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Dynamical fermionization refers to the phenomenon in Tonks-Girardeau (TG) gases where, upon
release from harmonic confinement, the gas’s momentum density profile evolves asymptotically to
that of an ideal Fermi gas in the initial trap. This phenomenon has been demonstrated theoretically
in hardcore and anyonic TG gases, and recently experimentally observed in a strongly interacting
Bose gas. We extend this study to a one dimensional (1D) spinor gas of arbitrary spin in the strongly
interacting regime, and analytically prove that the total momentum distribution after the harmonic
trap is turned off approaches that of a spinless ideal Fermi gas, while the asymptotic momentum
distribution of each spin component takes the same shape of the initial real space density profile of
that spin component. Our work demonstrates the rich physics arising from the interplay between
the spin and the charge degrees of freedom in a spinor system.

Low dimensional systems provide a rich terrain for study-
ing quantum mechanics, since many-body quantum effects
are enhanced in reduced dimensions [1–3]. Furthermore,
exactly solvable quantum many-body models are rare and
precious, and most of such exactly solvable models occur
in one dimension (1D) with connections to quantum inte-
grability [4–7]. The existence of integrability prevents the
system from thermalizing, and leads to intriguing quantum
dynamics [8]. Together with the experimental accessibility
of such systems, this has led to a plenitude of recent atten-
tion to such 1D systems. One example is the Lieb-Liniger
model that describes a system of spinless bosons in 1D, and
whose properties have been extensively studied in the lit-
erature [2, 9]. Adding an inhomogeneous trapping poten-
tial generally breaks solvability and quantum integrability.
In the infinite interaction (i.e., hardcore) limit, however, it
can be solved with the technique of Girardeau’s Bose-Fermi
mapping [10, 11]. This extension of Lieb-Liniger gas, named
Tonks-Girardeau gas, possesses the same energy spectrum as
well as the same real space density profile of an ideal Fermi
gas in the same trapping potential. This phenomenon is re-
ferred to as fermionization. It should be pointed out that the
Tonks-Girardeau gas and the ideal Fermi gas feature very dif-
ferent momentum density profiles [12–14]. Futhermore, there
have been recent studies of similar statistical mappings in
one dimension for arbitrary spin, multicomponent and any-
onic gases [15–17].

When a Tonks-Girardeau gas initially confined in a har-
monic trap is suddenly released from the trapping potential,
the momentum distribution will asymptotically approach
that of an ideal spinless Fermi gas in the original trap [18–
20]. This phenomenon has been called dynamical fermion-
ization (DF). Very recently, dynamical fermionization has
been observed in experiment [21]. Theoretically, a hardcore
1D spinless anyonic gas has also been shown to exhibit DF
[22]. Such quenched systems have also attracted theoretical
interest as a testing ground for quantum integrability and
generalized hydrodynamics[23].

Over the past few years, strongly interacting 1D spinor
quantum gases have received much attention [24–27]. Spinor
gases provide a rich playground for quantum magnetism.
The additional spin degrees of freedom greatly enrich the
physics but, in the same time, also greatly complicates the
theoretical investigation. Previous studies have clearly es-

tablished the fermionization effect in 1D spinor gas in the
hardcore limit, but a theory of DF for a general spinor gas is
still lacking although studies have been carried out for some
special cases [28]. In the current work, we fill this gap by
investigating the phenomenon of DF for a general hardcore
spinor gas initially confined in a harmonic trap. When the
initial harmonic trapping potential is suddenly turned off, we
analytically prove the following properties in the asymptotic
limit:

• Property 1: The total momentum distribution
(summed over all spin components) approaches that
of an ideal spinless Fermi gas in the original trap.

• Property 2: The momentum distribution of a spin
component takes the same shape as its initial real space
distribution.

Property 1 represents the analog of DF in the hardcore spinor
gas, while Property 2 is a manifestation of the richer physics
brought by the spin degrees of freedom. We emphasize that
these two properties are valid for both bosons and fermions,
and for arbitrary spin. In the following, we will provide a
detailed analytic proof of these properties.

Model and wave function in the hardcore limit — We con-
sider a 1D harmonically trapped spinor gas with total atom
numberN , either bosonic or fermionic, subject to a two-body
s-wave contact interaction. The Hamiltonian of the system
is given by (we adopt a unit system with ~ = m = ω = 1
where m is the mass of the atom and ω the frequency of the
harmonic trap):

H =

N∑
i=1

(
−1

2

∂2

∂x2
i

+
1

2
x2
i

)
+
∑
i>j

∑
J

gJ P̂
ij
J δ(xi − xj) , (1)

where P̂ ijJ is the spin projection operator acting on particles
i, j into the coupled spin J of the two particles, and gJ is the
interaction strength in this spin channel. The summation
over J is limited to symmetric (antisymmetric) channels for
bosons (fermions). We will focus in this work on the hardcore
limit with gJ → ∞, but will comment on the effect of large
but finite gJ in the end.

The many-body wave function must satisfy the hardcore
boundary condition: Ψ|xi=xj

= 0, i.e., the wave function
vanishes when the coordinates of any two atoms, regard-
less of their spins, coincide with each other. This implies
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that, in any spatial sector (say, the sector denoted as S1

with x1 < x2 < ... < xN ), the wave function separates into a
spatial and a spin part and the energy is independent of the
spin configuration. The spatial part can be represented by a
Slater determinant denoted as φF (x1, x2, ..., xN ), which is an
eigenstate of the ideal spinless Fermi gas, projected onto the
sector S1. The total many-body wave function then takes
the following form [29, 30]:

Ψ(x1, σ1; ...;xN , σN ) =
∑
P

(±1)P P
[
φF θ

1 ⊗ χ
]
, (2)

where P stands for permutation, (±1) refers bosons and
fermions, respectively, θ1 = ΠN−1

i=1 θ(xi+1 − xi), with θ(x)
being the Heaviside step function, can be regarded as the
projection operator onto the spatial sector S1, and χ is an
arbitrary wave function for a 1D spin chain.

To find the real space density profile and momentum distri-
bution associated with Ψ, we need to introduce the one-body
density matrix (OBDM) which for a general many-body wave
function is defined as:

ρσ′σ(x′, x) = N
∑

σ2,...,σN

∫
dx2...dxN Ψ∗(x′, σ′;x2, σ2; ...;xN , σN )Ψ(x, σ;x2, σ2; ...;xN , σN ) . (3)

For the wave function given in (2), it has been shown [31]
that the OBDM takes the following form:

ρσ′σ(x′, x) =

N∑
m,n=1

ρmn(x′, x)Smn(σ′, σ) , (4)

where

ρmn(x′, x) = (−1)n−mN !

∫
Γmn

dx2...dxN φ
∗
F (x′, x2, ..., xN )

φF (x, x2, ..., xN ) , (5)

with Γmn denoting an ordering such that x2 < ... < xm−1 <
x′ < xm < ... < xn−1 < x < xn < .. < xN , and the spin
correlations are given by

Smn(σ′, σ) = (±1)n−m
∑
σ2..σN

〈χ|c†m(σ′)(m...n)cn(σ)|χ〉 ,

(6)
where cn(σ) annihilates a spin σ at the nth position, (m...n)
is a loop permutation operator that cyclically permutes par-
ticles and maps {m, .., n} → {m+ 1, ......, n− 1, n}. Given
the OBDM, the real space density profile and the momentum
distribution for spin component-σ are respectively given by

nσ(x) = ρσσ(x, x) =
∑
m

ρmm(x, x)Smm(σ, σ) , (7)

ñσ(k) =
1

2π

∫
dx

∫
dx′ eik(x−x′) ρσσ(x, x′) . (8)

Both nσ(x) and ñσ(k) depend on the spin configuration χ.
Using

∑
σ Smm(σ, σ) = 1, it is straightforward to show that

the total density profile in real space∑
σ

nσ(x) = nF (x) , (9)

is independent of the spin state χ, where nF (x) is the density
profile of the ideal Fermi gas whose wave function is given
by φF . This is the fermionization of the hardcore spinor
quantum gas.

We are now ready to prove the two properties mentioned
earlier that are associated with DF. We assume that the
spinor gas is initially prepared in its ground state in the

presence of the harmonic trap, whose wave function takes
the form of Eq. (2), where χ is arbitrary due to the spin de-
generacy and φF is the Slater determinant constructed from
the N lowest-energy single-particle harmonic oscillator eigen-
states φn = (2nn!

√
π)−1/2Hn(x)e−x

2/2 (n = 0, 1, ..., N − 1),
which we denote as

φF = Det[φ0(x), φ1(x), ..., φN−1(x)]/
√
N ! . (10)

At t = 0 the trap is suddenly turned off. Crucially, due to the
hardcore constraint, the spin configuration remains frozen.
As a consequence, the spin correlation function Smn(σ′, σ) in
the OBDM (4) does not evolve in time. The time dependence
of the OBDM is carried by ρmn(x′, x), and hence by φF (t)
according to Eq. (5). On the other hand, φF (t) is related to
φF (0) as

φF (x1, x2, ..., xN ; t) =b−N/2 φF

(x1

b
,
x2

b
, ...,

xN
b

; 0
)

exp

[
i
ḃ

b

N∑
i=1

(
x2
i

2
− Ei−1τ(t)

)]
,

(11)

where Ei is the energy of the ith single-particle eigenstate
of the initial harmonic trap, b(t) =

√
1 + t2 is the spatial

scaling parameter, and τ(t) =
∫ t

0
dt′b−2(t′) the time scaling

parameter. Equation (11) follows from the scaling solution of
the harmonic oscillator state under a parametric modulation
of the trapping frequency [32–34]. From Eqs. (4), (5) and
(11), it immediately follows that the OBDM at time t is
related to the initial OBDM as

ρσ′σ(x′, x; t) =
1

b
exp

[
iḃ

2b
(x2 − x′2)

]
ρσ′σ(x′/b, x/b; 0) .

(12)
The real space density profile is immediately obtainable:

nσ(x; t) = ρσσ(x, x; t) =
1

b
nσ(x/b; 0) , (13)

which describes a self-similar expansion for each spin com-
ponent.

The evolution of the momentum distribution can be ob-
tained by inserting Eq. (12) into (8). The integral in general
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does not yield closed form expression. However, exact re-
sults can be obtained in the following two limits. The first
concerns the large momentum limit |k| → ∞. Wave func-
tions possessing cusp singularities would lead to a power law
momentum tail ñσ(k) ∼ κσ/k

4, where the coefficient κσ is
the Tan contact for the σ spin component. [35, 36]. As has
been argued by Minguzzi and Gangardt in their study of the
DF for Tonks-Girardeau gas [18], the scaling behavior repre-
sented by Eqs. (11) and (12) means that the cusp structure
of the wave function remains the same during the expansion.
The momentum tail thus exhibits a similar scaling behavior:

ñσ(k; t) ∼ 1

b3(t)

κσ
k4

, |k| → ∞ (14)

which indicates that the Tan contact decreases in time by a
factor of 1/b3. The second limit where analytic results can be
obtained is the asymptotic limit t→∞ (for which, b→ t and
ḃ → 1), under which the integral can be greatly simplified
by invoking the stationary phase approximation [18] and we
have

ñσ(k; t→∞) = ρσσ(k, k; 0) = nσ(k; 0) , (15)

which, according to Eq. (7), has the same shape as the initial
real space density profile inside the trap (Property 2). We
remind the reader that ñσ is measured in units of l0, and k
and nσ in units of 1/l0, where l0 =

√
~/mω0 is the harmonic

oscillator length of the initial trap. It is amusing to note that
this is just the opposite situation of the ballistic expansion,
under which the asymptotic real space density profile takes
the shape of the initial momentum distribution in the trap.
The asymptotic total momentum distribution follows from
Property 2 and the fermionization of the spinor gas (Eq. 9):

ñ(k; t→∞) ≡
∑
σ

ñσ(k; t→∞) = nF (k; 0) ,

and therefore takes the shape of the initial total real space
density profile, which is the same as the momentum dis-
tribution, ñF (k), of the spinless Fermi gas in the trap
(Property 1). We have thus succeeded in proving the two
properties concerning DF of the hardcore spinor gas.

Two particle example – We now consider a specific example
of two hardcore bosons of different spins (denoted as ↑ and
↓). This simple case allows straightforward calculations, and
in the same time yields all the essential features of DF for
a general many-body spinor system. The trapped spinless
fermion wave function of Eq. (10) now takes the explicit form:

φF (x1, x2) = π−1/2(x2 − x1) e−(x2
1+x2

2)/2 . (16)

We can construct the following as a ground state wave func-
tion of the spin-1/2 hardcore bosons:

ΨS = φF (x1, x2)⊗ χS , (17)

where χS = (| ↑↓〉 − | ↓↑〉)/
√

2 is the spin singlet state. ΨS

is a direct product of a spatial and a spin wave function.
This separation of the two degrees of freedom makes the
calculation of the OBDM rather simple. In fact, we can
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FIG. 1. (color online) Real (left panel) and momentum (right
panel) space density profiles of two spinor hardcore bosons. The
top, middle, and bottom rows correspond to the states ΨS

[Eq. (17)], ΨT [Eq. (19)], and Ψ [Eq. (21)], respectively. The
dashed and solid lines correspond to spin-↑ and spin-↓, respec-
tively. The dotted lines correspond to two spinless fermions.

show that the OBDM for the two spin components are the
same and given by:

ρS↑↑(x
′, x) = ρS↓↓(x

′, x) = ρF (x′, x)/2 , (18)

where ρF (x′, x) is the OBDM for the spinless fermion. As
a result, the real space density profile and the momentum
distribution of the spin-1/2 system (shown in the top row
of Fig. 1) are simply determined by those of the spinless
fermions. After the trap is turned off, the former will exhibit
self-similar expansion, while the latter remains fixed in time.

We can construct another ground state wave function of
the spin-1/2 system as:

ΨT = φB(x1, x2)⊗ χT , (19)

where χS = (| ↑↓〉+ | ↓↑〉)/
√

2 is the triplet state, and φB is
the wave function of the Tonks-Girardeau gas consisting of
two hardcore spinless bosons. According to the Bose-Fermi
mapping, we know that φB(x1, x2) = |φF (x1, x2)|. ΨT is
again a product state, and following a similar procedure as
above, one can again show that the OBDM for the two spin
components are the same and given by

ρT↑↑(x
′, x) = ρT↓↓(x

′, x) = ρB(x′, x)/2 , (20)

where ρB(x′, x) is the OBDM for the hardcore spinless
bosons. Hence now the real space density profile and the
momentum distribution (shown in the middle row of Fig. 1)
are identical to those of the Tonks-Girardeau gas.

Now let us consider a superposition of ΨT and ΨS :

Ψ = (ΨT + ΨS)/
√

2 , (21)
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which is no longer a product state of a spatial and a spin wave
function but, due to the degeneracy of ΨT and ΨS , is also
a ground state of the spin-1/2 system. Writing in the form
of Eq. (2), the corresponding spin-chain state is represented
by χ = | ↑↓〉, with spin-up to the left of spin-down. The
calculation of the OBDM is more involved than the previous
case but also straightforward. One can show that

ρ↑↑(x
′, x) =

1

2

∫
dx2 (φB + φF )(φ′B + φ′F ) , (22)

ρ↓↓(x; , x) =
1

2

∫
dx2 (φB − φF )(φ′B − φ′F ) , (23)

where we have introduced the notation: φB ≡ φB(x, x2),
φ′B ≡ φB(x′, x2), and similarly for φF and φ′F . The real
space density profile inside the trap can be found easily as

n↑,↓(x) = [nF (x)± nC(x)]/2 , (24)

where nF (x) = e−x
2

(1+2x2)/
√
π is the density profile of the

spinless fermion, and

nC(x) = 2

∫
dx2φBφF = − 1

π

[
2xe−2x2

+e−x
2

(1 + 2x2)erf(x)
]
.

The density profiles are plotted in the left panel of the bot-
tom row in Fig. 1, which shows that spin-up (spin-down)
atom occupies the left (right) side of the trap.

The momentum distribution can also be readily calculated,
and one can show that the two spin components possess iden-
tical initial momentum distribution given by

ñ↑,↓(k) = [ñF (k) + ñB(k)] /4 , (25)

and are shown in the right panel of the bottom row in Fig. 1.
To investigate the time evolution after the quench of the

trapping potential, particularly that of the momentum dis-
tribution, we need to resort to numerics to work out the
integrals. We present the results in Fig. 2. The left column
of Fig. 2 displays the evolution of the real space density pro-
file, which simply goes through a self-similar expansion for
both spins. The right column of Fig. 2 shows the evolution
of the momentum distribution, whose shape asymptotically
approaches the initial real space density profile.

Using the method outlined in Ref. [37], the momentum tail
at time t can be explicitly found as

lim
|k|→∞

ñ↑(k; t) = ñ↓(k; t) =
1

b3(t)

(
2

π

)3/2
1

4k4
, (26)

consistent with the qualitative argument given in Eq. (14).
Note that, even though ñ↑,↓(k; t > 0) are not symmetric
about k = 0, they do have symmetric momentum tails.
Away from the hardcore limit for N particles — So far we

have focused solely on the hardcore limit. Let us now turn
to discuss the effect of large but finite interaction strengths.
For finite gJ , the spin degeneracy is lifted. To the leading
order, the charge degrees of freedom remain frozen and the
system is still fermionized i.e., the total density profile coin-
cides with that of an ideal spinless Fermi gas. However, the
spin degrees of freedom are governed by an effective spin-
chain Hamiltonian

Hsc = −
N−1∑
i=1

Ci
∑
J

P̂ Ji,i+1

gJ
, (27)
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FIG. 2. (color online) Real space and momentum space distribu-
tions of two spinor hardcore bosons, initially prepared in state Ψ,
as in Eq. (21), after quench.

where P̂ Ji,i+1 is the exchange operator for the two neighboring

spins at the ith and the (i + 1)th positions when their total
spin is J , and the exchange coefficients Ci are given by:

Ci = 2N !

∫
dx1...dxN

∣∣∣∣∂φF∂xi

∣∣∣∣2 δ(xi − xi+1)θ1
[i+1,i] , (28)

where θ1
[i+1,i] = θ1/θ(xi+1 − xi) is a reduced Heaviside func-

tion. One remarkable aid in exploring strongly interacting
spinor gases is that the wave function is still in the form of
Eq. (2), but here the spin wave function χ is no longer ar-
bitrary and is instead determined by the effective spin-chain
Hamiltonian in Eq. (27) [31].

In studying the DF for hardcore spinor gases, one crucial
point is that the spin configuration characterized by χ re-
mains fixed after the trap is turned off. One might expect
that this would no longer be the case for finite gJ , as now
χ should evolve under Hamiltonian (27) which itself is time-
dependent due to the time-dependence of φF which will de-
termine the coefficients Ci, see Eq. (28). Remarkably, for the
initial harmonic trap, the scaling behavior of φF in Eq. (11)
leads to a scaling behavior of Ci: Ci(t) = Ci(0)b−3(t). As a
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result, the effective spin-chain Hamiltonian simply undergoes
an overall scaling [38]:

Hsc(t) =
1

b3(t)
Hsc(0) .

Hence an eigenstate of the initial Hamiltonian Hsc(0) re-
mains as an eigenstate of Hsc(t) for later time. In other
words, we still have the important observation that the spin
configuration does not change during the cloud expansion.
Therefore, the DF properties for hardcore systems remain
valid in the strongly interacting limit. We emphasize that
this freezing of the spin configuration during expansion for
finite gJ is a special property for harmonic traps, and is not
expected to be valid for other trapping potentials. The ex-
pansion dynamics for finite gJ and for initial non-harmonic
trapping potential is interesting problem and will be studied
in near future.

Conclusion — We have provided an exact and analytical
proof of the DF phenomenon for a general hardcore spinor
gas — either fermions or bosons with arbitrary spin — ini-
tially confined in a harmonic trap. After the trap is turned
off, the total momentum distribution approaches that of a
spinless ideal Fermi gas, while the asymptotic momentum
distribution of each spin component takes the same shape of
the initial real space density profile of that spin component.
Furthermore, we have argued that these properties remain
true when the system is slightly away from the hardcore
limit. Our work helps us to better understand the inter-
play between the charge and the spin degrees of freedom of
a spinor gas. In a bigger context, coherent quantum dynam-
ics is a very active frontier of quantum many-body research
[8, 39, 40]. The phenomena we studied here represents a
precious example where such quantum dynamics can be in-
vestigated and understood analytically, as such it can serve
as a crucial benchmark for more general studies.

We would like to thank Drs. Xiwen Guan and David Weiss
for many useful discussions. This work is supported by the
NSF and the Welch Foundation (Grant No. C-1669). L.
Yang and T. Skaras were at Rice University when this work
was carried out; they are now at Google and Cornell Univer-
sity, respectively.
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