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The intrinsic spins and their correlations are the least understood characteristics of fission frag-
ments from both theoretical and experimental points of view. In many nuclear reactions the emerg-
ing fragments are typically excited and acquire an intrinsic excitation energy and an intrinsic spin
depending on the type of the reactions and interaction mechanism. Both the intrinsic excitation
energies and the fragments intrinsic spins and parities are controlled by the interaction mechanism
and conservations laws, which lead to their correlations and determines the character of their de-
excitation mechanism. We outline here a framework for the theoretical extraction of the intrinsic
spin distributions of the fragments and their correlations within the fully microscopic real-time den-
sity functional theory formalism and illustrate it on the example of induced fission of 236U and 240Pu,
using two nuclear energy density functionals. These fission fragment intrinsic spin distributions dis-
play new qualitative features previously not discussed in literature. Within this fully microscopic
framework we extract for the first time the intrinsic spin distributions of fission fragments of 236U
and 240Pu as well as the correlations of their intrinsic spins, which have been debated in literature
for more than six decades with no definite conclusions so far.

In nuclear reactions a transient system is formed,
which may reach statistical equilibrium as in the case
of Bohr’s compound nucleus [1] or may only survive for a
time shorter than that required to reach statistical equi-
librium. The nature of the transient system varies widely,
depending on the nature and individual characteristics of
the colliding partners, their initial quantum numbers and
collision energies, and the conservation laws that always
control the evolution of the system and the nature of
the final reaction products. As a rule the final products
do not emerge with well defined quantum numbers such
as particle number, intrinsic spins, isospins, parities, lin-
ear momenta or intrinsic energies. Understanding and
being able to evaluate the mass and charge fragments
yields, their final kinetic energies, their intrinsic excita-
tion energy sharing mechanism, the intrinsic spins and
their correlations, and the decay mechanism of the emerg-
ing primary products are of outmost interest for under-
standing the reaction mechanism and for technological
applications as well. In particular, the intrinsic energy
distributions and their intrinsic spin distributions will
determine how the primary reaction or fission products
de-excite and emit various other particles. If well equili-
brated fragments are produced then well established sta-
tistical arguments can be used [2–13].

Intrinsic spin distributions of primary fission fragments
(FFs) cannot be directly assessed in the laboratory, they
control the neutron and γ-emission spectra, and conse-
quently a significantly fraction of the energy released in
fission. The correlations between the intrinsic spins of the
emerging primary FF in particular has been a source of
a debate, driven by models, remained unsettled for more
than six decades [7, 8, 14–26]. The scission mechanism
is still not fully elucidated and both phenomenological
models and incomplete microscopic models often based

on conflicting theoretical assumptions about the charac-
ter of the large amplitude collective motion [27–30], lead
to similar predictions for the fission yields distributions.
The current implementation of the time-dependent den-
sity functional theory (TDDFT) extended to superfluid
systems [31, 32] has proven capable of providing answers
to a wide number of problems in cold atom physics, quan-
tum turbulence in fermionic superfluids, vortex dynam-
ics in neutron star crust, nuclear fission and reactions.
The DFT and the Schrödinger descriptions are mathe-
matically identical for one-body densities [33–35], with
the proviso that in nuclear physics neither the nuclear
energy density functional (NEDF) nor the inter-nucleon
forces are known with sufficient accuracy yet.

At scission (and immediately after) the FFs are still in-
teracting and can still exchange energy, linear, and angu-
lar momentum [36]. These processes can lead to various
relative excitation modes of the FFs known as axial ro-
tation/tilting, twisting, wriggling, and bending, the exis-
tence and importance of which is still of matter of mostly
abstract debate, as a direct and unequivocal experimen-
tal proof of their existence and relevance is still lacking.
Even if an experimental confirmation of their existence
and relevance may prove hard to find, a firm microscopic
evidence of the existence of these modes, rooted in a
fully quantum treatment may however be achieved. We
present here a theoretical framework, which allows us to
extract the FF intrinsic spin distributions and as well as
their correlations, which can shed light for the first time
on the existence and nature of these long speculated axial
rotation/tilting, twisting, wriggling, and bending modes,
with the latter two being doubly degenerate.

We performed TDDFT calculations of 236U and 240Pu
using two different NEDFs, SkM∗ [38] and SeaLL1 [37],
in simulation boxes 302 × 60 with a lattice constant
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FIG. 1. (Color online) Values of |aF
J |2 averaged over ini-

tial multipole moments Q20, Q30 from the even JF-momenta
are displayed with filled symbols, while the contributions aris-
ing from odd JF-momenta are displayed with empty symbols.
The “error bars” characterize the range of the variation due to
the spread of initial multipole moments Q20 and Q30 and en-
ergies of the fissioning nucleus. The |aF

J |2 for the SeaLL1 [37]
and SkM∗ [38] (displaced by ∆JF = 0.36 for better visu-
alization) NEDFs are displayed with filled and empty sym-
bols for the even and odd values of J respectively. The aver-
age (standard deviation) for 240Pu are [AL, ZL]= [103.6(0.7),
41.0(0.3)] and 236U [102.4(2.0), 40.4(0.7)] in case of SeaLL1
and [104.3(1.5), 41.4(0.5)] and [97.9(1.2), 38.9(0.4)] in case of
SkM∗ respectively. The evaluated FF intrinsic spins SH,L at
different FFs separations are shown in the inset for 236U . Typ-
ical behavior of the overlaps 〈Φ|R̂F

x (β)|Φ〉, for one TDDFT
trajectory is shown in the inset for 240Pu. The overlaps’
widths narrow with increasing β and the average SF increases.

l = 1 fm and a corresponding momentum cutoff pcut =
π~/l ≈ 600 MeV/c, using the LISE package as described
in Refs. [29, 39–43]. The initial nuclear wave function
Φ was evolved in time from various initial deformations
Q20 and Q30 of the mother nucleus near the outer sad-
dle until the FFs were separated by more than 30 fm as
in Refs [29, 43]. Our simulations have a number of sig-
nificant differences from previous phenomenological and
restricted microscopic studies available in literature. I)
There are no assumptions, apart from initial axial sym-

metry of the fissioning nucleus, or restrictions imposed
on the time evolution of the fissioning nucleus and of the
emergent FFs. However, we have shown that allowing
for initial states with small non-axial symmetry does not
lead to major changes in the final properties of the FFs,
see Section 3.5.3 in Ref. [41]. Collective rotations and
shape vibrations of the mother nucleus that contribute to
quantum fluctuations are beyond DFT [40] and are not
taken into account in TDDFT. Since the initial fissioning
nucleus is deformed it also rotates, but with a very large
rotational period Trot ≈ 3 × 104 fm/c, which is much
longer than the time the nucleus spends from saddle-to-
scission Ts2s = O(103) fm/c, and therefore the intrinsic
nuclear shape has relatively little time to rotate signifi-
cantly away from the fission direction. Trot in the initial
state can estimated from the energy of the first rotational
state 2+ of 236U, ∆E/∆J ≈ ~ω = 2π~/Trot ≈ 40 keV.
Moreover, while evolving from the ground state shape to-
wards the outer fission barrier the nucleus elongates, its
moment of inertia increases considerably and leads to an
even longer rotational period. II) We study the stability
of our results with respect to varying the nuclear density
functionals and the properties of the final FF intrinsic
spin distributions appear stable. As we stressed in our
previous publications the results of these simulations are
surprisingly stable with varying the parameters of the nu-
clear energy density functionals, in good agreement with
observations, without any attempts of fitting parameters.
III) We make no assumptions about the properties of the
emerging FFs and their “average properties” are notice-
ably different from their phenomenologically prescribed
or equilibrium properties, and they are defined only after
full separation. IV) The FF shapes have enough time to
relax, as we follow them long in time after scission and
the FF large amplitude collective motion is strongly dis-
sipative also.

As soon as the FFs are well separated [29, 43] it is safe
to assume that the FF intrinsic spins are not evolving
anymore, see Fig. 1(a). The intrinsic spin of a FF is eval-
uated then as [41, 44, 45] JF =

∫
dxdyψ†(x)ψ(y)〈x|jF |y〉

with 〈x|jF |y〉 = 〈x|ΘF(r)[(r − RF) × (p − mvF) +
s]ΘF (r)|y〉, and where

∫
dxdy stands for integral over

3D spatial coordinates and sum over spin-isospin com-
ponents, F=L, H (light, heavy), r and p are the nucleon
coordinate and momentum, s its spin, m the nucleon
mass, RF and vF are the center of mass and the center of
mass velocity of the respective FF, and ΘF(r) = 1 only
in a finite volume centered around that FF and other-
wise ΘF(r) ≡ 0. In Ref. [44] the fragment apparently
was not brought into its own rest frame of reference.
In Fig. 1 we show the extracted FF spin distributions
|aF
J |2 = (2J+1)/2

∫ π
0
dβ sinβPJ(cosβ)〈Φ|R̂F

x (β)|Φ〉 with∑∞
J=0 |aF

J |2 = 1, R̂F
x (β) = exp(−iĴF

x β/~), PJ(cosβ) the
Legendre polynomials, and assuming that z is the fission
direction [45–47]. Like the initial state, the FFs have
axial symmetry in our simulations. The presence of the
projection on the FF spatial region and on its own ref-
erence frame is formally equivalent to introducing a re-
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Nucleus NEDF SL SH βL
2 βH

2

236U SeaLL1 10.5 (0.6) 6.8(0.7) 0.67(0.07) 0.09(0.04)
236U SkM∗ 8.6(0.6) 6.3(0.7) 0.46(0.10) 0.09(0.03)
240Pu SeaLL1 10.4(0.3) 6.7(0.5) 0.62(0.04) 0.06(0.03)
240Pu SkM∗ 9.4(0.4) 5.8(0.5) 0.54(0.06) 0.06(0.03)

TABLE I. The averages (standard deviations) of SF and
of βF

2 are evaluated over the set of initial conditions, where
for each FF βF

λ = 4π
∫
d3r nF(r)rλYλ0(r̂)/

[
3A(1.2A1/3)λ

]
,

where nF(r) is the FF intrinsic density. The FF
βL
3 = 0.00 ... 0.02(0.02 ... 0.07) and βH

3 = −0.09 ... −
0.04(0.01 ... 0.03) are noticeably smaller.

duced density matrix, when evaluating the entanglement
entropy [45].

There are a number of new qualitative aspects in our
results when compared to previous either phenomenolog-
ical or restricted microscopic studies [7, 8, 14–26]. Notice
that the spins JF in Fig. 1 are not restricted to even val-
ues of J , as in Ref. [47]. In the absence of reflection
symmetry and/or in the presence of currents the overlap
lacks the symmetry 〈Φ|R̂F

x (β)|Φ〉 = 〈Φ|R̂F
x (π−β)|Φ〉, and

thus for odd J-values |aJ |2 6= 0. (Note that for a spheri-
cal nucleus 〈Φ|R̂x(β)|Φ〉 ≡ 1, |a0|2 ≡ 1 and |aJ 6=0|2 ≡ 0.)
This is reflected in the aspect of the overlap 〈Φ|R̂F

x (β)|Φ〉,
which has a prominent peak at β = 0 and an almost
Gaussian shape, see inset in Fig. 1(b). As Scamps
and Simenel [48] have noticed and was also observed by
us [29, 39, 43] in independent calculations with differ-
ent NEDFs and different implementation of TDDFT, FFs
emerge with non-vanishing octupole deformations. The
LFFs are extremely elongated when the FFs are well sep-
arated with βL

2 ≈ 5 . . . 10βH
2 , see Table I. It is not surpris-

ing that the open shell LFFs have large deformations and
thus can sustain quite large collective angular momenta,
unlike the HFFs. For decades in literature it was stated
that the mass and charge of the HFF is correlated with its
proximity to the magic nucleus, typically 132Sn or 208Pb
in the case of fission of superheavy elements, and with a
strong role of the shell effects [49, 50]. Since the HFFs
are always close to the magic 132Sn nucleus their defor-
mations are smaller than those of the LFFs, a fact re-
flected in the character of the overlaps 〈Φ|R̂Fx (β)|Φ〉 and
by the evaluated primary FFs spins. This is at odds with
phenomenological inferences that the HFFs can carry a
larger intrinsic spin, and doubts about the veracity of
such an assumption were raised for quite some time [24].
At large separations the octupole moments of both FFs
are relatively small, βL

3 = 0.00 . . . 0.02(0.02 . . . 0.07) and
βH
3 = −0.05 . . . 0.09(0.01 . . . 0.03). The maximum and

the range of the collective spin a nucleus can sustain are
larger for more deformed nuclei [46, 51].

There are clear odd-even J-effects in the |aJ |2 dis-
tributions, and the odd values of J are slightly sup-
pressed when compared to the neighboring even values
of J . One should remember that we did not perform

Nucleus NEDF 〈Φ|JL
x J

H
x |Φ〉 〈Φ|JL

y J
H
y |Φ〉 〈Φ|JL

z J
H
z |Φ〉

236U SeaLL1 -1.16(0.63) -1.16(0.63) -2.63(0.47)
236U SkM∗ -0.48(0.71) -0.48(0.71) -1.62(0.30)
240Pu SeaLL1 -0.72(0.65) -0.72(0.65) -4.43(0.92)
240Pu SkM∗ -0.90(0.57) -0.90(0.57) -1.80(0.52)

TABLE II. The averages (standard deviations) of
〈Φ|JL

αJ
H
α |Φ〉, with α = x, y, z. The non-diagonal elements

of this tensor are negligible and all 〈Φ|JFα |Φ〉 = 0.

FF particle number projections and these odd-even ef-
fects appear for the “average even-even” FFs. The dis-
tributions |aH

J |2 of the HFF show a prominent two peak
structure. An additional feature is a rather prominent
enhancement of the average value of P (0) in case of the
HFF, larger than expected value of |a0|2, when com-
pared to a statistical approach distribution [15–20, 24],
and also as seen from the significant “error bar” of |a0|2.
The gross features of the spin distributions obtained
within TDDFT, see Fig. 1, can be reasonably well repro-
duced with phenomenological/statistical approach for-
mula |aJ |2 ∝ (2J + 1) exp

[
−J(J + 1)/2σ2

]
, where σ

is typically a fitting parameter. For each set of ini-
tial conditions Q20, Q30, as described in Refs. [29, 39–
43], we have extracted the values of SF for each FF
from the corresponding |aF

J |2 distribution SF(SF + 1) =∑
J J(J + 1)|aF

J |2, and then we evaluated their aver-
ages and standard deviation over the initial conditions
Q20, Q30, see Table I. The SeaLL1 NEDF leads to a bit
wider spin distributions than the SkM∗ NEDF, but oth-
erwise to comparable widths. The even-odd effects are
more pronounced in the case of SkM∗ NEDF and par-
ticularly in the case of LFF, due likely to its reduced
effective nucleon mass, and emerges with a noticeable
octupole deformation [29, 39, 42, 43, 48].

The correlation between the intrinsic spins of two FFs
〈Φ|JL

αJ
H
β |Φ〉 = 〈Φ|JH

β J
L
α |Φ〉 reveals information about

the FF dynamics at and after scission. By determin-
ing the principal axes of the tensor 〈Φ|JL

αJ
H
β |Φ〉 and the

corresponding eigenvalues one can disentangle and char-
acterize the relevance of the axial rotation/tilting, wrig-
gling, twisting, and bending modes [8, 13, 14, 17, 21–
23, 26]. Since 〈Φ|JL

αJ
H
α |Φ〉 < 0 we confirm the presence of

the bending and twisting modes in fission, with the bend-
ing mode being double degenerate, as expected. These
conclusions are based for the first time on a detailed mi-
croscopic description of the fission process in a quantum
mechanical real-time many-body treatment, without any
assumptions and no restrictions at the mean field level, in
contradistinction with previous phenomenological mod-
els or restricted microscopic studies. We cannot exclude
however the presence to some (small) admixture of ax-
ial rotation/tilting and wriggling, corresponding to FF
rotations around the fission direction and perpendicular
to the fission direction respectively, likely due to fluctu-
ations and/or presence of K 6= 0 components.

It is instructive to qualitatively analyze these results
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FIG. 2. (Color online) The average intrinsic spins SL,H

versus the initial FF equivalent incident neutron energy E′n =
E∗ − Sn (E∗ and Sn are the excitation energy and Sn the
neutron separation energy) for the reaction 239Pu(n,f) with
SkM∗ NEDF. The solid lines are linear fits over the data, SL =
0.0168E′n+9.197 and SH = 0.0732E′n+4.933 respectively, as
a function of equivalent neutron energy E′n along with their
linear fits. In the inset we display the FF excitation energies
and their linear fits EL

int = 0.4505E′n + 13.25 and EH
int =

0.5676E′n+13.40. Using EF
int ≈ AF(TF)2/10 [43, 51] it follows

that on average TL > TH.

in the semiclassical limit. From data in Tables I and
II it follows that the FF intrinsic spins are on average
orthogonal to each other, as the value of cosine of their
angle is small cosφLH = 〈Φ|JL · JH|Φ〉/JLJH ≈ 0.1. (For
two random vectors the cosine would be 0 ± 1/

√
3.) As

the total angular momentum is conserved J0 = JL +
JH + L and JL,H

z = Lz = 0, these angular momenta are
all approximately perpendicular to the fission direction
z. After introducing the total intrinsic FF spin J =
JL + JH one finds that J ≈ 12...13. At E′n ≈ 20 MeV,
according to the analysis performed in Ref. [13] in case
of 235U(n,f) the angular momentum brought in by the
neutron can reach ≈ 5~, and thus J0 can reach values
comparable, to J and L. As the ground state spins of
239Pu and 235U are 1/2+ and 7/2−, for slow neutrons the
spins of the compound nuclei formed in 239Pu(n,f) and
235U(n,f) reactions are J0(240Pu) = 0+, 1+ and J0(236U)
= 3−, 4−, with J0 noticeably smaller than J and L. Since
the rotation of the fission direction is controlled by the
moment of inertia IR = MHMLR2/(MH + ML) → ∞,
where ML,H are the FF masses and R their separation,
this rotation angle is expected to be relatively small.

In the case of 240Pu we have performed additional sim-
ulations with the NEDF SkM∗ by varying the equivalent
incident neutron energy in reaction 239Pu(n,f), thus sim-
ulating a compound nucleus 240Pu with various excita-

tion energies E∗, see Fig. 2. With increasing En the
intrinsic spin of the HFF shows a significant increase,
which correlates with the steeper increase of the HFF
excitation energy EH

int when compared to the behavior of
the LFF excitation energy EL

int. Nevertheless, in this en-
tire energy interval the HFF “temperature” remains lower
than the LFF “temperature” on average.

A recent constrained Hartree-Fock-Bogoliubov evalu-
ation of the FF intrinsic spins [52], using pre-scicisson
configurations with the same AL and ZL as the final
FF values obtained in TDDFT calculations from differ-
ent initial conditions [45], arrived at similar results to
these reported here, provided the neck thickness at rup-
ture is chosen small enough. As the FF deformations
and excitation energies change significantly after scis-
sion [29, 43] and the FF moments of inertia which are
∝ β2

2 [46], the intrinsic spin distributions change with
FF separation, see Fig. 1a. We have compared the de-
fault CGMF results [6, 7, 9, 10, 12] for the γ-spectra
with those obtained by using instead the microscopic in-
trinsic spin distributions. While fewer average number
of gammas were produced when the microscopic param-
eterization was employed, we have not observed large
changes for the prompt fission γ-spectrum. One should
keep in mind that the CGMF model is based on a large
number of phenomenological parameters. In the CGMF
approach one assumes that JH > JL, opposite to our
conclusions. This assumption is hard to reconcile with
the fact that the HFF has a relatively modest deforma-
tion. In another study [13], within the phenomenological
model FREYA one finds that FF intrinsic antiparallel
intrinsic spins show a slight preference. Using our lan-
guage, the expected average of 〈Φ|JL

αJ
H
α |Φ〉 for α = x, y

is negative, in qualitative agreement with our results. In
FREYA the intrinsic spin fluctuations are controlled by
the temperature of the fissioning nucleus at scission. Ac-
cording to our earlier results [29, 43] the FF deforma-
tions at scission and their relaxed values are very dif-
ferent, with larger deformations at scission and with the
HFF cooler than the LFF, while FREYA assumes iden-
tical temperatures. While within FREYA framework the
“thermal” intrinsic spin fluctuations dominate over their
averages and these authors find that average difference
|SH − SL| ≈ 1 . . . 2 is smaller than our values. Since in
FREYA the FF moments of inertia are IH > IL it imme-
diately follows that SH > SL, opposite to our results. At
the same time FREYA finds SH values and an increase
in SL,H with the excitation energy of the compound fis-
sioning nucleus qualitatively similar to our findings, see
Fig. 2. In FREYA the axial rotation/tilting and twisting
modes are suppressed [22], while we find that magnitude
of 〈Φ|JL

z J
H
z |Φ〉 is larger than 〈Φ|JL

αJ
H
α |Φ〉 for α = x, y.

We have demonstrated that TDDFT allows one to ex-
tract detailed microscopic information about the FF in-
trinsic spins, their dependence on excitation energy of
the compound nucleus, and the FF intrinsic spins corre-
lations, which are almost impossible to infer unambigu-
ously from phenomenological analyses.
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