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Motivated by the recent discovery of superconductivity in infinite-layer nickelates RE;_sSrsNiO2
(RE=Nd, Pr), we study the role of Hund’s coupling J in a quarter-filled two-orbital Hubbard
model which has been on the periphery of the attention. A region of negative effective Coulomb
interaction of this model is revealed to be differentiated from three- and five-orbital models in their
typical Hund’s metal active fillings. We identify distinctive regimes including four different correlated
metals, one of which stems from the proximity to a Mott insulator while the other three, which we
call “intermediate” metal, weak Hund’s metal, and valence-skipping metal, from the effect of J
being away from Mottness. Defining criteria characterizing these metals are suggested, establishing
the existence of Hund’s metallicity in two-orbital systems.

A novel route to the electron correlation, which has
attracted a great deal of attention over the last fifteen
years, is on-site Hund’s coupling J [I]. This energy
scale favors high-spin configurations on each atom lift-
ing the degeneracy of atomic multiplets. In multiorbital
systems away from half-filling, an intriguing correlated
metallic regime dubbed Hund’s metal emerges, promoted
by J rather than the proximity to a Mott insulator [II-
4]. Accordingly, many related physical phenomena have
been being uncovered such as the spin-freezing crossover
[5,16], the spin-orbital separation [7HI3], instability to the
charge disproportionation [I4] [I5], the orbital differenti-
ation [I6H22], and superconductivity [6, 23], to name a
few. These concepts have provided a compelling view
of the physics, most prominently of iron-based supercon-
ductors [2] B 18], 19 23H29] and ruthenates [30H33].

In the midst of unveiling Hund’s metal phenomenol-
ogy, however, two-orbital models with one electron away
from half-filling have been on the periphery of the at-
tention, although intriguing effects of Hund’s coupling
have been reported [4, 17, B4]. This is presumably be-
cause this usual filling for Hund’s metallicity results in
the seemingly trivial singly occupied electron/hole state
for this case.

The recent discovery of the superconductivity in
infinite-layer nickelates RE;_sSrsNiOy (RE = Nd, Pr)
[35] [36] heralds a new chapter of quantum materials re-
search [37H70]. Despite their chemical and structural sim-
ilarities with cuprates (nominal one hole occupation of
Ni-d orbitals residing in the NiOy plane), they exhibit
sharp differences in their normal state physical proper-
ties. Most strikingly, they are metals without long-range
magnetic orders showing non-Fermi-liquid behaviors at
elevated temperatures [35], B0} [71, [72]. A series of the re-
cent ab initio studies reported the importance of Hund’s
coupling [65H69], especially among Ni-e, (two-orbital)
electrons [68], alluding to an intriguing route to the su-
perconductivity [49H5T]. Although these observations are
interesting per se, a suitable reference picture of Hund’s

physics has yet to be established.

To that end, in this work we classify distinctive regimes
emerging out of two-orbital Hubbard model away from
half-filling. Four different correlated metals are identi-
fied: one of which stems from the proximity to a Mott
insulator while the other three from effects of J being
away from Mottness. The latter three J-induced met-
als are “intermediate”, weak Hund’s (WH), and valence-
skipping (VS) metals. Characteristic features of these
metals will be discussed throughout the paper. We fi-
nally discuss implications of our two-orbital picture to
the physics of infinite-layer nickelates.

To obtain a basic picture, we first begin with a brief ex-
cursion into a simple atomic limit: a collection of atoms
with zero hopping among them. We consider three dif-
ferent models: two-, three-, and five-orbital models with
ng = M + 1 electron filling (M: the number of or-
bital). This particular choice is motivated by the obser-
vation that one electron away from the half-filling host
Hund’s metallicity when they form solids (at the least
for M > 3) as well as that each model is relevant to
nickelates (M = 2), ruthenates (M = 3), and iron-based
superconductors (M = 5). We take the following form
for the local Hamiltonian of M = 2 and 3 models:

m<m’
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where df  (dmo) is the electron creation (annihilation)
operator with orbital index m = 1, ..., M and spin index
o =M. Nme = di,,dno, is the number operator. pu is
the chemical potential to obey average electron filling of
ng = M + 1 per site. U (U’) is intraorbital (interor-



bital) Coulomb energy cost. We set U’ = U — 2J as-
suming cubic symmetry. For the M = 5 case, the above
Kanamori-type two-body terms are far from reality, and
thus a well-suited strategy, e.g., Slater parametrization,
is required. One possible way is to introduce the relative
strength of anisotropic interaction (1/y where v > 0) and
reparametrize Slater integrals in terms of it [73]. In this
way, 1/v = 0 limit corresponds to Eq. even for M =5
(see Supplemental Material (SM) [74H76]).
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FIG. 1. Atomic limit phase diagrams at 7" = 0, U > 0,

and J/U > 0 for three different models (M = 2,3, and 5
systems) with nqg = M + 1. The lowest-energy configurations
are indicated at each region. The VS phase is highlighted
with skyblue region.

The ground state configurations of atomic limit at van-
ishing temperature (7' = 0) are presented in Fig. |1] Here
we use notation c¢d™ to denote the ratio (c) of sites having
n-electron occupation in the configuration. The homoge-
neous phases (d"4) occupy the small J/U regions relevant
to most of real materials.

For large J/U, on the other hand, the mixed valence
phases emerge. For all the cases with Kanamori interac-
tion (1/y = 0 for M = 5), the transition occurs from a
homogeneous to a mixed valence state when J/U > 1/3,
ie., U —3J < 0. Only the M = 2 case shows VS transi-
tion (N — (dNFTY4+d(N=1))/2) under this form of inter-
action. This VS phenomenon is the direct manifestation
of the negative Uyg: Ueg = Eny1 + En—1 —2EN < O
where E is energy of the lowest-lying N-electron state
[(779]. The 1/v # 0 case of M = 5 also leads to VS,
albeit an extreme form of mixed valence preempts the re-
gion of J/U > 1/(3+2/~) masking the VS phase (see the
rightmost panel in Fig. [1| or see Ref. [73] for the M =5
case). To summarize, we identify M = 2 case as the
minimal model for J-driven VS phenomenon.

With insight obtained above, we now turn to the actual
lattice problem with nonzero hopping. In order to focus
on generic features rather than material specific ones, we
consider the infinite dimensional Bethe lattice of semi-
circular density of states with half-bandwidth D = 1.
D is hereafter used as the unit of energy. We solve
the M = 2 case with ngy = 3 (particle-hole symmet-
ric about N = 2). The interaction form of Eq. is
used for non-hybridized degenerate two orbitals. The

model is solved within the dynamical mean-field theory
(DMFT) [80] employing COMCTQMC implementation [81]
of the hybridization-expansion continuous-time quantum
Monte Carlo [82] as an impurity solver. Unless otherwise
specified, T = 0.01. We restrict ourselves to paramag-
netic solutions without spatial symmetry-breaking.

Central physical quantity of the present study is the
onset temperatures of screening of spin and orbital de-
grees of freedom. These two temperatures, Tt and
Tonset are defined as the temperature below which the
Curie law of unscreened local spin/orbital moment starts
to become violated and screening sets in [I2]. A hall-
mark of strong Hundness is the separation of these two
temperatures: Tope® > Tt yielding a range of tem-
perature in which unscreened local spin moment coex-
ists with the screened orbital degrees of freedom [7-
13, 83]. We will measure the separation of two T°"¢ as
ATt = Tomset — Tonset. To locate the onset temper-
atures, we first evaluate the local spin/orbital suscepti-
bilities: x50 = fol/T d7({Os/0(T)Osj0) — (Os/0)?), where
Os(1) = >, nmt(T) — nmy (1) for spin and O (1) =
Yo Mo (T) —nax () for orbital (7: imaginary time) up to
T =1, and then fit high-T" data to the following formula:
Xs/o X 1/(T + Tonsct )

spin/orb

Figure a) presents our calculated AT°"°" as a func-
tion of Ugg. Most interestingly, we found a generic scal-
ing relation between AT°"°* and U,g. Note also that
TORet JToue® clearly shows the same trend as shown in
the inset of Fig. Pfa). This implies that Ueg (Uesr =
U — 3J for our case) is the crucial factor, rather than
U or J alone, for the separation of two onset tempera-
tures. This result is consistent with the recent compar-
ative study of real materials [12], and demonstrates the
generality holding for wide range of U and J/U in the
two-orbital model.

By looking at Fig. (a), one can first notice the pres-
ence of two distinctive types of insulators, namely the
Mott and valence-skipping (VS) insulators at large posi-
tive and negative values of U.g, respectively. The former
is the result of suppressed charge fluctuations localizing
electron motions, thereby maximizing the probability of
IN =ng = 3,5 = 1/2) multiplets (N: charge, S: spin).
By contrast, the latter form of insulator exhibits the pre-
dominance of two multiplets, |2,1) and |4, 0) with largely
suppressed |3, 1/2) probability because Usg < 0 [74]. The
presence of these two phases is reminiscent of the atomic
limit result (see Fig. [1).

Interestingly, we identify distinctive regimes within
metallic phase intervening between the two insulators.
When U > J, a metal with AT°"" ~ ( is found
to appear near a Mott insulator where Mottness dom-
inates over Hundness (see Fig. [2f(a)). To gain some un-
derstanding of this behavior, we resort to a low-energy
Kondo model by performing a Schrieffer-Wolff transfor-
mation of relevant impurity Hamiltonian [85]. The re-
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FIG. 2. (a) AT°"" as a function of Ueg obtained from 2 <
U/D <8 and 0 < J/U <0.5. The red dotted line indicates
the approximate value of Ueg below which ATt > (0. The
black dotted line denotes Ueg = 0. We used T = 0.05 to
stabilize the VS insulator phase [84]. The diamond symbols

denote the region in which Top®® > 1. Inset: Top® /Tons*

as a function of Uegr. (b—d) Cintra (green square) and Cinter
(magenta circle) at U = 4 for (b) Mott metal (J/U = 0.15;
Uet = 2.2), (¢) WH metal (J/U = 0.3; Ueg = 0.4), and (d)
VS metal (J/U = 0.37; Ueg = —0.44). (ef) Xs/0, I'/T', and
Cs/0(8/2)/T plotted as a function of T" at U = 4 for (e) Mott
metal (J/U = 0.15; Ueg = 2.2) and (f) WH metal (J/U = 0.3;
Uet = 0.4). T::;iljorb are marked with magenta (spin) and
green (orbital) arrows. The grey dashed lines are guide to the
eye to indicate quasilinearity of T'/T (i.e., T' ~ T?).

sulting Kondo coupling constants (J%) when U > J
read Jfr ; ~ T j—o + O(g=) + O((‘%) + -+ because
Jf,J ~ V?2/AE. Here, V is the bath-impurity hybridiza-
tion strength and AF is the charge excitation energy
from N = ng to N = ng £ 1 subspaces. In the regime
of U > J, Jf; ~ Jfj— by which the system ap-
proximates to a SU(4) model having J%" = 7°b  In
this case, the relation J%Pi* = 7°™ also holds under
renormalization group flow [I0] [86], thereby the Kondo
screening of spin and orbital occur simultaneously. In
this respect, we identify a regime of strong Mottness
(U > J) with AT°"¢* ~ (). Following the terminology of
Ref. [12] [13], we call the metallic regime of ATt ~ ()
a Mott metal (see Fig.[2{(a)).

On the contrary, there exist metals with a finite
AT®set Near VS insulator where U.g < 0, a corre-
lated metal emerges exhibiting a tendency of valence-
skipping, which we call a VS metal (Fig. 2f(a)). In or-
der to characterize this metal, we examine the sign of

Cinter (Cintra/intcr = <6nm5nm’> where dn,, = ZU Nmo —
(>0 Mmo) and m # m’ for Cipger while m = m’ for
Cintra)- As VS metal emerges when Ueg < 0, multi-
plets in N = 2 and N = 4 charge subspaces are lower in
energy than those of N = 3. Thus, either electrons or
holes try to occupy both orbitals yielding Ciyger > 0 in
contrast to the case of metals belonging to Usg > 0 (com-
pare Fig. [2(d) with (b) and (c)). Due to this negativity
of Uesr, VS region is highly susceptible to the formation
of charge disproportionation [I5] [73] or superconductiv-
ity [6l, R7], thereby being detectable when accompanied
by such orders.

We now turn to the metallic region where Ueg > 0 with
AT°"¢t > () which is of our particular interest due to the
potential presence of Hund’s metallicity. Although strong
Hundness is argued to be manifested by ATt >
[12], the presence of Hund’s metal regime in our two-
orbital model has yet to be established. The emergence
of Hund’s metallicity has been attributed to the two-
faced effect of J dubbed “Janus effect” suppressing the
quasiparticle weight Z [88] on one hand, while enhancing
U. (U: the critical value of U for the Mott transition)
on the other hand [4]. Thereby it reflects the stronger
correlation (i.e, reduced Z) induced by J rather than
the proximity to a Mott insulator. This effect has been
clearly seen in systems with ng = M + 1 among M >
3 orbitals in which the atomic ground state degeneracy
is lifted by J [IL 4]. On the contrary, our two-orbital
system with ng = M 4 1 = 3 hosts single hole, whereby
it has been a conventional wisdom that the Janus effect
is absent in two-orbital models away from half-filling.

Here we argue that, albeit weak, the Janus effect can
be identified even in the two-orbital case. We first note
that the conventional way of capturing this effect is to
plot the evolution of Z as a function of U, and then to
examine whether the suppression of Z and enhancement
of U, simultaneously occur at a fixed U as J is increased,
i.e., examining whether (0Z/0J)y < 0 and dU.(J)/dJ >
0. In this strategy, however, the interorbital Coulomb
energy cost, U' = U — 2J, is not fixed as J is varied.
Thus, the genuine effect of tuning J is partly masked by
the reduced U’.

To circumvent the above difficulty, we propose an alter-
native “gauge” of measuring the Janus effect: examining
the sign of (0Z/0.J)u,,, where Uayg = 1/M?Y" - Upym:
(Upnm: elements of Coulomb interaction tensor; see SM
[74]). The rationale behind this proposal is that one
should count not only the intra- (m = m’), but also the
interorbital (m # m') Coulomb energy cost which may
vary with J. For the current M = 2 case, Uyyg = U — J.
It is worth noting that within the Slater parametrization
for M =5, Uy = F° (F°: the zeroth-order Slater inte-
gral which is the monopole term of Coulomb interaction).
We also point out that this kind of viewpoint is implicitly
embodied in some ab initio studies (e.g., Ref. [2 67]) by
the use of Slater parametrization of the Coulomb inter-



action with F° remaining unchanged while varying J in
searching for the Hund’s physics. With this idea in mind,
we plot Z vs. U,y in Fig. B(a). One can now clearly
capture the Janus effect; namely, (02/0J)y,,, < 0 and
dU.(J)/dJ > 0. We suspect that this reduction of Z by
J is attributed to the lifted degeneracy in N = 2 charge
subspace. In this subspace, J elevates the energy of |2, 0)
states and lowers that of |2,1). The enhanced fluctua-
tion between |2, 1) and |3,1/2) suppresses J°PI" as in the
case of M > 3 models with ng = M £ 1 [3| BHIO]. In
the meanwhile, atomic state of ng subspace (N = 3) is
not affected by J since it plays no role when single elec-
tron/hole is occupied. As a result, overall influence of
J is weaker than the M > 3 cases. In this sense, we
call our metallic regime satisfying (0Z/0J)y,,, < 0 (or
(0Z/0J)y < 0) and dU.(J)/dJ > 0 a “weak” Hund’s
(WH) metal (Fig. [3(b)).
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FIG. 3. (a) Z as a function of Uave (= U — J) for several
U (= ).
representing Z. The red and black dotted lines indicate
the same as in Fig. a). The green dotted line is an esti-
mated boundary of J/U above which the Janus effect emerges:
(0Z/0J)U,,, <0 while dU.(J)/dJ > 0. Green diamonds are
actual crossing points where (0Z/9J)uv,,, = 0, whereas blue
ones are (0Z/0J)v = 0 plotted for comparison. A set of U
and J/U values belonging to the same U,ve are connected
with a white solid line. (c) Characteristic features of different
correlated metals. Here, +/— denote the sign of the corre-
sponding quantity.

(b) Phase diagram with color scheme

As a central result of our study, we present the
phase diagram exhibiting different metallic regimes; see
Fig. B[b). In Fig. Bfc), we also summarize characteris-
tic features of these correlated metals. The green dotted
line in Fig. [3[(b) denotes .J/U above which the Janus ef-
fect exists. Hence we now further classify the region of
Uegg > 0 and ATt > () into two: WH metal exhibiting

the Janus effect and intermediate metal which emerges
in an “intermediate” region between the WH and Mott
metals. In the intermediate metal, J alleviates the cor-
relation strength, i.e., (02/0J)y,,, > 0, although spin-
orbital separation (AT°"¢" > () occurs.

Notable feature of this phase diagram is that near
J/U = 1/3 line which is the boundary between WH
and VS metals, quasiparticle survives up to an arbitrar-
ily large U. Indeed, (0Z/0Uavg) /=173 — 0 while Z
remains small but finite as U,y is increased (Fig. [3(a)).
This is because the lowest-energy atomic multiplets in
N = ng and N = ng + 1 subspaces are degenerate or
sufficiently close in energy around this line resulting in
Usg = U — 3J ~ 0. As a result, hopping processes be-
come feasible, which otherwise should be blocked due to
a large Coulomb energy cost [14].

Having established an overall picture, we now fur-
ther examine the spin-orbital separation via long-time
spin/orbital correlators at = = §/2 (8 = 1/T):
Cs/o(B/Q) = <Os/o(ﬂ/2>os/o> - <Os/0>2 in Fig. eff)'
At sufficiently low temperatures, Cy/,(3/2) scales as
Cs/0(B/2) ~ (T/(sin(w/2)))a with @ = 2 in a Fermi-
liquid, while @ = 1 in the crossover between local moment
and the Fermi-liquid [5], [89]. In the unscreened local mo-
ment regime, Cy/o(3/2) is basically T-independent and
Xs/o =~ Cs/0(B/2)/T (Fig. [2(e-f)). In light of this obser-
vation, we investigate Cy/,(5/2)/T for an extended range
of T. These quantities should be T-linear in the Fermi-
liquid, whereas scale as 1/T in the local moment regime.
As a consequence, a narrow region of crossover be-
tween these two emerges forming a hump of Cy/,(8/2) /T

Temperatures at which peaks of Cs/,(3/2)/T appear

( peak

spin/orh) are marked with arrows in Fig. eff). One

can clearly notice that the Tg;ik coincides with TP in
the Mott metal whereas two crossover temeratures be-

come separated in the metals with finite AT°"°" such

as WH metal. Furthermore, below T Slifiik the quasiparti-
cle scattering rate I' = — ZIm[X(iw)] |w—>0 roughly follows

the Fermi-liquid behavior (I' oc 7%). This result is con-
sistent with the observation that Cs(8/2)/T is sublinear
in T when T < TP,

While we mainly focus on the generic features of Mott
and Hund physics, its relevance to RE;_5SrsNiOs is of
particular interest. Our two orbitals can be regarded as
Ni-d,2_,» and another Ni-d orbital. Ab initio estimate of
Coulomb interaction for a Ni-e, model reads U/D ~ 1.7
and J/U ~ 0.2 [40], which falls into the WH metal region
(Fig. b)) However, A, the on-site energy level splitting
between two orbitals, and its competition with J should
also be taken into account. If A dominates over .J, sin-
glet |2,0) would be favored over triplet |2,1) hampering
strong Hund’s physics. In the presence of A, eigenvalues
of local Hamiltonian are Ejp gy = U — A —+/J2 + A2 -2y
and Ejp 1y = U —3J — A —2p for [2,0) and |2, 1), respec-
tively [74]. Hence, the criterion for predominance of |2, 1)



over |2,0) (ie., Ejg1y < Ejg)) is J/A > v/2/4 ~ 0.354.
However, estimated value J/A ~ 0.3 for Ndg gSrg.2NiO2
between two Ni-e, [40, 65] is slightly smaller than the
“bare” critical value J/A ~ 0.354. In this respect, nick-
elates may belong to the competing region where large
J/U favors Hund’s metallicity while J/A which is slightly
smaller than its threshold value refrains from forming
high-spin in the two-hole atomic state (see SM for related
DMFT results [74]). Thus, metallic nature of doped nick-
elates are sensitive to the small changes in J/A. Inter-
estingly indeed, recent full-band ab initio study reports
higher weight of |2,1) than |2,0) [68] indicating the ef-
fective enhancement of J/A. Further studies are highly
desirable to confirm our picture.

To conclude, we have identified distinctive correlated
metal regimes emerging out of two-orbital Hubbard
model at quarter-filling. This simple model is revealed
to be differentiated from three- as well as five-orbital
models in their Hund’s metal active fillings, showing the
transition to the VS phases. We found a generic scal-
ing relation between the degree of spin-orbital separa-
tion (AT°"°") and U.g, and established a weak Hund’s
metal behavior in which J enhances the correlation
strength.  We also discussed the implications of our
two-orbital picture for the nature of metallic state of
RE;_sSrsNiOy. We also remark that in this line of multi-
orbital viewpoint on nickelates, the role of nonlocal cor-
relations/interactions and the emergence of symmetry-
broken phases [6, [15], 27, 28, Q0HI3|] are intriguing open
problems. In addition to RE;_5SrsNiOs, the low-energy
physics of RNiOg (R: rare-earth elements) is reported to
be well described by Ni-e, bands [94] [05]. Thus, a series
of analysis presented in this study should also provide
useful insights to these compounds.
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