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Linear carbon chains (LCCs) are one dimensional materials with unique properties, including high 
Debye’s temperatures and restrict selection rules for phonon interactions. Consequently, their 
Raman C-band frequency’s temperature dependence is a probe to their thermal properties, which 
are well described within the Debye’s formalism even at room temperatures. Therefore, with basis 
on a semi-empirical approach we show how to use the C-band to evaluate the LCCs’  internal 
energy, heat capacity, coefficient of thermal expansion, thermal strain and Grüneisen parameter, 
providing universal relations for these quantities in terms of the number of carbons atoms and the 
temperature.  
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One dimensional (1D) linear carbon chains (LCCs) are one of the simplest materials presenting 
properties associated to both molecules and solids [1-8], making them ideal for many electronic [9-
13], mechanical [14,15]  and thermal applications [2,16]. They exhibit sp hybridization and can be 
either semiconducting, known as polyynes with alternate single and triple bonds (൉൉൉ െC ؠ C െC ؠ  C െ or metallic, also known as cumulenes (൉൉൉ ,(ڮ C ൌ C ൌ C ൌ  C ൌ  ,Historically .[8,12] (ڮ
host-free LCCs have posed interesting questions regarding their stability [6,17,18] but recently, 
single-wall (SW), double-wall (DW), and multi-wall (MW) carbon nanotubes (CNT) are considered 
ideal environments for fabricating stable LCCs with up to 6000 C-atoms [1,5,9,11,15]. The polyynic 
structure is often the most stable configuration with band gaps typically around 2.13eV [19,20].  

 

The LCCs possess simple phonon structures presenting longitudinal and transversal modes when 
they are host-free [8]. When encapsulated, however, LCCs share their main axis with their host 
CNTs and this configuration inhibits transversal modes [20-23]. These phonons possess long mean 
free paths (∼ 0.5 – 2.5μm) and lifetimes ( ∼ 30 – 110ps), which highly suppresses phonon-phonon 
interactions (ph-ph) in LCCs [8] when compared with other carbon materials [24-26]. The optical 
longitudinal mode (in-axis out-of-phase C-atom vibrations), so-called C-band, with frequencies ωLCC around 1850 cm-1, is an easily trackable Raman spectroscopic signature and due to the weak 
nature of ph-ph it is an excellent probe to study mechanical and thermal properties [27-32]. The C-
band has been characterized in the literature via room-temperature [19,20] and pressure-
dependent Raman spectroscopy [21-23]  but its use to obtain important mechanical [22] and 
thermal observables (this work) is a novel concept. Additionally, it is well known that ωLCC is 
proportional to Nିଵ, where N is the number of carbon atoms [17,22]. 

 

Other complex chain-like structures have also been reported [33-39]. Chorro et al. [33], Rols et al. 
[34], and Cambedouzou et al. [35] showed that C60 carbon peapods inserted in SWNTs submitted 
to various pressure and temperatures could undergo, for example, polymerization (for pressures 
around 4GPa), high orientational mobility (even for T<100K) and fast diffusional reorientations at T=200K. In another study, Bousige et al. [36], showed evidences of melting and liquid phases for 
C60 chains inside CNTs, revealing that such quasi-1D system behaves as a harmonic crystal for T≤550K (suggesting inefficient ph-ph), transitions to a liquid phase for T≈650K and evolves to a 
complete disappearance of any structural correlations for T≥850K. All these studies suggest that 
the interactions between C60 molecules and the CNTs’ walls are mostly a second order effect. More 
recently, sulfur chains inside SWNTs have also demonstrated enhanced field-emission properties 
and outstanding gas-sensing properties [37-39]. In this context, the study of LCCs’ thermodynamic 
properties could greatly benefit other encapsulated 1D systems.   

 

The responses of materials to changing temperatures are closely related to the lattice thermal 
expansion (LTE) and anharmonic effects [27-32]. The former is associated to electron-phonon 
couplings (e-ph) and the latter is associated to ph-ph. Usually, ph-ph renormalize phonon energies, 
playing marginal roles in the understanding of electronic and thermal properties of materials. 
When it comes to thermal properties, LCCs become particularly interesting and seem to be ahead 
of other materials such as fullerenes and transition metal dichalcogenides (TMDs) [40-43]. 
However, detailed studies of e-ph, ph-ph and thermal effects on LCCs inside CNTs are still missing. 
Recently, theoretical results by Wong et al. reported the LCC’s coefficient of thermal expansion 
(CTE) to be around 7.0 ൈ 10ିହ K-1 [44], which is much higher than that of CNTs [45], graphene [46], 
TMDs [47,48] and hexagonal boron nitride [49]. In fact, very little has been explored about LCCs 
temperature-dependent phenomena, and important works available in the literature are 
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theoretical simulations [4,8,41]. In 2016, Shi et al. studied LCCs inside DWCNT and showed that the 
C-band linewidth (lifetime) of LCCs increases (decreases) with increasing temperature [1]. They 
explained their findings in terms of ph-ph and interactions between LCCs and the DWCNTs’ inner 
walls, despite their weak Van der Waals interactions [22,33-35,50-52]. To the best of our 
knowledge, there is no quantitative temperature-dependent study on ωLCC and its connection to 
thermodynamic observables.   

 

In this letter, the ωLCC temperature-dependence of distinct LCCs is used as a direct probe to their 
thermodynamic observables in a wide range of temperatures, showing that fundamental 
thermodynamic relations follow universal behaviors that only depend on the temperature and 
number of carbon atoms. Our findings show an unprecedented conclusion: these true one-
dimensional systems are well described by the Debye’s model even for T at and above 300K, 
indicating that ph-ph are negligible indeed.  
 

The LCCs encapsulated by multi-walled CNTs (LCC@MWCNTs) were synthesized using arc discharge 
[19], while the LCCs encapsulated by double-walled CNTs (LCC@DWCNTs) were synthesized using 
catalyzed chemical vapor deposition [53,54]. The MWCNTs’ purity with regard to nanoparticles is 
≈80% with average diameters (length) of 10.4nm (2.3mm). The DWCNTs’ synthesis yielded over 95% 
of highly pure and crystalline DWCNTs with an outer diameter of ≈1.6nm. The encapsulated LCCs 
were then obtained by submitting the DWCNTs to thermal treatment for 30 minutes at 1500oC in a 
graphite furnace containing high purity argon gas. The LCC@CNTs filling ratio is ≈80% [19,53,54]. 
The samples were dispersed in acetone and sonicated for 2 hours and then drop-casted onto a Si 

wafer of ≈1cm2 area. Raman spectra were acquired with a 50× objective in a backscattering 
geometry using an Andor iDus 401 series CCD coupled to a Shamrock spectrometer (1200 
lines/mm grating; spectral resolution of ≈േ0.5cm-1). Samples were resonantly excited with 532nm 
(2.33eV) and 632nm (1.96eV) lasers under constant power density of 0.25mW/μm2.  

 

The correlation between LCC’s C-band frequency and N indicates  LCCs with 36 to 86 carbon atoms 
in LCC@MWCNTs and LCCs with 35 to 39 carbon atoms in LCC@DWCNTs [1,7,11,17,21,23,55]. 
Representative Raman spectra at 300K and C-band spectra fitted with Lorentzian curves are shown 
in Figures S1(a)-(c), section S1 in the supplementary material (SM) [56]. The MWCNTs host six 
distinct LCCs and the DWCNTs host four distinct LCCs. For LCC@MWCNTs, each LCC is labelled LCC୧MW

  (i=1, 2, 3, 4, 5 and 6), where i=1 (i=6) represents the longest (shortest) LCC. Their 
respective room-temperature frequencies are ωLCCభMW =1796.0cm-1, ωLCCమMW =1804.0cm-1, ωLCCయMW =1839.0cm-1, ωLCCరMW =1843.0cm-1, ωLCCఱMW =1854.0cm-1 and ωLCCలMW =1863.0cm-1.  Similarly, for 
the LCC@DWCNTs, each LCC is labelled LCCଵDW (longest LCC) and LCCସDW (shortest LCC), whose 
frequencies are ωLCCభDW =1852.0cm-1, ωLCCమDW =1856.0cm-1, ωLCCయDW  =1860.0cm-1, and ωLCCరDW  =1863.0cm-

1. The T-dependence of ωLCC౟MW  and ωLCC౟DW  shows that ωLCCሺTሻ=ωLCC଴ െ ቀୢమனLCCୢTమ ቁ Tଶ, where ωLCC଴  is 

the frequency at 0K (Figures S2(a)-(c), section S1 in SM). In the absence of ph-ph, ΔωLCCሺTሻ=ωLCCሺTሻ െ ωLCC଴  (see Figure 1(a)) will depend mostly on LTE, being directly linked to 
observables such as specific heat (c୴ሺTሻ), coefficient of thermal expansion - CTE (αሺTሻ), thermal 
strain (εT) and the Grüneisen parameter (γP ) (P=constant pressure).   
 
The literature [20-23,33-36,52] has shown that: (1) 1D chains of atoms or molecules are 
independent of force fields in the CNTs’ radial direction [33-36]; (2) spectral features from the 
hosting CNTs and LCCs are independent, even under high pressures [20-23]. The CNTs provide an 
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environment whose force field are sufficient to stabilize the LCCs and inhibit transversal vibrations 
but not sufficient to entangle CNTs and LCCs properties; and (3) interactions between distinct LCCs 
are not strong enough to affect their structures even at high pressures [20-23]. Therefore, 
transverse vibrations and mutual interactions between distinct LCCs, and LCCs and CNTs are 
second order effects. These, together with the absence of ph-ph lead us to hypothesize that: (1) 
LCCs are truly 1D Debye’s materials even at ܶ=300K (note that most materials are well described 
within the Debye’s formalism only at very low temperatures (ܶ<<300K) [57,58]); (2) any phonon 
frequency variation with T is connected solely with lattice expansion or contraction; and (3) since 
ph-ph are suppressed, γP is T-independent.  
 
The Debye’s model does not take into account ph-ph and it is known to work very well for 

temperatures such that 
TDT →∞, where TD is the Debye’s temperature. The Debye’s temperature is 

proportional to the maximum excitable phonon frequency obtained from phonon density of states 
or dispersion [57,58]. For LCCs, the maximum excitable phonon frequency is set by ωLCC, resulting 

in TD =TLCC =
԰னLCC୩ౘ  between 2584K (longest LCC) and 2680K (shortest LCC), where kୠ  is the 

Boltzmann constant and ԰=
୦ଶ஠ (h is the Planck’s constant). Under the Debye’s model formalism 

(from now on DMF), the canonical partition function for LCCs is given by (section S2 in SM for 
additional details) [56]:    
 Ln Z ൌ െN TTLCC ׬ Lnሾ1 െ expሺെxሻሿdxTLCCT଴ ,          (01) 

 

where x=
԰ன౦౞୩ౘT =

T౦౞T , ω୮୦ is the phonon frequency and T୮୦ is the phonon equivalent temperature. 

Upon integration by parts, Equation 01 becomes:  
 lnZ ൎ N TTLCC ׬ ୶ୣ౮ିଵ dxTLCCT଴ .         (02)            
 

For T<<TLCC,  
TLCCT →∞ and Equation 02 is simplified to:  

                Ln Z ൎ N TTLCC ׬ ୶ୣ౮ିଵ dxஶ଴ ൌ N TTLCC ቀ஠మ଺ ቁ ൌ N୩ౘ஠మ଺԰ TனLCCሺTሻ,                    (03) 

 

where ׬ ୶ୣ౮ିଵ dxஶ଴ ൌ ஠మ଺ . In our experiments, the temperature variation is not sufficiently large to 

take LCCs out of the harmonic oscillation regime but it is sufficient to renormalize ωLCC leading to 
important T-dependent corrections. Therefore, the LCCs’ internal energy per N, uሺTሻ, c୴ሺTሻ and αሺTሻmust contain one term representing the Debye’s approximation plus corrections involving 
derivatives of ωLCCሺTሻ. This way uሺTሻ is:    
 uሺTሻ ൌ ୩ౘTమN ୢሺL୬ ZሻୢT ൌ ୩ౘమ ஠మ଺԰ TమனLCCሺTሻ ቂ1 െ TனLCCሺTሻ ୢனLCCୢT  ቃ,                      (04)  

 
Figure 1(b) shows that uሺTሻ is size-independent. Equation 04 leads to the heat capacity per N - c୴ሺTሻ:   
 c୴ሺTሻ ൌ ୢ୳ୢT ൌ ሺ୩ౘ஠ሻమଷ԰ TனLCCሺTሻ ൜1 െ 2 TனLCCሺTሻ ୢனLCCୢT + TమனLCCమ ሺTሻ ൤ቀୢனLCCୢT ቁଶ െ னLCCଶ ୢమனLCCୢTమ ൨ൠ,   (05) 
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being αሺTሻ given by [56-59]:  
 αሺTሻ ൌ െ ஔଶ஀మ ୡ౬ሺTሻୟCషC ൌ ସଶሺ୩ౘ஠ሻమଷ԰୫ୟౙషౙమ TனLCCయ ሺTሻ ൜1 െ 2 TனLCCሺTሻ ୢனLCCୢT + TమனLCCమ ሺTሻ ൤ቀୢனLCCୢT ቁଶ െ னLCCଶ ୢమனLCCୢTమ ൨ൠ,  (06) 

 
where aୡିୡ=1.37 Հ is the average C-C distance. The parameters Θand δ are obtained from the 
second and third derivatives of the series expansion: UሺRሻ ൎ Uሺaୡିୡሻ + ቀୢUୢRቁRୀୟౙషౙ ሺR െ aୡିୡሻ +ଵଶ ቀୢమUୢRమቁRୀୟౙషౙ ሺR െ aୡିୡሻଶ + ଵ଺ ቀୢయUୢRయቁRୀୟౙషౙ ሺR െ aୡିୡሻଷ + ڮ , where UሺRሻ ൌ ε ൤ቀୟౙషౙR ቁଵଶ െ 2 ቀୟౙషౙR ቁ଺൨  is the 

Lennard-Jones potential (LJ) (R corresponds to the C-atom coordinate and ε is the potential depth). 
The LJ is chosen based on recent calculations by Wang and Lin [8], whose work describes LCCs’ 
phonon dispersions quite accurately by modeling single and triple carbon bonds using such 
potential. Therefore, ቀୢUୢRቁRୀୟౙషౙ ൌ 0, ଵଶ ቀୢమUୢRమቁRୀୟౙషౙ ൌ  ଵଶ ቀ ଻ଶகୟౙషౙమ ቁ and ଵ଺ ቀୢయUୢRయቁRୀୟౙషౙ ൌ ଵ଺ ቀെ ଵହଵଶகୟౙషౙయ ቁ. The second 

derivative is associated with the spring-mass harmonic potential. This means that: Θ =
ଵଶ ୢమUୢRమ =

୫ሾனLCCሺTሻሿమ ଶ , δ = െ ଶଵ୫ሾனLCCሺTሻሿమୟౙషౙ  and ε ൌ ୫Rమౣ ൫னLCCబ ൯మ଻ଶ . With ωLCCሺTሻ  and  ୢனLCCୢT =െ2 ቀୢమனLCCୢTమ ቁ T we calculate uሺTሻ, c୴ሺTሻ, αሺTሻ and εሺTሻ for each LCC.   

 
The experimental αሺTሻ (Figure 1(c)) and c୴ሺTሻ (Figure 1(d)) endorse that LCCs are well described 
under DMF. Multi-Walled CNTs [60], graphene [46], bi-layer graphene [46]  and graphite [61]  
(quasi-one, two- and three-dimensional sp2 materials, respectively) present negative αሺTሻ and ph-
ph are fundamental to understand their ΔωሺTሻ even for the temperatures in the range 0K≤T≤300K. 
Here, we see that for LCCs (sp materials) these dependencies are modified: αሺTሻ is always positive 
and linearly dependent on T with a value of 5.0 x 10-5K-1 (4.5 x 10-5K-1) at 300K for the longest 
(shortest) chains, which is close to those reported for SWCNTs (αሺTሻ=2 x 10-5K-1 at 300K) [62] and 
10x higher in magnitude than the value reported for graphene (αሺTሻ=-8.1 x 10-6K-1 at 300K) [46]. 
These values are in remarkably good agreement with the theoretical prediction of 7 x 10-5K-1by 
Wong et al. [44]. To the best of our knowledge, we present the first experimental evaluation of the 
LCCs’ c୴ሺTሻ, which shows a unified linear dependence with T. The value 0.25J/gK found at 300K 
are close to those for Graphite (0.7J/gK) and Graphene (0.5J/gK) [63,64]. We note that 0.25J/gK is 
4.6 times smaller than the value 1.16J/gK predicted by Zhang et al. [4], who performed first-
principles calculations for very short LCCs having a (5, 5) carbon nanotube as reference (non-
negligible boundary conditions), what could explain such discrepancy.   
 
The heat extracted from the LCCs leads to their shrinkage, which changes the LCCs’ T-dependent 
internal pressure. This internal pressure is associated with both the system’s entropy and thermal 
strain (εT). The thermal strain possesses a Tଶ dependence (Figure 1(e)) in perfect analogy with the Pଶ dependence obeserved by Sharma et al. [22]. Therefore, in terms of behaviors, strains caused 
by either T or P differ only in magnitude. In Figure 1(f), εT is plotted against ΔωLCCሺTሻ.  The 
graphic shows the linear behavior expected for small magnitude strains [22,57,58], which allow us 
to conclude that, for a given εT, larger LCCs experience larger ΔωLCCሺTሻ, in further agreement with 
Sharma et al. [22].       
 
For negligible ph-ph, ΔωሺTሻ should be fully described in terms of the LTE as:   
 ΔωLTEሺTሻ ൌ ωLCC଴ ൫eିஓP׬ ୢக െ 1൯,                    (07) 
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where dε=αሺTሻdT is the thermal strain between T and T + dT. Therefore, if our hypotheses are 
correct, by using the observables described in Equations 04 through 06, Equation 07 should be 

equivalent to the obtained empirical relation ΔωLCCሺTሻ=  െ ቀୢమனLCCୢTమ ቁ Tଶ  using γP as a fitting 

parameter. In the quasi-harmonic regime there is no distinction between γP and γT (Grüneisen 
parameter at constant T), i.e.,  Δγ≈0 [65]. As shown in Figure 01(a), Equation 07 fits the 
experimental ΔωLCCሺTሻ with  γP ranging from 0.42 (shortest LCC) to 0.79 (longest LCC). These 
values agree with γT found in our previous work [22], which confirms that Δγ≈0 and endorses the 
absence of ph-ph. Note that Sharma et al. [22] also showed that smaller LCCs present smaller γT in 
the quasi-harmonic regime.    
 
The absence of ph-ph, the successful description of LCCs’ properties within DMF for T≤300K, and 
the T-independent values of γP indicate that the corrections proposed are valid as long as the 
Debye’s temperature TLCC is much larger than an upper limit (T୫ୟ୶) after which the approximation TLCCT →∞ is no longer valid. Inspection of Equation 02 shows that the lnZ behavior is determined by 

the integrand 
୶ୣ౮ିଵ, which is most relevant for x between 0 and 4, as seen in Figure 2(a). This way T୫ୟ୶  is determined such that 

TLCCTౣ౗౮ =4, which means that T୫ୟ୶ =
TLCCସ ≈700K. For T≤300K the 

correction terms are negligible for every observable but for 300K<T<700K (see insets in Figure 1), 
the corrections become increasingly important. Our model predicts that ΔωLCCሺTሻ decreases at a 
slower rate with changing T (inset in Figure 1(a)), while  αሺTሻ and c୴ሺTሻ increase at a slower rate in 
comparison with the pure Debye’s model (insets in Figures 1(c) and (d), respectively). The 

magnitude of the corrections depends on  
ୢమனLCCୢTమ  and, consequently, on N (Figure 2(b)): the bigger 

the N the larger the correction. This is expected since the LCCs’ thermal properties are connected 
to the intrinsic character of both single and triple bonds, which assume effective values reflecting 
the size of each LCC until the thermodynamic limit is reached (see section S3 in SM for additional 
details [56]).    
 

As shown in Figure 2(b), both γP  and 
ୢమனLCCୢTమ  display universal dependences on N  given by γPሺNሻ=lnሺN െ 20ሻ଴.ଵ଼  and 

ୢమனLCCୢTమ  =A + BN  (A  =-1.63 x 10-4 cm-1K-2 and B  =35 x 10-4 cm-1K-2), 

respectively.  The 
ୢమனLCCୢTమ  relation with N lead us to the ωLCCሺN, Tሻ universal relation:  

 ωLCCሺN, Tሻ ൌ  ωLCC଴ ሺN, 0ሻ െ ቀA + BNቁ Tଶ,        (08) 

 

where ωLCC଴ ሺN, 0ሻ=ቀ1757 + ଷଽ଼଴N ቁcm-1 [17], see Figure 2(c). The results for ΔωLCCሺTሻ also show 

that the LCCs’ hosts do not influence the LCC’s responses to T (Figure S5 in SM [56]). The 
differences in the values observed for  αሺTሻ, c୴ሺTሻ and ΔωLCCሺTሻ comparing the solid (pure 
Debye’s model) and the dashed curves (pure Debye’s model + corrections) in Figures 1(a)-(d) 
allowed us to rewrite Equations 05, 06 and 07 in terms of N  and T . Such description is 
advantageous since it is now possible to predict the thermal properties of any chain at any 
0K≤T≤700K: 
 αሺN, Tሻ ൌ  985 TனLCCయ ሺN,Tሻ െ ሺ3.22 ൈ 10ିଵ଴ሻඥሺT െ 300ሻଷሺN െ 20ሻ,                  (09) 

 c୴ሺN, Tሻ ൌ ሺ1.6 ൈ 10ିଷሻωLCCଶ ሺN, TሻαሺN, Tሻ,                 (10) 
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where ωLCCሺN, Tሻ is given by Equation 08. Equations 09 and 10 allow for the determination of εTሺN, Tሻ ൌ ׬ αሺN, TሻdT  and uሺN, Tሻ ൌ ׬ c୴ሺN, TሻdT . Finally, ΔωLCCሺN, Tሻ ൌ െ ቀୢమனLCCୢTమ ቁ Tଶ +ΔሺN, Tሻ, which gives: 
 ΔωLCCሺN, Tሻ ൌ െ ቀA + BNቁ Tଶ + ሺ5.24 ൈ 10ି଻ሻሺT െ 300ሻଶሺN െ 20ሻ,                  (11) 

 

where ΔሺN, Tሻ= ΔωLCCC୭୰୰. െ ΔωLCCDୣୠ୷ୣ is the difference between ΔωLCCC୭୰୰. (dashed lines in Figure 1(a)) 

and ΔωLCCDୣୠ୷ୣ (solid lines in Figure 1(a)). The inset in Figure 2(c) shows the representative case for ΔሺN, 700ሻ.  
 
In summary, the manuscript focuses on the thermodynamic observables associated with LCCs and 
shows that due to negligible ph-ph, ωLCC acts as a direct probe to the LCCs’ thermal properties. 
Most materials are well described within DMF only at very low temperatures but our results show 
that LCCs are well explained by DMF even at room temperature and likely for temperatures as high 
as 700K. By observing the temperature-dependence of ΔωLCCሺTሻ, the thermodynamics associated 
to LCCs is successfully discussed, showing that fundamental relations such as internal energy, 
specific heat, coefficient of thermal expansion and thermal strain present (N, T)-dependent 
universal behaviors. We present a simple semi-empirical approach that is in excellent agreement 
with theoretical results in the literature and useful to other 1D systems.  
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Figure 1: Representative experimental results for LCCs (N=35, N=39, N=45 and N=86): (a) 
experimental ΔωLCCሺTሻ  evolution with T; (b) the energy per N, uሺTሻ , presents a quadratic, 
universal and unified behavior with T; (c) αሺTሻ shows a linear universal behavior with T, where 
LCCs with N from 35 to 45 atoms present very similar αሺTሻ. For N=86, however, which is closer to 
the thermodynamic limit, αሺTሻ increases at a slightly higher rate with increasing T; (d) the heat 
capacity per N, c୴ሺTሻ, presents a linear, universal and unified behavior with T; (e) A Tଶ universal 
dependence is observed for the thermal strain εTሺTሻ with N from 35 to 45 atoms presenting very 
similar εTሺTሻ, while for N=86 εTሺTሻ increases at a slightly higher rate with increasing T; (f) Every 
LCC presents a distinct linear dependence of εT with ΔωLCCሺTሻ. The curves show the predictions 
of the pure Debye’s model (solid lines) compared with the model proposed (dashed lines) and the 
insets in (a)-(f) suggest that for temperatures 300K≤T≤700K the observables evolve more slowly 
with increasing  T. Figures S3 and S4 in SM show the results including all the 10 LCCs measured in 
this work.     
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Figure 2: (a) the distribution function 
୶ୣ౮ିଵ with x ൌ T౦౞T  is fundamental to identify the high 

temperature limit (T୫ୟ୶) of the model. The distribution is most relevant for 0≤x≤4, which implies 

that T୫ୟ୶ ൌ TLCCସ ൎ 700K (see inset). (b) Universal dependences with N for both γPሺNሻ=lnሺN െ200.18 (wine solid lines) and d2ωLCCdT2 =A+BN  (navy solid line with A =-1.63 x 10-4 cm-1K-2 and B =35 x 10-4 cm-1K-2). The symbols (wine circles and navy diamonds for γP and
ୢమனLCCୢTమ , respectively) 

represent the experimental data. (c) ωLCC଴ ሺN, 0ሻ=ቀ1757 + ଷଽ଼଴N ቁcm-1, where ωLCC଴ ሺN, 0ሻ is the C-

band frequency at T=0K. The open circles represent the experimental data. The inset shows a 

representative case at T=700K for ΔሺN, Tሻ= ΔωLCCC୭୰୰. െ ΔωLCCDୣୠ୷ୣ, which shows how the difference 

between ΔωLCCC୭୰୰. proposed here (dashed lines in Figure 1(a)) and ΔωLCCDୣୠ୷ୣ (solid lines in Figure 1(a)) 
progresses with N.      
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