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A network of propagating nonlinear oscillatory modes (waves) in the human brain is shown to
generate collectively synchronized spiking activity (hypersynchronous spiking) when both amplitude
and phase coupling between modes is taken into account. The nonlinear behaviour of the modes par-
ticipating in the network are the result of the non-resonant dynamics of weakly evanescent cortical
waves that, as shown recently, adhere to an inverse frequency-wavenumber dispersion relation when
propagating through an inhomogeneous anisotropic media characteristic of the brain cortex. This
description provides a missing link between simplistic models of synchronization in networks of small
amplitude phase coupled oscillators and in networks built with various empirically fitted models of
pulse or amplitude coupled spiking neurons. Overall the phase—amplitude coupling mechanism pre-
sented in the Letter shows significantly more efficient synchronization compared to current standard
approaches and demonstrates an emergence of collective synchronized spiking from subthreshold
oscillations that neither phase nor amplitude coupling alone are capable of explaining.

Brain electromagnetic activity shows an abundance of
oscillatory patterns across a wide range of spatial and
temporal scales making the question of their interaction
and synchronization an important issue that has been
widely discussed in the literature [I]. All the typical ap-
proaches to the question of synchronization of multiple
interconnected (neural)-networks can be divided into two
big groups. The first approach works with network com-
prised of multiple harmonic oscillators in small (and con-
stant) amplitude limit [2H8]. The second approach stud-
ies networks of multiple empirical nonlinear elements, e.g.
various variants and simplifications of heavily over-fitted
Hodgkin-Huxley neurons [9], including a multitude of
ad hoc “integrate and fire” (IF) neuron models [I], [10-
15]. Both approaches have there own advantages and
drawbacks, but the main problem is that although they
are often considered as complimentary, they are not just
incompatible, they are based on contradictory assump-
tions. The first approach assumes that a phase of oscil-
lations is the cornerstone of the synchronization process
and all the importance of the amplitudes is second to
none, hence the oscillating amplitudes can be safely as-
sumed to be constant. The second approach on the con-
trary deems phase information to be nothing more then a
sub-threshold noise that can be safely thrown away com-
pletely and just accumulates amplitudes of the arriving
spikes or pulses when processing an input from multiple
IF network members hoping that the discarded individ-
ual sub—spike phase information will magically be resur-
rected in a new form as population averaged synchronous
phase.

Recently it was experimentally discovered that long—
range (at the distance of 60mm apart or even more) corre-
lations exist in human cortex in the 100-400Hz frequency
range [16]. This frequency range corresponds to 2.5-10ms

signal periods, i.e. it is at or even below duration of a sin-
gle neuronal spike and, hence, it requires coherent spiking
at the single neuron level and not just some average pop-
ulation synchrony. Neither of the two methods of phase
coupled harmonic oscillators or pulse coupled IF neurons
are capable of explaining this level of spiking synchrony
as it is acknowledged in the literature that “there is no
known mechanism through which the spikes of multiple
neurons could be synchronized so precisely” [17].

The recently developed theory of weakly evanescent
cortical waves (WETCOW) [18] provides a mechanism
appropriate for explanation of long—range high frequency
correlations and multiple wave modes and spikes syn-
chronization up to and below single spike duration (hy-
persynchronous spiking) that follows directly from lin-
ear and nonlinear properties of wave modes. The linear
wave dispersion relation predicts an inverse frequency—
wavenumber dependence, hence the correlations at the
highest frequencies should manifest themselves at the
longest spatial scales in agreement with properties re-
ported in [I6]. The model of nonlinear interactions of
those wave modes provides a mechanism of generation
of spiking activity from their collective input, hence it is
appropriate for explaining the physical origin of hyper-
synchronous spiking.

In this Letter we show that nonlinear model of brain
wave modes developed in [I8] can be reformulated us-
ing a simple but general Hamiltonian form that includes
all possible nonlinear interaction at the lowest order of
nonlinearity. Dynamical equations defined by this wave
Hamiltonian reproduce oscillatory activity from linear
(harmonic) wave regime to nonlinear spiking modes. Ex-
tending the Hamiltonian to include a pairwise coupling
appropriate for a network of multiple nonlinear wave
modes results in amplitude and phase coupled nonlin-



ear equations that show more efficient synchronization
comparing to just phase coupling alone. For sufficiently
strong coupling the spiking activity that emerges at dif-
ferent part of network from the small amplitude (below
spiking detection or sub-threshold level) oscillations is
synchronized not just in some averaged (spiking popu-
lation) sense but at a single spike level. This ampli-
tude/phase coupling approach thus provides a missing
bridge between phase only coupling models of harmonic
oscillator networks and amplitude (pulse) coupling mod-
els of IF neurons.

A nonlinear Hamiltonian form for an anharmonic os-
cillatory mode with a complex amplitude a in the lowest
order of nonlinearity can be assumed to have an expres-
sion

H*(a,a') = Taa'+ aa' [ﬂaa + Baral — 20 (aaT)l/Q] (1)

where @ is a complex oscillation amplitude and af is
its conjugate. The first term T'aat denotes the harmonic

(quadratic) part of the Hamiltonian with the complex
valued frequency I' = iw + ~ that includes both a pure
oscillatory frequency w and a possible weakly excitation
or damping rate . Because of the presence of this v # 0,
the conjugate T does not denote just the complex con-
jugate but more generally it also describes the growth
or decay of the amplitude as a result of the presence of
excitation or damping, e.g., for the growing oscillatory
amplitude a ~ "% the conjugate will describe the
correspondent decaying part as af ~ e~ 717t

The second anharmonic term (that is supposed to be
cubic in the lowest order of nonlinearity) can be consid-
ered to include a product of the harmonic term aa’ and
linear (in |a|) term that can be expressed in the most

general form as Bq,a + B,ra’ — 2a (azcﬁ)l/2 (where a, S,
and f,+ are the complex valued strengths of nonlinearity,
and in general we do not assume that the Hamiltonian
is in self-adjoint form, hence in general 3f # B,:). The

terms with either a3 or a® do not appear in the Hamil-
tonian because for propagating waves they do not satisfy
the wavenumber resonance conditions [I8] [T9].

It is worth noting that is very general and can be
used for a description of various anharmonic oscillatory
physical processes valid to the lowest order of amplitude
nonlinearity. In this Letter we have used it as a refor-
mulation of weakly evanescent brain wave modes whose
linear and nonlinear physical properties were presented
in [I8]. In this case, the nonlinear terms can be identified
with the nonresonant interactions of linear wave modes
propagating in either the same (,) or the opposite (5,1)
directions, or with the interactions with phase averaged
nonpropagating modes («).

An equation for the nonlinear oscillatory amplitude a
then can be expressed as a derivative of the Hamiltonian
form

da OH?®
_ - t 2 _ ty1/2
0 oat Ta+ 28,1aa" 4+ Baa” — 3aa(aa’) (2)

Substituting a = ae™’, af = ale™™* g, = Bae~a,
Bat = 1/2B,1€%1 and a = 1/3@&, dropping the tilde, this
can be rewritten as

d » ‘
di(z = ya+ Byraate” @ 0%t) 4 B a2 @I%) — qq(aal)!/?
(3)

(3) is similar (up to the choice of the constants) to
Eq. (29) of [I8] but has an additional oscillatory term
that was not included in [I8]. Substituting in a =
ae @t and af = afe 7% instead of just the oscilla-
tory complex exponents makes it is clear that those two
terms represent the damped B,+aafe=7*~4wt=%t) and
the growing B,a?e?T"(wt=%) parts of the nonlinear input
and the spiking solutions can be obtained even when the
damped term is neglected. Nevertheless, to analyze the
more general case we will keep both of those terms and
will show later that it is the asymmetry between those
terms that provides an explanation for the presence of
the phase difference that plays an important role in col-
lective synchronization and hypersynchronous spiking.

Splitting (3 into an amplitude/phase pair of equations
using a = Ae'® and assuming fBq, B,+ and a to be real
gives equations

A
% = yA + A% (B, cos Uyt + BacosQy —a)  (4)
do . .
- = A (=P, sinQ,t + BasinQy,) (5)

where Q, = Q — 04, Qur = Q — 0,1 and Q = ¢ + wt.
These are similar to Egs. (31) and (32) of [I8] and show
the same solution behaviour, i.e. transition from linear to
nonlinear oscillation to spiking to non-oscillatory regime
with an increase of excitation v as it is evident from Fig[]]
[20].

It should be noted that the asymmetries (i.e. the dif-
ferences between the rising and the falling edges of the
spikes) evident in the spiking solutions obtained both in
Fig. [1| and in [I8] (where additional asymmetric wave-
forms were presented) correspond to a special case that
does not occur if a self-adjoint symmetry of the Hamil-
tonian form is assumed. In a self-adjoint form (i.e.
for B,+ = B1) the Hamiltonian in can be alternatively
expressed as

Hs(a,af) =Taa' + aat [F_~2_+FE] (6)

where F and F_ are defined as

Fy = \/Blal + /B a (7)
F_o=y/plat —\/B_a (8)

and correspond to a symmetric (Fi = F}) and antisym-

metric (F1 = —F_) combinations of the complex oscilla-
tory modes a and af, with complex parameters S_ and



FIG. 1. Linear and nonlinear oscillations, spiking and non-

oscillatory regime of solution of and (5) at different levels

of excitation (v = 0.25,1,1.98 and 2:blue,green,red and ma-

genta). Time is in the units of 27 /w and the amplitude a is in

the arbitrary units. The rest of the parameters are the same

for all plots: w =1, 8a =2, B, =1, a = 3, d,+ = 7/4 and
0q = —m/4.

B+ satisfying the relations

Ba=B-+B4, a=|B-]—[B4] 9)

The parameters when the spiking solutions were ob-
tained both in Fig.[l] and in [I8] correspond to a > 0,
= |B=] > |B+], = |F-| > |F4| and the opposite case
|F_| < |F4| results in diverging solutions. The fixed dif-
ference in the power between — and + modes can be
accompanied by various phase shifts, therefore we intro-
duced those different 6, and J,+ phases in . As it was
shown in [I§] it is this difference in phases that is respon-
sible for the asymmetries in the shape of spikes. Here we
have augmented the theory presented in [I8] to account
for these phase differences as a consequence of symmetry
considerations. Though the asymmetries in the spiking
waveforms caused by this phase difference might appear
subtle, this is important aspect of the theory as these
asymmetries are observed experimentally [I7]. but have
not been explained by any existing theory. The effect
on synchronization, however, is not subtle at all, as we
demonstrate below.

These symmetry considerations create some (although
very distant) analogy with symmetry differences between
bosons and fermions. The antisymmetric form allows or-
ganization of the oscillations into highly ordered spike
sequences. That is, it enforces in some sense the single
oscillation quanta—single state “fermionic”—like selection
rule by only allowing generation of a and a' pairs. On
the contrary, the symmetric form results in accumulation
of oscillations in disordered divergent “bosonic” states.
However the important point is that the observational

fact of asymmetric spiking waveforms suggests the ex-
istence of distinct symmetric and anti-symmetric brain
wave states. The origin of these is unknown.

As it was shown in [I8] the spiking solution of Egs. (31)
and (32) of [I8] (that are similar to the system
and of this Letter) appears near the critical point
where the oscillatory state undergoes bifurcation and
transitions to a nonoscillatory regime as  reaches the
value above the critical point. Assuming as in [I§] that
the non—oscillatory regime requires that dA/dt — 0 and
d¢/dt — —w (or ¢ — —wt+ ¢y, with ¢y being some arbi-
trary phase) as t — oo, it is easy to see that the relative
contribution of the excitation or damping in the ampli-
tude exponents is proportional to «/w which is given by

a — Bt cos(do — 041) — Ba cos(Po — 0q)
Baf Sin(¢0 - 5aT) - ﬁa Sin(¢0 - 5a) 7

and for the parameters of Fig. [I] this defines a range
—2/5 < v < 2 with bifurcation at .+ = 2 in an ex-
cellent agreement with the transition from oscillatory to
nonoscillatory regime obtained in numerical solutions of
Fig.[1}

The Hamiltonian form for a network of multiple cou-
pled “fermionic” state oscillators can then be written as

Yoo = (10)

H(a,aT):Z HS(ai,az)—f—Z(airija;—&—ajrfjaj) (11)

i jF#i

where a = {a;} and r;; = Rijem” is the complex net-
work adjacency matrix with R;; providing the coupling
power and A;; taking into account any possible differ-
ences in phase between network nodes. And an equa-
tion for the complex amplitude a; (again after a sub-
stitution of a; = d;e™?, ai = g;teiwit B, = Be"a,
But = 1/2B,1€"% | a = 1/3& and dropping the tilde)

da; (it (wit—
dtZ = i + Barazale” i 0%0) 4 g afel it o)
— aa;(a;al)'? + > rpagel@iment (12)
J#i

now includes the coupling term. That gives for the am-
plitude A; and the phase ¢; a set of coupled equations

dA; . .
i viAi + A7 (Bat cos Qi + B cos Q) — @)
+ ) RijAjcos(@) — Q1 — Ay), (13)
J#i
A; djzl = _Az2 (Baf sin QZT - Ba sin QZ)
+ 3 RijAjsin(Q — Q7 — Ayj). (14)
J#i

where Q) = Q' — §,, QF, = QF — 4,1, QO = ¢; + wit,
and the coupling terms are dependent upon 7 — Q' =



(¢j — ¢i) + (w; —w;)t. In the small (and constant) ampli-
tude limit (A; = const) this set of equations turns into
a set of phase coupled harmonic oscillators with a famil-
iar sin(¢; — ¢;---) form of phase coupling. But in its
general form and include also phase dependent
coupling of amplitudes (cos(¢;—¢; - - - )) that dynamically
defines if the input from j to i will either play excitatory
(I —i-+---| < 7/2) or inhibitory (|é;—i+---| > 7/2)
roles (this is in addition to any phase shift introduced by
the static network attributed phase delay factors A,;).

A B

FIG. 2. Comparison of synchronization of phase-only con-
stant amplitude harmonic oscillators (A,B) with amplitude-
phase coupling of nonlinear and model (C,D). Net-
work of 100 ring connected oscillators (R;; = 0.025, |i—j| < 2
and R;; = 0, |i—j| > 2) shows only transient weekly synchro-
nized state (the order parameter » = 0.32) in the phase-only
system (A,B) vs strongly synchronized spiking (the order pa-
rameter r = 0.9999 and still gradually increasing) in (C,D).
Single frequency (w = wo = 1) was used for both cases and
Ba =2, Byt = 1, a = 3, v = 1875, 5,y = /4, 3 = —7/4
were the parameters for nonlinear and system.

The relatively simple set of equation and de-
rived from the simple but nevertheless general Hamilto-
nian form is capable to describe rich oscillatory and
nonlinear dynamics as well as more efficient synchroniza-
tion compared to phase-only coupled system of harmonic
oscillators even for the relatively weak coupling. Fig. 2]
shows comparison of synchronization in a weakly coupled
network of phase-only constant amplitude harmonic os-
cillators vs amplitude and phase coupling of nonlinear
system and [20]. The identical single frequency
w = wp = 1 harmonic oscillators coupled in a ring with
just 4 nearest neighbors (R;; = 0, |i—j| > 2) is still show-
ing a transient behaviour at ¢ = 200 with the order pa-
rameter r = 0.32 (panels A and B) whereas the strongly
synchronized spiking with mean frequency w ~ 0.175wq
is formed as early as about t = 10 for the nonlinear am-
plitude and phase coupling system and with the
order parameter r = 0.9999 (panels C and D).

For a network with multiple individual frequencies

A B
C D
E F

FIG. 3. Emergence of hypersynchronized spiking in a net-
work of multiple frequency (w; < wo = 1, w; is uniformly
distributed between 0.1 and 1, w; = 0.54, o, = 0.25) weakly
forced (s = 0.25) nonlinear oscillators. (A,B) shows low am-
plitude nonlinear oscillations of uncoupled set. (C,D) shows
emergence of relatively weakly synchronized state with 3 dis-
tinct frequency groups at roughly 0, 0.3 and 0.6 plus some sin-
gle elements at intermediate frequencies for a nearest neighbor
random coupling (R;; = 0, |t — j| > 1, Ry; = 1, or = 0.415).
(E,F) shows emergence of strongly synchronized state with
mean frequency at roughly ~ 0.5 and with the order pa-
rameter 7=0.9882 for all to all random coupling R;; = 0.01,
or = 0.0083.

w; < wg = 1 uniformly distributed between 0.1wg and
wp and with only a weak forcing at ~; = 0.25, that is
not sufficiently strong for generating spikes at individual
uncoupled modes (as it can be seed from panels A and B
of Fig.[3] where all the amplitudes of oscillations are be-
low 0.1 and the phases are clearly showing the expected
spread from 0.1 to 1, the order parameter r=0.0792),
the coupling triggers collectively synchronized spiking at
multiple frequencies (panels C and D) for a local nearest
neighbor coupling or at a single mean frequency (panels
E and F) for a global coupling (i.e. all-to—all or coupling
of every node to all nodes in the network).

This level of synchronization effectiveness is main-
tained as a number of network nodes N increases and
goes to infinity as can be seen in Fig.[d] (panel C). The
network of Fig. [4] includes the large number of nodes
N = 10032 split into 48 local groups located in different
cortical regions (some of the nodes from several regions
are shown in panel A) with 55mm the mean distance be-



FIG. 4. (A) Network of N = 10032 nodes split in 48 local
cortical regions with every node connected to 10-11 nodes
from every other region. (B) The plot of pairwise correlations
averaged across all nodes showing a peak at 300-500 Hz range
in agreement with [16]. (C) Plot of synchronized oscillations.

tween regions (and 61mm the standard deviations). Each
node is connected to 500 different nodes with 10-11 nodes
from every region. The linear network frequencies are
randomly distributed from 1Hz to 1KHz. A plot of pair-
wise node correlations averaged across all pairs (shown
in panel B) clearly demonstrates the peak between 300
and 500 Hz in agreement with [16].

In conclusion, in this Letter we have presented a re-
formulation of the nonlinear model of weakly evanescent
cortical wave (WETCOW) modes developed in [18] into
a Hamiltonian form using a simple but general Hamil-
tonian representation that includes all possible nonlin-
ear interactions at the lowest order of nonlinearity. Dy-
namical equations defined by this wave Hamiltonian re-
produce oscillatory activity from the linear (harmonic)
wave regime to nonlinear spiking modes. Extending the
Hamiltonian to include a pairwise coupling appropriate
for a network of multiple nonlinear wave modes results
in amplitude and phase coupled nonlinear equations that
show more efficient synchronization comparing to just
phase coupling alone. For sufficiently strong coupling
the spiking activity that emerges at different parts of
network from the small amplitude (below spiking detec-
tion or sub-threshold level) oscillations is synchronized
not just in some averaged (spiking population) sense
but at a single spike resolution or below. This ampli-
tude/phase coupling approach thus provides a missing
link between phase only coupling models of harmonic os-
cillator networks and amplitude (pulse) coupling models
of IF neurons, and has implications for understanding
experimentally observed synchronous behaviour in the
human brain.
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