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Chimera states have attracted significant attention as symmetry-broken states exhibiting the
unexpected coexistence of coherence and incoherence. Despite the valuable insights gained from
analyzing specific systems, an understanding of the general physical mechanism underlying the
emergence of chimeras is still lacking. Here, we show that many stable chimeras arise because
coherence in part of the system is sustained by incoherence in the rest of the system. This mechanism
may be regarded as a deterministic analog of the phenomenon of noise-induced synchronization and
is shown to underlie the emergence of strong chimeras. These are chimera states whose coherent
domain is formed by identically synchronized oscillators. Recognizing this mechanism offers a new
meaning to the interpretation that chimeras are a natural link between coherence and incoherence.

Chimera states are a remarkable phenomenon in
which coherence and incoherence coexist in a system of
identically-coupled identical oscillators [1, 2]. Initially re-
garded as a state that requires specific nonlocal coupling
structure [3-5] and/or specially prepared initial condi-
tions [6, 7], chimeras have since been shown to be a
general phenomenon that can occur robustly as a sys-
tem (upon parameter changes) transitions from coher-
ence to incoherence [8—14]. Moreover, chimeras have
been observed in a diverse set of physical systems, in-
cluding those of optoelectronic [10, 15-17], electrochem-
ical [12, 14, 18, 19], and mechanical [20] nature. There
is even evidence pointing to chimera-like states in quan-
tum systems [21] and in the brain [22]. Despite numer-
ous efforts to elucidate the underlying principles [20, 23—
29], currently no system-independent mechanistic expla-
nation exists that can provide broad physical insight into
the emergence of chimeras.

Our goal is to bridge this gap by proposing a gen-
eral mechanism for chimeras that is not tied to specific
node dynamics, network structure, or coupling scheme.
We consider the important class of permanently sta-
ble chimera states whose coherent part is identically
synchronized, which have been observed for both pe-
riodic [12, 24, 30] and chaotic oscillators [16, 17, 31].
We also focus on parameter regions where global co-
herence is unstable, so the chimeras may be observed
without the need of specially prepared initial conditions
[8, 12, 17, 19, 24, 26, 29, 31, 32]. Here, chimera states
that 1) are permanently stable, ii) exhibit identically syn-
chronized coherence, and iii) do not co-occur with stable
global synchronization are referred to as strong chimeras.
Such states represent a diverse range of chimeras and
have been observed in myriad systems [12, 17, 24, 26, 31].

In this Letter, we characterize strong chimeras that
emerge between a globally synchronized state and a glob-
ally incoherent state as a bifurcation parameter is var-
ied (Fig. 1). In such chimera states, the coexistence of
a synchronous and an incoherent cluster challenges the
intuition that inputs from the incoherent cluster would
inevitably desynchronize the other cluster. Yet, our anal-
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FIG. 1. Example scenario considered in this study. As a
bifurcation parameter is varied and the system transitions
from coherence to incoherence, an intermediate chimera re-
gion emerges.

ysis shows that incoherence in part of the system in fact
stabilizes the otherwise unstable coherence in the rest
of the system, thus preventing a direct transition from
coherence to incoherence when the former becomes un-
stable. This incoherence-stabilized coherence effect can
be seen as a deterministic analog of synchronization in-
duced by common noise [33-36] and serves as a general
mechanism giving rise to strong chimeras.

We first note that strong chimeras can be observed for
both periodic and chaotic node dynamics, and in net-
works with either diffusive or non-diffusive coupling. In
all cases, the necessary and sufficient condition for the
coherent cluster to admit an identical synchronization
solution is that each of its oscillators receives the same
input from the incoherent cluster. This condition trans-
lates generically to the coherent cluster belonging to an
equitable partition [37] and not being intertwined [38]
with the rest of the network, although intertwined clus-
ters are still allowed elsewhere in the network. (For dif-
fusive coupling, the partition can be further relaxed to
be externally equitable [39].)

The impact of the rest of the network on the coherent
cluster of a strong chimera can be analyzed by consider-
ing a network of N coupled oscillators described by

N
et = Bf(al) + Ky Myh(zh), i=1,....N, (1)

j=1

where z! is the state of the ith oscillator at time ¢, func-



tion f governs the dynamics of the uncoupled oscillators,
B denotes the self-feedback strength of the oscillators,
M = (M,;) is the coupling matrix representing the net-
work structure, h is the coupling function, and K is the
overall coupling strength. We assume the oscillators to
be time-discrete and one-dimensional for simplicity, but
the analysis extends straightforwardly to continuous-time
and higher-dimensional systems. The matrix M can be
rather general, including both diffusive and non-diffusive
coupling schemes. Now, suppose that C is the coherent
cluster and that it consists of n nodes numbered from 1 to
n. For oscillators in this cluster, the dynamical equation
takes the form

it = Bf(al) + Ky Myh(e)) +1(t), i=1....n,

j=1

(2)
where I(t) = KZ;‘V:nH M;jh(z5) is the input from the
rest of the network, which does not depend on i since
the cluster must belong to a partition that is at least
externally equitable. Thus, the function I(¢) is common
across all nodes in C' and the identical synchronization
state s* in this cluster is given by

s =Bf(s") + Kph(s') +I(t), (3)

where the row sum p = Z?Zl M;; is a constant not de-
pending on ¢ for any 1 < ¢ < n. The stability of this
state is determined by the largest transverse Lyapunov
exponent (LTLE) A specified by the variational equations

anrl = |:6f/<st) + K/):Zh/(st) 77; 1= 2, sy Ty (4)

where Xl is the ith eigenvalue of the n x n sub-coupling
matrix M —= (M;j)1<i j<n and m; is the corresponding
perturbation mode. The mode associated with Xl =pu
is excluded as it corresponds to perturbations parallel to
the synchronization manifold. Equation (4) implicitly as-
sumes that M is diagonalizable, but this assumption can
be lifted using the Jordan canonical form of this matrix
[40, 41].

We explicitly examine Eq. (1) for the two most widely
studied coupling schemes, namely diffusive coupling de-
fined by the Laplacian matrix L and non-diffusive cou-
pling defined by adjacency matrix A. For Laplacian cou-
pling, M = —L and thus p is the negative of the indegree
of nodes in C' due to connections from the rest of the net-
work. The eigenvalue \; is given by \; = —\; + u, where
A; is the eigenvalue of the Laplacian matrix of C in iso-
lation (i.e., consisting of intracluster connections only).
For adjacency-matrix coupling, M = A, the factor u is
the indegree of nodes in C' when the cluster is considered
in isolation, and the eigenvalues are A\; = \;, where \; are
the eigenvalues of the adjacency matrix of C' in isolation.

We first consider Laplacian coupling and, for concrete-
ness, focus on networks composed of two identical clusters

with all-to-all intercluster coupling. These networks are
known to exhibit chimera states, which have been exten-
sively studied in the literature [6, 18, 20, 30]. Assume
that as a bifurcation parameter ¢ is increased, the coher-
ent state of a two-cluster network becomes unstable at
a critical value ¢.. Because this point marks the end of
coherence, at least one cluster must become incoherent
when ¢ is further increased (see Supplemental Material
[43] for details). Since both clusters are identical, one
might expect that both will become unstable at ¢. and
that the system will thus transition directly from coher-
ence (both clusters synchronized) into incoherence (both
clusters incoherent). That is, due to the symmetry be-
tween the two clusters, both clusters are expected to lose
synchrony at the same time. Nevertheless, chimera states
often emerge right at the instability transition, breaking
the symmetry between the clusters, with only one cluster
becoming incoherent while the other remains perfectly
synchronized. So, what prevents the system from evolv-
ing directly into global incoherence? The short answer is
that, beyond q., incoherence in one cluster can stabilize
synchronization in the other cluster, delaying the onset of
global incoherence and instead giving rise to a chimera.

To further investigate this question [44], we focus on
the node dynamics and coupling function given by

f(@) = h(z) = sin®(z + 7/4), ()

which model optoelectronic oscillators that have been re-
alized in synchronization experiments [17, 45]. While the
intracluster coupling structure can be arbitrary in gen-
eral, for clarity we focus on a network consisting of two
clusters of n = 3 nodes. The clusters have internal cou-
pling of strength K and are connected to each other by
all-to-all coupling of strength cK [Fig. 2(a)], where c is
included in matrix M in the representation of Eq. (1).
There is nothing special about this choice of dynamics
and cluster structure, and we show in the Supplemental
Material [43] that our conclusions hold for other oscilla-
tors (with both discrete and continuous dynamics) and
networks. There, we also demonstrate the robustness of
our results against oscillator heterogeneity.

Figure 2(b) shows the corresponding state diagram in
the 8 — K parameter space for ¢ = 0.2. The classification
of states in the diagram is based on the linear stability
analysis of the coherent and chimera states as determined
by the corresponding LTLE [17]. A generic bifurcation
scenario is depicted in Fig. 2(c): as a linear combina-
tion of the parameters 8 and K is increased [dashed line
in Fig. 2(b)], the system transitions from global coher-
ence to a chimera state, and then from the chimera state
to global incoherence. In this example, the chimera is
defined by incoherence in cluster C; and coherence in
cluster Cy. Starting from random initial conditions, it is
equally likely for the clusters to exhibit swapped states,
corresponding to a chimera in ¢. < ¢ < g that has in-
coherence in Cy and coherence in Cj.
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FIG. 2. Strong chimeras in a network of diffusively coupled oscillators given by Eq. (5). (a) Network consisting of two identical
clusters, C1 and C5. (b) Diagram in the 8 — K parameter space marking the regions for which the system exhibits coherence
(cyan), chimeras (purple), and incoherence (red) for ¢ = 0.2. (c) State transitions as parameter ¢ is varied quasi-statically
along the dashed line in (b) [42], showing the abrupt change from coherence to a chimera at ¢. and then from the chimera to
incoherence at g.. The top and middle panels show the states z! in each cluster colored by the individual oscillators, and the
bottom panel shows the time-averaged synchronization errors (obtained from separate simulations for fixed values of q), where
the error is defined by the standard deviation among the oscillator states.

We can now establish a theoretical foundation for the
mechanism underlying the onset of such chimeras by ex-
amining Egs. (3)-(4). Crucially, the input from the rest
of the network is irregular temporally but uniform spa-
tially and does not affect the variational equations of C'
directly, since I(t) does not appear in Eq. (4). Yet, it
indirectly impacts synchronization stability by changing
the synchronous state s' according to Eq. (3). It is en-
tirely through the change it causes to s that incoherence
in the rest of the network stabilizes coherence in C, giving
rise to a stable chimera.

To establish this rigorously we note that the Lya-
punov exponents of Eq. (4) can be written as A®) =

In|— KX — 8|+, where I'y = limp o0 In [TIZ_, f/(s)| T
for f/(z) = h/(x) as in the systems explicitly examined
here. Since Ty is generally finite, the associated master
stability function (MSF) [46] A(e, 8) = In|a — 8] + T
defines a finite stability region, and synchronization in C'
is stable if and only if

|— KX\ —Bl<e T, i=2...n (6)

This equation explains what happens at the interface be-
tween global coherence and a chimera state. As the bifur-
cation parameter ¢ is varied and the desynchronization
transition is approached from the left, the condition in
Eq. (6) is violated by at least one transversal mode and
A = max;>2{A®} vanishes at ¢ = ¢.. But past this
point, desynchronization in the other clusters alters s
dramatically, and T’y changes (abruptly) from T'¢° to T'i"
according to its dependence on Eq. (3). If I'" < ',
the stability region defined by Eq. (6) expands (i.e., A
becomes negative again for ¢ > ¢.), and a chimera region
then emerges due to stabilization caused by the incoher-
ent input I(¢). In the example of Fig. 2(b), in particular,
¢ = —0.92 and I''® = —1.6, confirming our phenomeno-
logical observation that incoherence in C; stabilizes co-
herence in Cs. Figure 3 shows the impact of this change

on A [Fig. 3(a)] as well as the co-dependence of A and T,
as the bifurcation parameter is varied [Fig. 3(b)].

To further validate the hypothesis that the synchro-
nization stability in the coherent cluster can be induced
by the incoherent driving, we model the effective input
Kph(s') +1(t) in Eq. (3) as a driving noise term £(%).
The synchronization trajectory s! in the coherent cluster
is then

ST = BE(s1) + £, (7)

with the corresponding variational equations given by
Eq. (4) for A; = —A; —cn. Figure 4(a) shows the result of
our stability analysis for § = 1.2, K = 1.2, and ¢ = 0.2
(see Supplemental Material [43] for results on other val-
ues of ¢). We see that synchronization in the coherent
cluster is unstable (A > 0) in the absence of external driv-
ing £(t), but it can be stabilized (A < 0) by a Gaussian
white noise over a range of mean v and standard devia-
tion o. Moreover, the effective input from the incoherent
cluster has v = —0.30 and ¢ = 0.15, which is inside the
stable region in Fig. 4(a). Figure 4(b) shows a typical
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FIG. 3. Impact of the incoherent cluster on the stability of
the coherent one. (a) MSF for the coherent cluster before
(red) and after (green) the other cluster transitions to inco-
herence, showing a widening of the stable region. (b) LTLE
of the coherent cluster (purple) as the parameter ¢ = ¢(3) in
Fig. 2(b) is varied, showing a discontinuous transition at ¢.
and a continuous one at ¢, due to the corresponding changes
in I's (red). The system and other parameters are as in Fig. 2.
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FIG. 4. Incoherence-stabilized coherence for the influence of
the incoherent cluster modeled as a noise driving. The system
is the same as in Fig. 2 for § = 1.2, K = 1.2, and C> as the
coherent cluster. (a) LTLE of the coherent cluster for ¢ = 0.2
and the driving signal drawn from a Gaussian distribution
of mean v and standard deviation o. Also marked are the
corresponding (v, o) of the effective input when the other
cluster is incoherent (blue cross) or coherent (red cross). (b)
Typical time series of the effective input corresponding to the
blue cross.

time series of the effective input, which indeed closely
resemble a noisy signal. Our finding shares similarities
with noise-induced synchronization, but it is worth not-
ing that certain negative v can stabilize coherence even
when ¢ = 0, which can potentially explain chimera death
states [47]. On the other hand, the scenario in which both
clusters are synchronized corresponds to v = ¢ = 0 for
diffusive coupling, which is equivalent to not having ex-
ternal driving, and is thus unstable for the given param-
eters. More generally, for diffusive coupling, coherence in
one cluster can benefit from common driving only when
the other cluster is not in the same state.
We now turn to adjacency matrix coupling for

f(@) = hx) + (n/6)/8 = [1 — cos(x)]/2+ (/6)/8, (8)

which is a closely-related class of optoelectronic oscilla-
tors for which this type of coupling has been implemented
experimentally [38]. Here, the dynamical variables are
constrained to the interval [0,27) by taking mod 27 at
each iteration. Our primary goal with this model is to il-
lustrate a coupling scheme for which the intercluster cou-
pling term does not vanish in the coherent state. But we
also want to show that our results do not depend on the
coherent and incoherent clusters being equal. To facili-
tate comparison with the literature, we adopt a network
and parameter setting for the system in Eq. (8) first con-
sidered in Ref. [31]. The network consists of a ring of six
nodes coupled to their first and second nearest neighbors
[Fig. 5(a)], and the parameters are set to § = 27/3 —4K.

In Fig. 5(b), we perform a comparative analysis and
plot the LTLE for coherence in cluster Cy (comprising
four oscillators) when cluster C; (comprising two oscilla-
tors) is assumed to be coherent and incoherent, respec-
tively. We see that incoherence in C} significantly de-
lays the instability transition in Cy from K = —0.65
to K = —0.80 and, as a consequence, gives rise to
a much wider chimera region than previously expected

4

[31]. A representative time series for the chimera state
at K = —0.72, whose coherent cluster is stabilized by the
incoherent one, is shown in Fig. 5(a).

The analysis presented above reveals a physical mech-
anism underlying the emergence of strong chimeras. The
self-consistency of such states was partially elucidated
by the previous demonstration that desynchronization in
one cluster does not necessarily lead to the concurrent
desynchronization in another cluster [31, 38]. Here, we
have been able to go one step further and demonstrate
that incoherence in one cluster can in fact stabilize co-
herence in the other cluster. This incoherence-stabilized
coherence adds a new dimension to the proposition that
chimera states are the natural link between coherent and
incoherent states [8, 48, 49].

Our results have potential implications for seizures
that arise from the excessive synchronization of large neu-
ronal populations [50], which have been linked to chimera
states [51-54]. In particular, the discovery that the co-
herent domain is often stabilized by its interaction with
the incoherent domain can help explain why corpus cal-
losotomy [55], surgery that separates the brain into two
disconnected hemispheres, is an effective treatment for
epilepsy and seizures. Incoherence-stabilized coherence
also provides insights on the counter-intuitive phenom-
ena that desynchronization is often observed preceding
seizures [52, 56, 57] and that high levels of synchrony
can facilitate seizure termination [54, 58].

As a promising direction for future research, we note
that chimera states not meeting the conditions for strong
chimeras have been studied in the literature, including
those with coherent domains that are not identically syn-
chronized [5, 10, 14, 59] and those that co-occur with sta-
ble global coherence [6, 7, 23, 29]. It remains to be shown
how the mechanism uncovered for strong chimeras may
provide insight into those states. The key challenge is
that oscillators in the coherent domain are typically not
driven by a common input signal when they are not iden-
tically synchronized, although they often remain approx-
imately synchronized and receive similar input [5, 48].
Given the prevalence of related phenomena such as noise-
induced synchronization [60-63], we believe the coopera-
tive relation between incoherence and coherence revealed
by our analysis can be a general mechanism giving rise
to a wide range of chimera states.
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by ARO Grant No. W911NF-19-1-0383.
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