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Deposition of Bi on InSb(111)B reveals a striking Sierpinski-triangle (ST)-like structure in
Bi thin films. Such a fractal geometric topology is further shown to turn off the intrinsic
electronic topology in a thin film. Relaxation of a huge misfit strain of about 30 to 40%
between Bi adlayer and substrate is revealed to drive the ST-like island formation. A
Frenkel-Kontrova model is developed to illustrate the enhanced strain relief in the ST
islands offsetting the additional step energy cost. Besides a sufficiently large tensile strain,
forming ST-like structures also requires larger adlayer-substrate and intra-adlayer elastic
stiffnesses, and weaker intra-adlayer interatomic interactions.



The Sierpinski triangle (ST) [1] is a self-similar fractal with a fractional Hausdorff
dimension dy = log,3 = 1.58496 --- and with fascinating mathematical properties [2].
Historically, such beautiful patterns were often utilized for aesthetic reasons, especially in
architecture, e.g., on the medieval floors in Rome [3]. Many fundamental and intriguing
phenomena in ancient and modern mathematics and physics, as well as computer science,
are related to the STs, such as Pascal triangles [4], towers of Hanoi [5], chaos games [6],
cellular automata [7], DNA computing [8,9], etc.

Theory and experiment have shown that fractal materials can exhibit plentiful and
unusual thermal, mechanical, electric, electronic, electromagnetic, and optical properties
which are often desirable for prospective nanodevice applications [10-16]. Fractal
quasicrystals have even been predicted to possess nontrivial electronic topology usually
pertained to crystals [17,18]. Recently, there has been also considerable interest in
fabricating ST-like fractal materials, although the synthesis of such systems is notoriously
difficult [19]. In 2014, a terpyridine-based architecture mimicking ST was synthesized in
solution [20]. Subsequently, several research groups have successfully fabricated the
fractal supramolecular materials featuring the ST pattern on the coinage metal surfaces:
Ag(111) [21], Ag(100) [22], Au(111) [23-28], Au(100) [29,28], and Cu(111) [30], as well as
on graphite surface [31]. These fabricated fractal supramolecules can be organic, metal-
organic, CO compounds, etc. [16]. Theoretically, Monte Carlo simulations show that the
formation of molecular STs in these systems is essentially related to directional
intermolecular bonds [32,33].

As indicated above, previous fabrication of STs in experiments is by assembling small
carbon-based molecules into supramolecules. There has not yet been any report of the
synthesis for STs composed of single-element atoms. Obviously, experimental fabrication of
such pure single-element STs is more challenging without the specifically-shaped tectons
providing directional intermolecular interactions [32,33]. In this work, by depositing Bi
atoms on an InSb(111)B surface around 400 K, we have observed ST-like Bi films with a
thickness of one to three monatomic layers (MLs) from our scanning-tunneling-microscope
(STM) experiments. Our proposed theoretical model reveals that the formation of a Bi ST
island requires an unusually large lattice mismatch between a monatomic Bi adlayer and
substrate, relatively large adlayer-substrate and intra-adlayer elastic stiffnesses, and
relatively weak intra-adlayer interatomic interactions. This formation mechanism
essentially differs from that of the supramolecular STs synthesized previously.

In addition, it has been predicted theoretically that an ultrathin Bi film exhibits a stable
nontrivial topological property [34-36], which makes the investigations of heteroepitaxial
growth of ultrathin Bi films fundamentally interesting. Experiments have demonstrated the
existence of nontrivial topological edge states of single Bi(111) bilayer grown on Bi;Te3
films [37], as well as coexistence of topological edge state and superconductivity of Bi(111)
ultrathin film grown on the NbSe; superconducting substrate [38]. Theoretical prediction
of high-temperature quantum-spin-Hall state in an epitaxial Bi layer (called “bismuthene”)
grown on semiconductor substrates [39-41] has been recently confirmed experimentally
for a SiC substrate [42]. A possible realization of topological high-temperature
superconductivity in a hybrid of Bi(110) ultrathin film and copper oxide superconductor



has been also reported recently [43]. Therefore, it is of interest to assess if the electronic
topology is retained in ST Bi films.

The most common phase of a Bi bulk crystal is the a-As structure, the geometric
parameters for which and Bi(111) film surface structure are shown in Fig.S1. Bulk InSb is
of a zincblende structure. An InSb(111) surface with In termination is often called
InSb(111)A surface, while an InSb(111) surface with Sb termination is often called
InSb(111)B surface. The structure parameters for bulk InSb and (111) surfaces are shown
in Fig.S2. An InSb(111)B surface can exhibit (3x3), (2x2), or (3%X1) reconstruction,
depending on the experimental conditions [44-51]. In our experiments, a smooth
InSb(111)B surface is produced via an ultrahigh-vacuum (UHV) cleaning process (see Sec.
S2 for details). STM, reflection high-energy electron diffraction (RHEED), and two-
dimensional fast-Fourier-transform (2D-FFT) measurements indicate that the InSb(111)B
surface is (3%x3)-reconstructed (see Fig.S3). For the (3x3)-reconstructed InSb(111)B
surface, a currently accepted model is that proposed by Wever, et al. in 1994, where the
reconstructed top layer was determined to be composed of three types of In-Sb hexamers:
a-, -, and y-rings, from their x-ray diffraction and STM analyses [47]. This model also
reasonably agrees with other experimental observations [46,50,51]. These conclusions are
generally consistent with our STM results in Fig.S3.

In our experiments, we deposit Bi atoms to a desired coverage 8 (in unit of ML; see Sec.
S1) on the prepared InSb(111)B substrate surface (as described above) at a temperature
Tyep- After deposition, we quench the system to room temperature (RT) with a total cooling
time of t.,,;. We measure the STM images at the liquid helium temperature of about 4 K.
For more STM measurement details, see Sec. S1.

The STM images in Fig.1a,b show typical ST-like Bi films or islands formed on
InSb(111)B surface at 8 = 2 ML, where different island height levels: 0, S, 2, S3, 4, and B
from lower to higher, are labelled. For a clearer view, these levels are plotted into a
schematic in Fig.1c. Corresponding to the blue, red, and pink lines A, B, and C in Fig.S1b, the
height profiles are shown in Fig.1d,e,f, respectively. Level 0 is assumed to be a wetting layer
composed of Bi, Sb, and In atoms by considering the (3x3) reconstruction of InSb(111)B
surface (as describes above) before deposition. As analyzed below, Level S; corresponds to
a ST-like 1-ML Bi on the wetting layer, Level 2 to a 2-ML Bi, and Level S3 to a ST-like 1-ML
Bi on 2-ML Bi. From our STM measurements (e.g., see Figs.2,S4-56), the regions of Level 2
are (2x2)-reconstructed or disordered (see Sec. S3.5). Level 4 has a low occurrence
statistically and is expected to be of 4-ML Bi (see analyses below). We label the higher bulk-
like islands than Level 4 as Level B.
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FIG. 1. (a,b) STM images of typical ST-like Bi islands formed on InSb(111)B substrate at

6 =~ 2 ML. See Sec. S1 for details. (c) Schematic for different island height levels
corresponding to the labels in (a,b). (d,e,f) Height profiles for red, blue, and pink lines A, B,
and C in (b), respectively.

To model the atomistic structure of ST-like islands, we measure various side lengths of
STs. The measured typical STs are shown in Fig.2a, where 8 =~ 1 ML. There are 3 height
levels for this coverage, as shown by the line scan in Fig.2b. The height differences from
Level 0 to S1 or from S1 to 2 are about 0.186 nm, which is consistent with the values around
0.18 nm at 8 = 2 ML in Fig.1d. In Fig.2c, we highlight various side lengths of STs by purple
lines, e.g., for a large ST, three longest side lengths are about 24a, and the three side
lengths of the inner larger vacancy triangle are about 8a,, while each of side lengths of
three inner smallest vacancy triangles are about 5a,, where a; = 0.45816 nm is the
InSb(111) plane lattice constant from experiments [52-54]. For the dashed triangle, each
side length is about 12a,. That is, all these side lengths are approximately equal to integer
multiples of a,. Thus, a model for the atomistic structure of a ST Bi island can be obtained
with the side lengths which can accurately match our experimental measurements, as
plotted in Fig.2d. Here it should be also noted that the above side lengths are statistically
representative values based on analysis of multiple STs from our STM images.

It is important to point out that the above STM analysis indicates that the nominal 1-
ML Bi film has a huge lattice mismatch (> 30%) with the substrate, as described below.
Therefore, the film is unlikely to grow coherently to form extended defects to relieve strain.
Instead of a normal mechanism of forming dislocations, islands, or voids [55,56], a novel
unique strain relief mechanism via formation of ST-like structure is revealed, as elaborated
below. Specifically, for a 1-ML Bi island with N Bi atoms on a substrate with a surface lattice
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parameter [, the total energy can be expressed as Eyys = Eejectronic + E 3;:5? +ELD  based
on a generic form of Frenkel-Kontrova-type Hamiltonian for elastic relaxations in bulk
alloys [57] (for three terms, see Sec. S2.1). Considering the measured side lengths for STs in
Fig.2, we reasonably assume that the underlying InSb(111)B substrate has a triangular
lattice with [ = ay = 0.45816 nm at the interface. Other model parameters include spring
parameters k; (adlayer-substrate) and k, (intra-adlayer), effective interaction parameter ¢,

and equilibrium adlayer lattice parameter b (see Sec. S2).
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FIG. 2. (a) STM image at 8 = 1 ML. See Sec. S1 for details. (b) Height profile for a red line in
(a). (c) The same image as (a). Side lengths of STs are indicated. (d) Atomistic structure
model for a 1-ML Bi ST with all side lengths accurately matching the lengths measured in
(c). A purple ball denotes a lattice site occupied by a Bi atom and a gray ball denotes an
unoccupied lattice site.
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FIG. 3. Shapes and energies of four configurations after energy minimization for 1-ML Bi
islands with the same number of Bi atoms, N = 267. A purple ball represents a Bi atom and
a light ball represents a lattice point below this Bi atom. For C0, C1,and C2, b = by, =
0.3304 nm, k, = kqy, = 766 eV/nm?, and ¢ = ¢y, = —0.747 eV; for C3, b = by =
0.2865 nm, k, = kgpain = 814 eV/nm?, and ¢ = P, = —1.638¢€V; forall, l = ay =
0.45816 nm and k; = kg, = 307 eV/nm?.

Consider four configurations with N = 267 in Fig.3. CO corresponds to the ST in Fig.2d.
In principle, one can assess the thermodynamic stability of CO by constructing a large
number of configurations with the same N and then comparing their energies with CO after
energy minimization. However, analysis of just few judiciously selected configurations is
sufficiently informative. We choose C1, C2, and C3. For C1, only the larger void in the
middle remains relative to CO and the three smaller voids around it are filled by truncating
three ST edges to retain 267 atoms. For C2, we consider the limit of a compact island
without any voids retaining 267 atoms. For C3, we consider the opposite limit to C2, where
a single large void is bordered by three Bi monatomic chains. The energies of other
configurations are expected to be between these limiting cases.

In contrast to C3, the configurations C0, C1, and C2 all involve portions of complete
compact 1-ML Bi film. This motivates selecting the same set of parameters for them:
b = by, = 0.3304 nm, k, = kqy, = 766 eV/nm?, and ¢ = ¢y, = —0.747 eV. by, is the
DFT equilibrium lattice parameter for complete freestanding 1-ML Bi film (see Fig.4a) and
significantly less than a,. Therefore, the nominal 1-ML Bi film has a huge tensile strain
€ = 38.67% relative to ay. k1, and ¢y, are estimated from our DFT calculations for the 1-
ML Bi. C3 is made up of three monatomic Bi chains with an only slight deviation from the
chain shape at each vertex, so we approximately take the parameters to be b = b, =
0.2865 nm, ky, = k.in = 814 eV/nm?, and ¢ = @ .in = —1.638 eV. b, is the DFT
equilibrium lattice parameter for infinite Bi chain (see the inset of Fig.4a). ki, and @ pain
are estimated from our DFT calculations for the Bi chain. We also take k; = kg, = 307



eV/nm?2, which is a typical value estimated from our DFT calculations. Using these
parameters (see Sec. S3 for estimating all parameters) as input, we obtain the optimized
energies per Bi atom, E = E,,;;/N, which are E;y = 7.982 eV, E;; = 9.689 eV, E., = 11.441
eV, and Ec3 = 10.060 eV for the four shapes, and then E.q < E¢; < Ec3 < E,. Thus, CO is
energetically most favorable, while the most compact C2 is least favorable. To examine how
the results depend on the parameters k4, k,, ¢, and b, we plot E versus the specific
parameters ry, 7y, and b in Fig.S7. Briefly, the above conclusion remains for varying k, and
k,, or ¢, in reasonable ranges. For b, we find a critical value b. = 0.4271 nm
(corresponding to a tensile strain e, = 7.27%)), i.e.,, CO is more favorable than C1 and C2 for
b < b, (or € > ¢&.), and unfavorable relative to C1 and C2 for b > b, (or € < €_.). See Sec. S2.3
for details. Therefore, our key finding is that CO affords more efficient strain relief than C1
and C2 for larger mismatch strain.

To understand the height levels observed in experiments, we perform DFT calculations
for freestanding 1- to 4-ML Bi slabs with thicknesses L = 1 to 4. We find three phases
(energy minima) for L = 2, 3, or 4 in the range of lateral lattice parameter b from 0.3 to 0.7
nm versus only one energy minimum for L = 1, as shown in Fig. 4. The existence of these
local energy minima reflects the competition between van der Waals and covalent
interactions with varying lateral and vertical Bi-Bi distances (b and interlayer spacings d;,
d,, and/or d3). The most-stable phases for L = 1 to 4 have the equilibrium lattice
parameters by, = 0.3304 nm, by, = 0.4309 nm, b3y, = 0.3437 nm, and b,y = 0.4425
nm, respectively.

Based on the DFT surface energies y (Table S1), the stability orderis L = 2,4, 1, and 3,
i.e., even-L slabs are much more stable than odd-L slabs. y;-; = 4.091 eV/nm? is relatively
high, so the compact 1-ML Bi (C2) is not observed in STM images. Instead, the more stable
1-ML ST Bi island (CO) forms as Level S1 due to inhibited interlayer transport (Level S1 is
metastable relative to Level 2; see Sec. S3.5), as analyzed above. Level 2 corresponds to
L = 2, which is the most-stable thickness due to the lowest y;_, = 1.654 eV/nm?, and
therefore this level has a high occurrence rate in STM images. In contrast, Level 4
corresponding to L = 4 has a very low occurrence rate in STM images (see, e.g., Fig.1)
because y; -, = 1.885 eV/nm? is slightly higher than y; -, = 1.654 eV/nm?, while
Y1=3 = 5.961 eV/nm? is much higher so that 3-ML Bi is unobservable. Level B mainly
corresponds to even-L Bi islands with L > 4. In addition, metastable phases in Fig. 4 are not
generally expected to be observed in experiments. For more stability-analysis details of Bi
films, see Sec. S3.

Level Sz has a significantly high occurrence rate. We interpret this level as a 1-ML ST-
like Bi film forming on a superstable 2-ML Bi film, where the nominal 1-ML Bi film has a
strain € = 30.42% relative to [ = b,y = 0.4309 nm. This strain is also sufficiently large to
form 1-ML ST Bi islands on a 2-ML Bi film. As listed in Table S2, CO (corresponding to Level
S3) is always more favorable than the compact island C2 (corresponding to 3-ML Bi) as long
as k; is not too small. Relative to 3-ML film with [ = by, = 0.3437 nm, 1-ML Bi film has a
small strain € = 4.03%, and then CO is generally more unfavorable than other shapes (see
Table S2 again), i.e., forming ST-like structures on 3-ML Bi film is impossible. Relative to 4-
ML (o0-ML) film with | = by, (boomr) = 0.4425 (0.4546) nm, 1-ML Bi film has a large
strain € = 33.93% (37.59%). However, we expect that k; would be significantly reduced



with increasing L > 2 due to the adlayer Bi is far away from the InSb surface (see Sec. 3.4).
Too small k; does not favor formation of ST structure but favor C2 (see Table S2) i.e,,
forming ST-like structures on 4-ML (c0-ML) Bi film would be unlikely. Instead, Level B
basically reverts to conventional homoepitaxy, where the solid triangular islands grow
with well-known properties [58] (see, e.g., Fig.S5).

Although we do not include InSb substrate in our DFT calculations, it is informative to
compare DFT interlayer spacings in Fig. 4 with height levels in Fig. 1. The height difference
between Level S1 and 2 is 0.1832 nm, reasonably consistent with d; = 0.1751 nm of 2-ML
film (phase II). The height difference between Level S1 and 4 is about 0.58 nm, reasonably
consistent with d; + d, + d; = 0.6009 nm of 4-ML film (phase II). The height difference
between Level S1 and S3 is about 0.39 nm, which happens to be close to Bi bulk d = 0.4091
nm.
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FIG. 4. DFT chemical potentials u (the energy per Bi atom relative to gas phase) versus
lateral lattice parameter b for freestanding (a) 1-, (b) 2-, (c) 3-, and (4) 4-ML Bi slabs.
Interlayer spacings (d4, d,, and d3) for 2-, 3-, and 4-ML slabs, as well as magnetic moments
m for 1 ML in (a) and chain in the inset of (a), are also plotted. For details, see Sec. S3.2.

Finally, we examine electronic topological properties of ST films. Our DFT analysis first
demonstrates that freestanding 1- and 3-ML Bi films are topologically trivial, while 2- and



4-ML Bi are topologically nontrivial, consistent with previous predictions [35,36]. Then we
perform an electronic structure analysis for a 5 X 5 supercell with one or seven Bi atoms
removed from top Bi ML and find that such configurations are topologically trivial. Thus, a
ST Bi film observed in our experiments is likely to be topologically trivial and consequently
turn off the topology of nontrivial 2- or 4-ML Bi film. For details, see Sec. S3.7.

In summary, we have realized Bi ST structures grown on InSb(111)B surface. This is
the first observation of single-element STs self-assembling on a semiconducting surface.
Our STM measurements and theoretical analyses suggest that a ST ML as an adlayer can
form on wetting layer or 2-ML Bi film. The formation of ST structures requires a specifically
large adlayer-substrate lattice mismatch (with tensile strain), sufficiently strong adlayer-
substrate and intra-adlayer elastic stiffnesses, and sufficiently weak intra-adlayer
interatomic interactions. Such fractal ST structures, as observed in our experiments, are
expected to be able to turn off the electronic topology of Bi films. Such a feature could
potentially provide a controllable way to tune the topological property in a quantum-spin-
Hall thin film. This could make the system attractive to explore controlled Majorana
Fermion formation for realizing topological quantum computing.
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