will employ the
grand-canonical ensemble (GCE) g4 with temperature
and chemical potential chosen to match the energy and
particle number of the energy eigenstates, i.e.,

bge = e PHN) 17 ith (H)ye = E, (N)ye = N. (4)

The coincidence of eigenstate expectation values with
thermal expectation values for all observables O sup-
ported on A, implies the coincidence of the corresponding
subsystem density matrices, i.e.,

<En|O|En> ~ <O>gc = ﬁn = TI'B |En><En| ~ TI"B @gc

for typical eigenstates |E,). Hence, entanglement en-
tropies S,(¢) = —Trp,Inp, of typical eigenstates are
very close to subsystem entropies of the GCE and be-
come extensive for large subsystems,

Sn(0) "B 5,06, 8) 25 0 s(8), (5)

where s¢n(8) denotes the thermodynamic entropy den-
sity, and £ is the thermal correlation length. Eq. (5)
has important implications: (a) As long as (weak) ETH
applies, the entanglement entropies of (almost) all eigen-
states are captured by a single crossover function, de-
termined by Sgc(¢, 5(Ey)). (b) This function follows the
groundstate entanglement scaling for small £ and crosses
over to an extensive scaling at large ¢. (c) If the system
parameters and energy (temperature) lie in a quantum
critical regime of the considered model, general principles
dictate that the entanglement entropies should follow a
universal scaling function [62-64]. Point (b) is due to a
resolution limitation effect: With observations on a sub-
system A of linear size ¢, one cannot resolve variations of
momentum-space Green’s functions below a scale ~ 1/¢.
Hence, one can coarse-grain accordingly and, for ¢ below
a crossover length /., the coarse-grained Green’s func-
tions of excited states approach that of the ground state.
One recovers the extensive scaling predicted by thermo-
dynamics for ¢ 2 {., and /. increases with decreasing
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FIG. 1. Entanglement entropies of randomly sampled eigen-
states for a fermionic tight-binding chain with half filling
(b =0, v =2), system size L =~ 4 X 10°, excitation energy
densities e := (E — Fgs)/|Egs|, and window size AE = 1. The
main panel confirms the data collapse to the crossover scaling
function (7). The inset asserts the validity of the ETH by
comparison to GCE subsystem entropies (lines).

energy (871). More detail is provided in the Supplemen-
tal Material (SM).

Crossover in critical 1d systems. — Let us now
investigate crossover functions for specific classes of sys-
tems. The long-range physics of critical 1d systems
with linear dispersion at low energies, interacting or non-
interacting, is described by 14+1d CFT. The GCE sub-
system entropy can be computed using the replica trick
and analytic continuation [11, 65]. One obtains

c v ml

Sgcﬁt(ﬁ,ﬂ) =3 In [ﬁa sinh (5”)] + (6)
with the central charge ¢, group velocity v, ultraviolet
cutoff 1/a, and a nonuniversal constant ¢/. For small
subsystem size ¢ or temperature 5!, one recovers the
log-area law £ In(¢/a) [Eq. (1)] as motivated above with
the resolution argument. The crossover to extensive scal-
ing S ~ §¢/L. occurs at . = fv/m and the universal
scaling function is simply the leading term in

e (e, B) = gln(sinh 0/0.) + O(°). (7)

It applies whenever CFT does,
fermionic, bosonic and spin systems.

To confirm this numerically, we sample energy eigen-
states |E,) from small windows of width AFE around
energies F for fermionic tight-binding chains H =
— (&l é1 + h.c.) = 32, exfix at half filling [66]. These
obey weak ETH and are captured by a CFT with ¢ = 1.
Figure 1 shows the results. The variances of the sampled
Sp(€) are much smaller than the symbol sizes. The inset
asserts perfect agreement with the corresponding GCE
subsystem entropies. The main plot shows the data col-
lapse to the universal scaling function (7) after subtrac-

including critical



FIG. 2. (a) Ferml surfaces I for the 2d tight-binding model
(11) with fillings 1, 3, and 2. (b) Real-space bipartition and
chord lengths £ x for dlrectlon Ng.

tion of C14(8) := £In
with 8 = B(E).

Critical fermions in d > 1. — For higher-dimen-
sional critical systems, it is more complex to extract
crossover functions. Let us first discuss translation-
invariant systems of non-interacting fermions with a
(d — 1)-dimensional Fermi surface and consider interac-
tions later on. Employing the Widom conjecture [67],
Gioev and Klich found the coefficient in the log-area law
(1) for the groundstate entanglement as an integral over
the Fermi surface OI' and the boundary 0.A of the sub-
system [23, 68]. To leading order,

1n£/ / dAydd, R
- Mg - N
oA Jor (2m)d-1

with the normal vectors n, and ng on 0.4 and on OT
as indicated in Fig. 2. Eq. (8) can be interpreted as an
integral over entanglement contributions of lines perpen-
dicular to the Fermi surface [69, 70].

For the case of finite temperatures (energies), we can
use the latter intuition and will involve the chord length
as indicated in Fig. 2b to correctly capture all temper-
ature scales: First consider the trivial example of un-
coupled critical 1d chains oriented in a fixed direction
ng with density p; in the perpendicular direction. To
get the entropy Sg(¢,3) of a subsystem A, we sim-
ply need to add the contributions from all chains. For
convex A and the continuum limit, this gives S4 =
2[5 4 dAs [ng - k| S1a(la k), where py|ng - ng| is the
density of chains piercing 0.4 at point  and {4y, is the
chord length across A in direction ng. We want to reduce
the case of true d-dimensional systems with couplings in
all directions to that of uncoupled chains as follows. Con-
sider a patch P of size Ak?"! around k € OT on the
Fermi surface and group wave vectors around that point
into lines in direction ng as indicated in Fig. 2a. We
know that, at sufficiently low temperatures, modes far
away from the Fermi surface are irrelevant for the long-
range physics and can be disregarded. The dispersion is
linear in direction nyg, corresponding to chiral fermions,
but the dispersion is flat in the perpendicular directions.
Let us parametrize these directions by k| and k). Due

(Bv/ma) and proper rescaling of ¢
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FIG. 3. Eigenstate entanglement entropies for the critical 2d
model (11) with size 4096 x 4096 and p &~ —1.44 collapse onto
a scaling function after subtraction of a subleading area-law
term Caa(B). The latter corresponds to the factor 3/ma in
the logarithm of Eq. (9) with 8 = B(E).

to the flat dispersion with respect to k;, any unitary
transformation (basis change) among the single-particle
states corresponding to k; € P does not generate any
coupling of these modes. In particular, we can use this
to transform to single-particle states that are spatially lo-
calized around points with spacings Ay = 27 /Ak in the
(d — 1)-dimensional perpendicular plane. A subsequent
inverse Fourier transform with respect to k| then yields
uncoupled chains in direction ny and density 1/Ay in the
directions perpendicular to ng. This is the situation we
considered initially with p; = 1/Ay?~!, and we hence
know how patch P contributes to the subsystem entropy.
For S1d(¢.k), we can plug in the finite-temperature CFT
result (6), where we substitute £ by the chord length 4,
and use ¢ = 1/2 because of chirality. Finally, we need
to integrate over the entire Fermi surface to take into
account the contributions from all patches, resulting to
leading order in the subsystem entropy

dA,dAy Bug Tk
(¢ . In |[— sinh 2
Secll: ) = 12 /BA /BF 2m)d-1 2] In [ ma sin ( Bk

(9)
where vy is the Fermi velocity at point k € OT.

This formula for the subsystem entropy is remarkable:
For zero temperature, we recover the groundstate re-
sult (8). For large subsystems, the logarithm approaches
7l 1/ Buk such that the integral over A gives the sub-
system volume vol A and we are left with

1 dA, m 72

A Gt T g~ ?)gé“) volA.  (10)
This is the well-known extensive thermodynamic entropy
due to the Sommerfeld expansion [71] with the density
of states g(u) at the Fermi energy. Further, if we move
the g factor in the logarithm of Eq. (9) to a subleading
area law term and replace {p = ¢ - Ay, where vol A =




(% as before, the leading order term of S/¢?~! is just a
function of ¢/8. In this way, we obtain the desired scaling
function for the crossover from groundstate to extensive
subsystem entropies.

It is non-trivial to make the arguments leading to
Eq. (9) totally rigorous. The limit ¢, 5 — oo has been
captured using the theory of semiclassical trace formulas
[72-75]. Eq. (9) should be treated as a conjecture. Our
numerical tests in Fig. 3 show however that it is very pre-
cise for all £ and . The figure shows the data collapse of
sampled eigenstate entanglement to the scaling function
for fermions on a square lattice,

H—pN ==Y "(ele;+he)—pd e (11)

(i,4) @

with g & —1.44 (quarter filling at zero temperature). De-
viations at large £/ are due to the finite band width of
the model, i.e., due a nonlinear dispersion at higher en-
ergies, differing from the assumptions of CFT. The inset
shows that this can be fixed by replacing 8 in Eq. (9)
by Begt- Specifically, we define an effective temperature
by matching the exact thermodynamic entropy density
and the large-¢ limit (10) of Eq. (9), ie., stn(B) =:
72g(1)/3Best(B) such that Beg(8) — B at low temper-
atures. For the model (11) in 2d at half filling, v is
zero at some points on the Fermi surface. Hence, CFT
and Eq. (9) are not applicable, but the described rescal-
ing procedure works nevertheless. Eq. (9) works without
problems in 3d. Both cases are discussed in the SM.

The crossover scaling function (9) also applies to inter-
acting metals described by Fermi liquid theory, because
the quasi-particle lifetime diverges when approaching the
Fermi energy. The scaling function is universal in the
sense that the only remnant of microscopic details is the
dependence on the Fermi surface shape and vy, as pointed
out for other quantities in Ref. [64].

Crossover in gapped systems. — If one adds a mass
term to a critical theory, the resulting gap ~ m repre-
sents an additional energy scale. At zero temperature,
the entanglement entropy should then be determined by
a function of mf [26, 76-80]. So far, very few works inves-
tigated excited-state entanglement entropies in gapped
systems [38] and, to our knowledge, the crossover from
area law to extensive scaling and its universal properties
have not been addressed.

As argued before, a crossover function should exist and
now depend on subsystem size ¢, mass m, and 5. How-
ever, we expect that it can be expressed in terms of a
scaling function that only depends on the parameters m#
and mf, characterizing the full crossover behavior. For
fermionic systems, in particular, it follows a log-area law
as in Eq. (1) for m¢ < min(1,mB) and a volume law
for m¢ > min(1,mpB). Moreover, at low temperatures,
mf3 > 1, one has the typical behavior of thermally acti-
vated excitations, and the growth of the entropy density
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FIG. 4. Subsystem entropies Sgc(¢, 8) in the staggered tight-
binding chain (12) with half filling (¢ = 0), mass m, and
L ~ 10%. We only use odd ¢ because of odd-even effects.

sth in Eq. (5) as a function of temperature changes from
exponential to linear around mg ~ 1.

Figure 4 shows the data collapse of GCE subsystem
entropies to the two-parameter scaling function for the
staggered tight-binding chain

H=-)" (téziflé% e + h.c.) (12)

%

at half filling. The dispersion relation is ¢, =
+/12 + 2 + 2t/ cos k with mass m = |t — ¢/| and v =
Vitt'. Tt takes the relativistic form 4+/m2 + (vp)? for
small p = k+m. The inset displays scaled entropy densi-
ties sy, which show the thermally activated exponential
behavior at low temperatures mg > 1 and linear scaling
for higher temperature.

Entanglement distribution. — Recently, interesting
results were derived for the entanglement entropy av-
eraged over all energy eigenstates [40-44]. In particu-
lar, bounds on the average entanglement for chaotic lo-
cal Hamiltonians and quadratic fermionic systems were
given. As long as one only considers the case of small
subsystems, we can get much more — the entire distri-
bution of eigenstate entanglement. We have shown that
the eigenstate entanglement entropies are given by cer-
tain crossover functions. To obtain the entanglement dis-
tribution, we only need to multiply these with the many-
body density of states. For many purposes, the latter
can be approximated by a Gaussian that describes well
the bulk of the spectrum [81].

From this, properties of the average entanglement fol-
low rather easily. For example, Ref. [40] addresses for
non-interacting translation-invariant fermions how the
average entanglement between a subsystem of fixed size
(% converges to the maximum (S) = ¢ in the ther-
modynamic limit. This can also be explained as fol-
lows. With the same arguments as in the derivation
for the weak ETH above, we can bound the deviation
of expectation values (E,|O|E,) of a local observable




from the infinite temperature value (O)os = Tr(0)/D,

2

averaged over all energy eigenstates, by AOj;, =

DY ((E.O|E,) — (0)s)? < AOZ. And AO4
decays with O(N~1/2) in the thermodynamic limit.
Hence, almost all energy eigenstates look locally like the
infinite temperature ensemble and their entanglement en-
tropies are maximal.

Discussion. —In conclusion, ETH can be employed to
understand the full crossover of eigenstate entanglement
entropies from the groundstate scaling at small subsys-
tem sizes and low energies to the extensive scaling at
large sizes and higher energies. With increasing system
size, the entanglement entropies of all (strong ETH) or
almost all (weak ETH) energy eigenstates converge onto
a single crossover function, which can be determined from
corresponding subsystem entropy of corresponding ther-
modynamic ensembles — also in integrable systems. Im-
portantly, for the quantum critical regime, one obtains
universal scaling functions that capture large classes of
microscopic models [62-64]. For critical 1d systems and
fermions in d > 1 dimensions, analytic forms for the scal-
ing functions were given and numerically confirmed. We
substantiate the scaling properties further for bosonic
systems in Ref. [82] and for interacting integrable and
non-integrable spin chains in Ref. [83]. These results gen-
eralize immediately to Rényi entanglement entropies and
can, for example, be used to derive upper bounds on
computation costs in tensor network simulations [84, 85].

Scaling functions for thermal subsystem entropies are
so far largely unexplored. The connection to eigenstate
entanglement makes them very interesting and it will be
an exciting endeavor to derive crossover functions for spe-
cific lattice models and field theories, similar to efforts on
groundstate entanglement. Furthermore, the accuracy of
the d > 1 scaling function (9) for fermions suggests an
extension of the famous Widom formula for groundstate
entanglement to finite temperatures.
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