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We explore nonadiabatic quantum phase transitions in an Ising spin chain with a linearly time-
dependent transverse field and two different spins per unit cell. Such a spin system passes through
critical points with gapless excitations, which support nonadiabatic transitions. Nevertheless, we
find that the excitations on one of the chain sub-lattices are suppressed in the nearly-adiabatic
regime exponentially. Thus, we reveal a coherent mechanism to induce exponentially large density
separation for different quasiparticles.

The separation of two slightly different types of parti-
cles is often encountered both in applied and fundamen-
tal research. One example is the apparent asymmetry
between matter and antimatter in our Universe. Ob-
servations prove that the symmetry between matter and
antimatter was broken, presumably early on in the his-
tory of the Universe. However, it is still unclear how the
subtle CP symmetry violation could lead to the large ob-
served differences at the cosmological scale [1]; although
it is known that when the characteristic asymmetry en-
ergy scale is very small, the large density difference has
to be produced during a nonequilibrium process [2].

The goal of this article is to introduce a mechanism for
controlling different quasiparticles separately using expo-
nential sensitivity of quantum nonadiabatic transitions to
symmetry-breaking interactions. Namely, when param-
eters of a quantum system change with time adiabati-
cally, the system remains in the instantaneous eigenstate,
e.g., the ground state. However, the Kibble-Zurek mech-
anism [3–11] predicts that the number of nonadiabatic
excitations is not suppressed exponentially if a macro-
scopic system passes through a quantum critical point
at which the energy gap to excitations closes. Without
an asymmetry of interactions, different particle species
would pass through the same phase transition simultane-
ously. However, even a small asymmetry generally opens
the gap to certain excitation types, even though the crit-
ical point is not destroyed. Thus, we can harvest the
excitations of one type and suppress the others.

A broadly known quantum example that confirms the
Kibble-Zurek mechanism is the model of a uniform Ising
spin chain in a transverse magnetic field [12–14], with the
Hamiltonian

Ĥu =

N∑
n=1

[
Bσ̂zn + Jσ̂xnσ̂

x
n+1

]
, B = −βt, (1)

where σ̂x,zn are Pauli operators for the n-th spin, J is
the spin-spin coupling, and B is the transverse time-
dependent field that changes with rate β > 0. This
model has two Dirac points at B = ±J , at which its
spectral gaps close, and which mark boundaries between
three phases. The phase with strong quantum correla-
tions (Fig. 1 top) contains the point B = 0 with two

FIG. 1. Top: Phase diagram of Ising chain (1) in a trans-
verse magnetic field. Dashed horizontal lines mark the critical
points with the spectral gap closings. AtB = ±∞, the ground
state is fully spin-polarized along z-axis, whereas at B = 0 the
ground state is a superposition of x-polarized spin states. Bot-
tom: Spin chain model (5) with broken chiral symmetry. We
consider the case of b1 > b2. In the adiabatic limit, the initial
spin polarized ground state (top) at t = −∞ transfers to the
spin polarized state at t = +∞ with all spins flipped. The
nonadiabatic excitations (non-flipped spins) on the odd-site
sublattice (red) are suppressed as a power law (31), respect-
ing the Kibble-Zurek mechanism. In contrast, nonadiabatic
excitations on the even-site sublattice (blue) are suppressed
exponentially (25).

degenerate ground states:

| →→ . . .→→〉 and | ←← . . .←←〉. (2)

For B(t) = −βt, the model is exactly solvable [12]. If
the system starts from the fully polarized ground state

| ↓ ↓ ↓ ↓ . . . ↓ ↓〉 (3)

as t → −∞, then in the thermodynamic limit of this
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solution, after the passage through a critical point the
number of non-adiabatic excitations follows a power law:

ρ ∼ J−1β1/2. (4)

Let us now explore robustness of the Ising model pre-
dictions by considering a spin chain whose unit cell con-
tains two different spins, with the Hamiltonian

Ĥ =

N∑
n=1

[
−b1t

2
σ̂z2n −

b2t

2
σ̂z2n+1

]
+

+

N∑
n=1

[
J1σ̂

x
2nσ̂

x
2n+1 + J2σ̂

x
2n+1σ̂

x
2n+2

]
.

(5)

The difference between b1 and b2 is due to different spin
g-factors, and J1 6= J2 reflects the lack of inversion sym-
metry at zero field. Periodic boundary condition is im-
posed. Figure 1 (bottom) illustrates the structure of this
spin chain.

Without loss of generality, here and in what follows,
we assume b1 > b2; namely, the spins on the even-
site sublattice have a larger g-factor than those on the
odd-sites. We note that for weak symmetry breaking,
|J1 − J2| � |J1 + J2| and |b1 − b2| � |b1 + b2|, the
ground state polarizations at B = 0,±∞ are the same
for spins with odd and even indices, and the spin exci-
tations on different sublattices then resemble particles of
two slightly different types of matter.

Via the Jordan-Wigner transformation, Hamiltonian
(5) reduces to a quadratic form of fermionic operators,

ĉ and d̂, on the even and odd sites, respectively. The
details are presented in Appendix A of the Supplemental
Material (SM). Thus,

σ̂z2n = 1− 2ĉ†nĉn, σ̂z2n+1 = 1− 2d̂†nd̂n. (6)

It is convenient to work with the Fourier transformed
operators

ĉp =
1√
N

N∑
n=1

ĉne
−ipn, ĉ†p =

1√
N

N∑
n=1

ĉ†ne
ipn, (7)

and similarly defined d̂p, d̂
†
p. We will assume that N is

even, so the momentum takes discrete values p = ±(2k−
1)π/N , k = 1, ..., N/2. Hamiltonian (5) then is

Ĥ =
∑
p>0

â†pHpâp, (8)

where âp and Hp are given by

âp ≡


ĉp
ĉ†−p
d̂p
d̂†−p

 , Hp ≡

b1t 0 g γ
0 −b1t −γ −g
g∗ −γ∗ b2t 0
γ∗ −g∗ 0 −b2t

 , (9)

with the couplings

g ≡ J1 + J2e
−ip, γ ≡ J1 − J2e

−ip. (10)

FIG. 2. The time-dependent spectrum of the Hamiltonian
Hp(t) from (9). (a) Two exact level crossing points appear
at p = 0. (b) At finite p, which is here p = 0.3, small gaps
open up near places of the former crossing points. Other
parameters are b1 = 2, b2 = 1, J1 = 3, J2 = 1 in both
figures. The numbers 1-4 in (a) mark the diagonal elements of
Hp, with which the corresponding eigenenergies merge as t→
±∞, e.g., 1 is for (Hp)11. The dashed blue and green arrows
in (b) show two semiclassical trajectories that contribute to
the amplitude S33. Each trajectory jumps through one of the
gaps but avoids the other gap.

In the Heisenberg’s picture, the evolution of âp is de-
scribed by a Schrödinger-like equation:

iâp(t) = Hp(t)âp(t), (11)

and the initial ground state (3) corresponds to the ini-
tially fully filled Fermi sea, for all fermions as t→ −∞.

In Fig. 2, we show the time-dependent eigenvalues of
the matrix Hp for a broken chiral symmetry: J1 6= J2

and b1 > b2. Figure 2(a) shows that at p = 0 two of
the four energy levels experience exact level crossings,
whereas Fig. 2(b) illustrates that this degeneracy is lifted
for nonzero p. This means that the chiral asymmetry
does not destroy the Dirac points in the spectrum, which
must produce a power law density of excitations accord-
ing to the Kibble-Zurek mechanism.

We will consider the evolution with the Hamiltonian
(5) during the time interval t ∈ (−∞,+∞). In terms
of the phase diagram in Fig. 1, this means that the sys-
tem passes through two phase transition points. In the
adiabatic limit, the initial ground state (3) transfers, as
t→ +∞, into the ground state with all spins up

| ↑ ↑ ↑ ↑ . . . ↑ ↑〉. (12)

This is the fermionic vacuum, and the free fermions are
the elementary excitations. The numbers of excitations
(non-flipped spins) on the even and odd sublattices at
the end of the protocol are given by, respectively,

Ne
ex ≡

N∑
n=1

〈ĉ†nĉn〉 =

N∑
p

〈ĉ†pĉp〉, (13)

No
ex ≡

N∑
n=1

〈d̂†nd̂n〉 =

N∑
p

〈d̂†pd̂p〉, (14)
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where, in the Schrödinger’s picture, the averaging is
taken over the state at t = +∞.

The Hamiltonian (9) has the form of a multistate
Landau-Zener (MLZ) model, i.e., can be written as
H(t) = A + Bt with hermitian matrices A and B.
The MLZ models have been extensively studied previ-
ously [15–17]. Our case with J1 6= J2 is generally not
solvable [18] but the MLZ theory provides exact formu-
las for some of the evolution matrix elements [19], which
we will utilize.

Let us define the S-matrix

S = S(p) ≡ Up(T,−T )T→∞, (15)

where Up(T,−T ) is the evolution matrix over the time
interval t ∈ (−T, T ) with the Hamiltonian Hp. We can
say that the operators at t = ±∞ are related by

âp(+∞) = Sâp, (16)

where âp ≡ âp(−∞). Hence,

ĉp(+∞) = S11ĉp + S12ĉ
†
−p + S13d̂p + S14d̂

†
−p,

ĉ†p(+∞) = S∗11ĉ
†
p + S∗12ĉ−p + S∗13d̂

†
p + S∗14d̂−p.

(17)

The number of excitations (13) can be evaluated in the
Heisenberg’s picture, i.e., taking the average of the oper-
ators at t = +∞ with respect to the initial state (3):

Ne
ex(+∞) =

∑
p

(|S11|2 + |S13|2). (18)

The survival amplitudes for states with the highest
energy level slopes are known exactly for any MLZ
model [15]:

S11 = S22 = e−
π|g|2
b1−b2

− π|γ|2
b1+b2 . (19)

Another exact relation of MLZ theory is for the transi-
tion amplitudes between the levels with the two highest
slopes [19]:

S11S33 + |S13|2 = e−
2π|γ|2
b1+b2 . (20)

This does not fix S13 because S33 is not known. Fortu-
nately, model (9) has discrete symmetries leading to

S11 + S22 = S33 + S44,

S33(−p) = S44(p),
(21)

the derivations of which are given in Appendix B of the
SM. Equations (19)-(21) then predict∑

p

|S13|2 =
∑
p

[
e−

2π|γ|2
b1+b2 − |S11|2

]
. (22)

This formula is exact. Hence, without approximations

Ne
ex(+∞) =

∑
p

e−
2π|γ|2
b1+b2 . (23)

FIG. 3. (a): Density of excitations of the even-site sublat-
tice as a function of the quenching rate, b1 = 2β, b2 = β.
Black solid curve and blue dashed curve correspond to, re-
spectively, the exact prediction (24) at J1 = J2 = 1.5 and
perturbed coupling J1 = 2, J2 = 1. (b): The numerically
calculated transition probability

∑
p |S33|2 at J1 = 2, J2 = 1,

b1 = 2β and b2 = β. Triangles are the numerical data. The
black dashed line is the power-law scaling (31) prediction.
The insets resolve the fast Stueckelberg oscillations around
the mean power-law tail. The filled triangles are the same
points in the main figure and the insets.

As N → ∞, we replace
∑
p /N →

∫ π
−π dp/(2π), and

find the density of excitations (per unit cell) in the ther-
modynamic limit

ρeex(+∞) = e
− 2π(J2

1+J2
2 )

|b1+b2| I0

(
4πJ1J2

b1 + b2

)
, (24)

where I0(x) is the modified Bessel function of the first
kind. In the leading order of small b1 + b2

ρeex(+∞) ≈ e−
2π(J1−J2)2

|b1+b2|

√
b1 + b2

2π
√

2J1J2

. (25)

This is the central result of our article. For any J1 6=
J2 the excitations on the even-sublattice are suppressed
exponentially rather than by a power-law. The latter is
found only for a symmetric case with J1 = J2 but b1 > b1.
Complete exact solution for this special case is presented
in Appendix D of the SM. We also note that the above
solutions do not smoothly carry over b1 = b2 point, to
which our exact MLZ analysis does not apply because of
the degeneracy of the time-dependent Zeeman coupling.

Equation (25) does not contradict the Kibble-Zurek
mechanism because the power-law for excitation density
does appear on the odd-site sublattice. Consider

No
ex(+∞) =

∑
p

(|S33|2 + |S31|2). (26)
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Here, |S31|2 can be obtained exactly because |S31| =
|S13|. According to Eq. (22), it produces an exponen-
tially suppressed contribution. We also prove in Ap-
pendix C of the SM that

∑
p |S33|2 ≥

∑
p |S11|2, so,

No
ex ≥ Ne

ex. Hence, only S33 contains the information
about the power-law scaling.

The exact crossings of the 2nd and 3rd adiabatic levels
of Hp happen at p = 0 and time moments

t1,2 = ∓2
√
J1J2/(b1b2). (27)

We interpret t1,2 as the moments of the phase transitions.
By setting t = t1,2 + δt and p = δp, with small δp and
δt, we find an effective Hamiltonian for the interactions
within the subspace of Hp spanned by the two eigen-
states, whose energies become nearly degenerate near the
critical points:

Ĥeff ≈
2
√
J1J2b1b2(

√
J1J2δpτ̂x +

√
b1b2δtτ̂z)√

(b2J1 + b1J2)(b1J1 + b2J2)
, (28)

where τ̂x and τ̂z are the Pauli operators that act in sub-
space of two states with closest to one Dirac point en-
ergies. The Landau-Zener formula applied to Hamilto-
nian (28) returns the probability of a non-adiabatic ex-
citation after a transition through one Dirac point:

Pex = exp

(
− 2π(δp)2(J1J2)3/2√

(b2J1 + b1J2)(b1J1 + b2J2)

)
. (29)

Our system passes through two Dirac points. An exci-
tation created near the first point should remain excited
after the second point. The system may also not produce
an excitation during the first crossing but produce it at
the second one. Generally, there is interference between
such evolution paths (Stueckelberg’s oscillations). If we
disregard this interference, the probabilities of the two
possibilities simply sum, i.e.,

P2ex = 2Pex(1− Pex). (30)

Integrating P2ex over δp ∈ (−∞,+∞), we find that in
the adiabatic limit:∑
p

|S33|2

N
≈ 2−

√
2

4π(J1J2)3/4
[(b2J1 + b1J2)(b1J1 + b2J2)]

1/4
.

(31)
This is the estimate of the excitation density on the odd-
site sublattice in the nearly-adiabatic limit. In Fig. 3,
the numerical simulations confirm the power-law scal-
ing trend for the parameter dependence in (31), which
is modulated by fast Stueckelberg oscillations. We also
note that (31) reproduces correctly the scaling prediction
of the uniform chain model (4) if we set b1 = b2 = 2β
and J1 = J2.

Hence, as t → +∞, the remaining excitations on the
odd-site sublattice are suppressed according to a power-
law, in contrast to the exponential suppression on the
even-site sublattice. At the intermediate moment, t = 0,

excitations take the form of superpositions of kinks. The
asymmetry appears then too, i.e., some of the excitations
are exponentially suppressed in comparison to the others
but this effect does not have a simple interpretation in
terms of different kink types. We leave such details to
Appendix E of the SM.

Our results illustrate how the Kibble-Zurek mechanism
works when a part of a system is not observable. The lat-
ter may happen in atomic gases, in which optically ob-
servable spins interact via spins of other atomic species
[20]. In the asymmetric Ising chain, if the spin excita-
tions on the odd sites are not observable, the even-site
spins still create a visible ferromagnetic state at zero ex-
ternal field and polarize when the external field is strong.
Hence, looking only at the even spins, one can expect that
this system goes through the same phase transitions as
the uniform Ising chain and thus produces excitations
with a power-law scaling. Our solution shows, however,
that all observable spin excitations are suppressed in this
case exponentially. A power-law tail of the excitations is
hidden then in the non-observable spins.

Summarizing, we demonstrated that small differences
between interacting spins in a simple spin chain can
lead to an exponentially large effect when passing slowly
through a phase transition. The underlying mechanism
arguably processes universalities: strong but symmet-
ric interactions compete with each other near a critical
point, where subtle interaction differences play a decisive
role. As long as a symmetry breaking opens the gap for
certain types of quasi-particles while not destroying the
critical point, the exponentially large density separation
of different quasi-particles should happen after the pas-
sage through the phase transition independently of the
model’s microscopic details.

The Kibble-Zurek mechanism for Ising-type quantum
phase transition has been recently studied experimentally
in ultracold atoms [9]. In such systems an asymmetry can
be introduced by placing atoms in a periodic potential
without the inversion symmetry. If the time-linear field
ramp is induced by changing the AC-frequency in the
rotating-wave approximation, the sweeping of the detun-
ing frequency across an optical resonance effectively mim-
ics the field changes in range Bz ∈ (+∞,−∞) [21, 22].
Hence, the demonstration of our effect requires only sim-
ple modification of the control protocols in already ac-
cessible for studies dynamic phase transitions.

Let us also speculate about possible applications. Dif-
ferent isotopes have different spin interactions in an ul-
tracold atomic mixture [23]. Hence, an adiabatic passage
through a quantum critical point can induce spin excita-
tions in this mixture, overwhelmingly, for only one of the
isotopes. One can then separate such excited atoms us-
ing the magnetic deflection approach from [24], and thus
develop a technology for isotope separation. The asym-
metry of matter and antimatter in our Universe may also
be viewed now as a result of a hypothetical transition
through a quantum critical point during cosmic inflation,
when the matter could be excited from the vacuum via
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quantum nonadiabatic processes [25, 26].
The dynamic phase transitions are found broadly, from

cosmological models to the experiments with supercon-
ductors and ultracold atoms. They are likely responsi-
ble for the scaling of mistakes that limit the quantum
annealing computation techniques [27]. Fortunately, dif-
ferent systems show universal behavior, which is driven
by relatively simple effects near the critical point. The
quasiparticle separation is one of such effects that remain
relevant near the critical point and thus can be used for
control of complex quantum systems.
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and M. D. Lukin, “Quantum Kibble-Zurek mechanism
and critical dynamics on a programmable rydberg simu-
lator,” Nature 568, 207–211 (2019).

[10] M. M. Rams, J. Dziarmaga, and W. H. Zurek, “Symme-
try breaking bias and the dynamics of a quantum phase
transition,” Physical Review Letters 123, 130603 (2019).

[11] L.-Y. Qiu, Y.-B. Liang, H.-Y.and Yang, H.-X. Yang,
T. Tian, Y. Xu, and L.-M. Duan, “Observation of gener-
alized Kibble-Zurek mechanism across a first-order quan-
tum phase transition in a spinor condensate,” Science
Advances 6, 7292 (2020).

[12] J. Dziarmaga, “Dynamics of a quantum phase transition:
exact solution of the quantum ising model,” Physical Re-
view Letters 95, 245701 (2005).

[13] W. H. Zurek, U. Dorner, and P. Zoller, “Dynamics of a
quantum phase transition,” Physical Review Letters 95,
105701 (2005).

[14] M. Heyl, A. Polkovnikov, and S. Kehrein, “Dynamical
quantum phase transitions in the transverse-field ising
model,” Physical Review Letters 110, 135704 (2013).

[15] S Brundobler and Veit Elser, “S-matrix for generalized
Landau-Zener problem,” Journal of Physics A: Mathe-

matical and General 26, 1211 (1993).
[16] Nikolai A Sinitsyn, Emil A Yuzbashyan, Vladimir Y

Chernyak, Aniket Patra, and Chen Sun, “Integrable
Time-Dependent quantum hamiltonians,” Physical Re-
view Letters 120, 190402 (2018).

[17] N. A. Sinitsyn, “Solvable four-state Landau-Zener model
of two interacting qubits with path interference,” Physi-
cal Review B 92, 205431 (2015).

[18] R. K. Malla and M. E. Raikh, “Loss of adiabaticity
with increasing tunneling gap in nonintegrable multistate
Landau-Zener models,” Physical Review B 96, 115437
(2017).

[19] F. Li, C. Sun, V. Y. Chernyak, and N. A Sinitsyn, “Mul-
tistate Landau-Zener models with all levels crossing at
one point,” Physical Review A 96, 022107 (2017).

[20] D. Roy, L. Yang, S. A. Crooker, and N. A. Sinitsyn,
“Cross-correlation spin noise spectroscopy of heteroge-
neous interacting spin systems,” Scientific Reports 5,
9573 (2015).

[21] C. Sun and N. A. Sinitsyn, “Exact transition probabilities
for a linear sweep through a Kramers-Kronig resonance,”
J. Phys. A: Math. Theor. 48, 505202 (2015).

[22] R. T. Brierley, C. Creatore, P. B. Littlewood, and
P. R. Eastham, “Adiabatic state preparation of inter-
acting two-level systems,” Phys. Rev. Lett. 109, 043002
(2012).

[23] M. Tomza, “Energetics and control of ultracold Isotope-
Exchange reactions between heteronuclear dimers in
external fields,” Physical Review Letters 115, 063201
(2015).

[24] Thomas R Mazur, Bruce Klappauf, and Mark G Raizen,
“Demonstration of magnetically activated and guided
isotope separation,” Nature Physics 10, 601–605 (2014).

[25] Michael A Fedderke, Edward W Kolb, and Mark
Wyman, “Irruption of massive particle species during in-
flation,” Physical Review D 91, 063505 (2015).

[26] Seishi Enomoto and Tomohiro Matsuda, “The exact
WKB for cosmological particle production,” (2020),
arXiv:2010.14835 [hep-ph].

[27] A. Pearson, A. Mishra, Hen I., and D. A. Lidar, “Ana-
log errors in quantum annealing: doom and hope,” NPJ
Quantum Information 5 (2019).

http://dx.doi.org/10.1088/1367-2630/14/9/095012
http://dx.doi.org/10.1088/1367-2630/14/9/095012
http://dx.doi.org/10.1070/PU1991v034n05ABEH002497
http://dx.doi.org/10.1070/PU1991v034n05ABEH002497
http://dx.doi.org/ 10.1016/0370-1573(80)90091-5
http://dx.doi.org/ 10.1088/0305-4470/9/8/029
http://dx.doi.org/ 10.1088/0305-4470/9/8/029
http://dx.doi.org/ 10.1063/1.2784684
http://dx.doi.org/10.1038/317505a0
http://dx.doi.org/ 10.1016/S0370-1573(96)00009-9
http://dx.doi.org/10.1142/S0217751X1430018X
http://dx.doi.org/10.1142/S0217751X1430018X
http://dx.doi.org/10.1142/S0217751X1430018X
http://dx.doi.org/ 10.1038/s41586-019-1070-1
http://dx.doi.org/ 10.1103/PhysRevLett.123.130603
https://advances.sciencemag.org/content/advances/6/21/eaba7292.full.pdf
https://advances.sciencemag.org/content/advances/6/21/eaba7292.full.pdf
http://dx.doi.org/10.1103/PhysRevLett.95.245701
http://dx.doi.org/10.1103/PhysRevLett.95.245701
http://dx.doi.org/10.1103/PhysRevLett.95.105701
http://dx.doi.org/10.1103/PhysRevLett.95.105701
http://dx.doi.org/ 10.1103/PhysRevLett.110.135704
http://dx.doi.org/ 10.1088/0305-4470/26/5/037
http://dx.doi.org/ 10.1088/0305-4470/26/5/037
http://dx.doi.org/ 10.1103/PhysRevLett.120.190402
http://dx.doi.org/ 10.1103/PhysRevLett.120.190402
http://dx.doi.org/10.1103/PhysRevB.92.205431
http://dx.doi.org/10.1103/PhysRevB.92.205431
http://dx.doi.org/10.1103/PhysRevB.96.115437
http://dx.doi.org/10.1103/PhysRevB.96.115437
http://dx.doi.org/ 10.1103/PhysRevA.96.022107
http://dx.doi.org/ 10.1038/srep09573
http://dx.doi.org/ 10.1038/srep09573
http://dx.doi.org/10.1088/1751-8113/48/50/505202
http://dx.doi.org/ 10.1103/PhysRevLett.109.043002
http://dx.doi.org/ 10.1103/PhysRevLett.109.043002
http://dx.doi.org/ 10.1103/PhysRevLett.115.063201
http://dx.doi.org/ 10.1103/PhysRevLett.115.063201
http://dx.doi.org/ 10.1038/nphys3013
http://dx.doi.org/ 10.1103/PhysRevD.91.063505
http://arxiv.org/abs/2010.14835
http://arxiv.org/abs/2010.14835
https://advances.sciencemag.org/content/advances/6/21/eaba7292.full.pdf
https://advances.sciencemag.org/content/advances/6/21/eaba7292.full.pdf

	Nonadiabatic Phase Transition with Broken Chiral Symmetry
	Abstract
	Acknowledgments
	References


