
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Unruh and Cherenkov Radiation from a Negative Frequency
Perspective

Anatoly Svidzinsky, Arash Azizi, Jonathan S. Ben-Benjamin, Marlan O. Scully, and William
Unruh

Phys. Rev. Lett. 126, 063603 — Published 12 February 2021
DOI: 10.1103/PhysRevLett.126.063603

https://dx.doi.org/10.1103/PhysRevLett.126.063603


Unruh and Cherenkov radiation from a negative frequency perspective

Anatoly Svidzinsky1, Arash Azizi1, Jonathan S. Ben-Benjamin1, Marlan O. Scully1,2,3, and William Unruh4
1Texas A&M University, College Station, TX 77843;

2Baylor University, Waco, TX 76798;
3Princeton University, Princeton, NJ 08544;

4University of British Columbia,

Vancouver, Canada V6T 1Z1

(Dated: December 16, 2020)

A ground-state atom uniformly accelerated through the Minkowski vacuum can become excited by
emitting an Unruh-Minkowski photon. We show that from the perspective of an accelerated atom,
the sign of the frequency of the Unruh-Minkowski photons can be positive or negative depending on
the acceleration direction. The accelerated atom becomes excited by emitting an Unruh-Minkowski
photon which has negative frequency in the atom’s frame, and decays by emitting a positive fre-
quency photon. This leads to interesting effects. For example, the photon emitted by accelerated
ground-state atom can not be absorbed by another ground-state atom accelerating in the same
direction, but it can be absorbed by an excited atom or a ground-state atom accelerated in the
opposite direction. We also show that similar effects take place for Cherenkov radiation. Namely, a
Cherenkov photon emitted by an atom can not be absorbed by another ground-state atom moving
with the same velocity, but can be absorbed by an excited atom or a ground-state atom moving in
the opposite direction.

An atom uniformly accelerated in the Minkowski vac-
uum can become excited by emitting a photon into the
so called Unruh-Minkowski mode. This is known as Un-
ruh acceleration radiation [1–3]. The Unruh-Minkowski
photon has positive energy. The energy required to emit
the photon by the accelerated atom is gained from the
atom’s kinetic energy.

However, atoms interact with the field locally, that is
an atom feels the local value of the field at the atom’s
location. As a consequence, the local properties of the
photon mode function determine the atom’s ability to
emit and absorb the photon. Here we investigate what
field the accelerated atom senses when it interacts with
the Unruh-Minkowski photons. We show that from
the atom’s perspective, a certain type of the Unruh-
Minkowski modes act as if they have negative frequency
(negative energy) and the atom can become excited by
emitting a photon into these locally “negative frequency”
modes. We find that the emitted photon can not be ab-
sorbed by another ground-state atom accelerating in the
same direction, but it can be absorbed by an excited
atom or a ground-state atom accelerated in the opposite
direction. We also show that similar effects take place
for Cherenkov radiation. Namely, a Cherenkov photon
emitted by an atom can not be absorbed by another
ground-state atom moving with the same velocity, but
can be absorbed by an excited atom or a ground-state
atom moving in the opposite direction. The possibility
(or not) of the emission from relatively moving ground-
state atoms to excite other atoms is the main novel find-
ing of our paper.

Negative frequency is associated with some interest-
ing physical effects. For example, Cherenkov radiation
consists of waves that have negative frequency in the
rest frame of the particle [4, 5]. Quantum friction be-
tween relatively moving dielectrics stems from the mix-
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FIG. 1: Trajectory of atoms uniformly accelerated in different
Rindler wedges.

ing of positive and negative frequency waves in the two
materials [6, 7]. Hawking radiation [8] and its labora-
tory analogs [9, 10] originate from the change in the
sign of the frequency of a wave as it crosses the event
horizon. The behavior of the negative-energy quanta is
essential to understanding the kinematics of amplifica-
tion of waves which can explain the physics of traveling-
wave-tube-type amplifiers [11], a resistive-wall amplifier
[12], and amplification of ultrasound in semiconductors
[13]. Cherenkov-like radiation of sound waves can be pro-
duced by a charged particle moving through a medium
with a velocity exceeding the phase velocity of phonons
[14]. It also occurs when an obstacle is moving through
a superfluid with supersonic speed. Such motion yields
Cherenkov emission of Bogoliubov’s quasiparticles inside



2

the Mach cone [15].
Here we consider an electrically neutral two-level atom

with a transition angular frequency ω which moves along
the trajectory t(τ), z(τ) in vacuum, where τ is the proper
time of the atom. For simplicity we approximate light
as a scalar field described by the operator Φ̂(t, z) and
consider either dimension 1 + 1, or dimension 3 + 1, but
restrict photons to have wave vector k parallel to the
z−axis [16]. We will assume the following form of the
interaction Hamiltonian between the atom and the scalar
field

V̂ (τ) = g
(

σ̂e−iωτ + σ̂†eiωτ
) ∂

∂τ
Φ̂(t(τ), z(τ)), (1)

where g is the atom-field coupling constant, and σ̂ and
σ̂† are the atomic lowering and raising operators. Since
the atom feels the local value of the field the operator
Φ̂ is evaluated at the atom’s position t(τ), z(τ). In the

case of QED, Φ̂ is analogous to the vector potential and
Hamiltonian (1) is in the dipole approximation.
The Unruh-Minkowski modes of the scalar field Φ are

defined as [17]

F1Ω(t, z) =
|t± z/c|iΩ

√

2Ω sinh(πΩ)

{

e−
πΩ

2 , t± z/c > 0

e
πΩ

2 , t± z/c < 0
, (2)

and

F2Ω(t, z) =
|t± z/c|−iΩ

√

2Ω sinh(πΩ)

{

e
πΩ

2 , t± z/c > 0

e−
πΩ

2 , t± z/c < 0
, (3)

where Ω > 0, and the ± sign corresponds to left and
right propagating photons respectively. Ω is a parame-
ter which is proportional to the photon frequency in the
Rindler space [18].
The Unruh-Minkowski modes (2) and (3) are solutions

of the wave equation. They form a complete set and have
positive norm (defined as the Klein–Gordon inner prod-
uct) and, thus, are associated with the photon annihila-
tion operators â1Ω and â2Ω. The negative-norm modes
are the complex conjugates of Eqs. (2) and (3), and cor-

respond to the photon creation operators â†1Ω and â†2Ω.
Expansion of the field operator in terms of the Unruh-
Minkowski modes reads

Φ̂ =
∑

Ω>0

(

F1Ωâ1Ω + F ∗
1Ωâ

†
1Ω + F2Ωâ2Ω + F ∗

2Ωâ
†
2Ω

)

. (4)

The vacuum state for the Unruh-Minkowski photons is
the usual Minkowski vacuum |0M 〉, that is â1Ω |0M 〉 = 0,
â2Ω |0M 〉 = 0 for all Ω.
The Unruh-Minkowski modes are a convenient choice

for the description of Unruh acceleration radiation.
Namely, a ground-state atom with a transition frequency
ω moving in the right Rindler wedge with an acceleration
a (see Fig. 1) emits left-propagating waves into the sin-
gle Unruh-Minkowski mode F1Ω and right-propagating
waves into the mode F2Ω, where Ω = ωc/a. To gain

insight into the process of acceleration radiation we con-
sider a uniformly accelerated atom moving along the tra-
jectory

t(τ) =
c

a
sinh

(aτ

c

)

, z(τ) =
c2

a
cosh

(aτ

c

)

(5)

in the Minkowski spacetime. In Eq. (5) τ is the proper
time of the atom. If a > 0 (a < 0) the atom moves in the
right (left) Rindler wedge (see Fig. 1).
Along the worldline of the accelerated atom (5)

the Unruh-Minkowski mode functions for the left-
propagating photons have the form

FL1Ω(t(τ), z(τ)) =

(

c
a

)
iΩ

e−
πΩ

2
sign(a)

√

2Ω sinh(πΩ)
eiaΩτ/c, (6)

FL2Ω(t(τ), z(τ)) =

(

c
a

)
−iΩ

e
πΩ

2
sign(a)

√

2Ω sinh(πΩ)
e−iaΩτ/c. (7)

That is at the atom’s location, the Unruh-Minkowski
modes are harmonic function of τ , namely, F ∝ e−iντ ,
where ν = ±aΩ/c is the frequency of the wave that the
atom senses. If this frequency is negative and ν = −ω
then the term in the interaction Hamiltonian

σ̂†eiωτ â†F ∗(t(τ), z(τ)) ∝ σ̂†â†ei(ν+ω)τ

yields resonant excitation of the atom with photon emis-
sion.
Eqs. (6) and (7) show that from the perspective of the

atom accelerated in the right Rindler wedge (a > 0) the
mode function FL1Ω has negative frequency ν = −aΩ/c,
while FL2Ω has positive frequency ν = aΩ/c. Therefore,
the ground-state atom can become excited by emitting a
left-propagating photon with negative frequency into the
mode FL1Ω with Ω = ωc/a.
For the right-propagating Unruh-Minkowski photons

the mode functions at the atom’s location are

FR1Ω(t(τ), z(τ)) =

(

c
a

)
iΩ

e
πΩ

2
sign(a)

√

2Ω sinh(πΩ)
e−iaΩτ/c, (8)

FR2Ω(t(τ), z(τ)) =

(

c
a

)
−iΩ

e−
πΩ

2
sign(a)

√

2Ω sinh(πΩ)
eiaΩτ/c. (9)

That is, from the perspective of the atom accelerated in
the right Rindler wedge (a > 0) the mode function FR1Ω

has positive frequency aΩ/c, while FR2Ω has negative fre-
quency −aΩ/c. Thus, the ground-state atom can become
excited by emitting a right-propagating photon with neg-
ative frequency into the mode FR2Ω with Ω = ωc/a.
Negative frequency of the Unruh-Minkowski photon in

the atom’s reference frame yields interesting observable
consequences. For example, a ground-state atom 2 ac-
celerated in the right Rindler wedge (see Fig. 1) can
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not become excited by absorbing a photon emitted by
the atom 1 because the emitted photon has negative fre-
quency from the perspective of atoms accelerated in the
same wedge. That is, the conditional probability to find
both atoms excited and the field in the initial Minkowski
vacuum state is equal to zero [19]. However, such a
negative-frequency photon can be absorbed by the atom
2 if atom 2 is excited. Likewise, a negative-frequency
photon can not be emitted by an excited atom.
If the atom is accelerated in the left Rindler wedge

(a < 0) then, according to Eqs. (6), (7), (8) and (9),
from the perspective of such atom, the mode frequen-
cies change to the opposite sign compared to the atom
accelerated in the right wedge (a > 0). That is from
the perspective of the atom accelerated in the left wedge
the mode functions FL1Ω and FR2Ω have positive fre-
quency, while FR1Ω and FL2Ω have negative frequency.
Therefore, the ground-state atom accelerated in the left
Rindler wedge can become excited by emitting a photon
into the negative frequency modes FR1Ω or FL2Ω. If the
accelerated atom is initially excited then it can undergo
transition into the ground state by absorbing a photon
from the modes FR1Ω and FL2Ω, or by emitting a photon
into the positive-frequency modes FL1Ω and FR2Ω.
The sign of the normal mode frequencies in the ref-

erence frame of the accelerated atom explains why the
Unruh-Minkowski photon emitted by the accelerated
ground-state atom can not be absorbed by another
ground-state atom accelerated in the same wedge, but
it can be absorbed by a ground-state atom accelerated in
the opposite direction. In Supplemental Material we give
a rigorous derivation of this result in 3 + 1 dimension.
Unruh acceleration radiation can also be described

in terms of Rindler photons which are localized in half
planes bound by the lines z = ±ct [18]. However, the
normal modes of Rindler photons

φ1Ω =
1√
Ω
(∓z − ct)iΩθ(∓z − ct), (10)

φ2Ω =
1√
Ω
(ct± z)−iΩθ(ct± z), (11)

from the perspective of the accelerated atom always have
positive frequency. For example, along the trajectory of
an atom accelerated in the right Rindler wedge the field
produced by the Rindler photons is

φL1Ω(t(τ), z(τ)) = 0,

φL2Ω(t(τ), z(τ)) =
1√
Ω

(

c2

a

)−iΩ

e−iaΩτ/c,

φR1Ω(t(τ), z(τ)) =
1√
Ω

(

c2

a

)iΩ

e−iaΩτ/c,

φR2Ω(t(τ), z(τ)) = 0,

that is, the atom senses field oscillations with positive
frequency ν = aΩτ/c. As a consequence, the description
of light emission and absorption by accelerated atoms
in terms of the Rindler photons is similar to the con-
ventional description for inertial atoms. Namely, atoms
become excited by absorbing a Rindler photon and de-
excited by emitting a photon.
The Minkowski vacuum, however, is not a vacuum

state for Rindler photons. The Minkowski vacuum is
filled with Rindler photons with the average mode occu-
pation number given by the thermal Planck factor with
Unruh temperature TU = ~a/2πkBc [1]. In the Rindler-
photon picture the accelerated atom becomes excited by
absorbing a positive-frequency Rindler photon out of the
Minkowski vacuum.
An atom moving relative to matter with a constant ve-

locity V can become excited by a mechanism similar to
that of the Unruh effect [20]. Cherenkov radiation pro-
duced by a uniformly moving atom through a medium is
an example [4, 5]. For description of Cherenkov radiation
it is convenient to choose mode functions as plane waves
which in the medium with refractive index n read (in the
lab frame)

ϕk(t, r) = e−i ck
n
t+ikr,

where k is the photon wave vector. Here we consider
dimension 3 + 1. At the location of the atom moving
with constant velocity V along the trajectory

t(τ) =
τ

√

1− V 2

c2

, r(τ) =
Vτ

√

1− V 2

c2

the mode function ϕk takes the form ϕk(t(τ), r(τ)) =
e−iντ , that is atom senses harmonic oscillations of the
field with frequency

ν =
ck
n −V · k
√

1− V 2

c2

.

From the perspective of the moving atom if V > c/n,
photons propagating inside the Cherenkov cone cos θ >
c/V n, where θ is the angle between V and k, have neg-
ative frequency [21]. This leads to Cherenkov radia-
tion. That is, the atom can become excited by emitting
a negative-frequency photon inside the Cherenkov cone
such that

k ·V =
ck

n
+ ω

√

1− V 2

c2
, (12)

where ω is the atomic transition frequency in atom’s
frame.
Photons emitted outside the Cherenkov cone have posi-

tive frequency. An excited atom emits positive-frequency
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FIG. 2: A ground-state atom is moving through a medium
with a constant velocity V > c/n. Photon propagating in the
direction inside the Cherenkov cone cos θ > c/V n can not be
absorbed by the atom.
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FIG. 3: Ensemble of atoms moving through a medium with
an equal velocity V > c/n and emitting Cherenkov radiation.

photon outside the Cherenkov cone and decays to the
ground state. The excited atom can also decay to the
ground state by absorbing a negative-frequency photon
inside the Cherenkov cone.

Negative frequency of the Cherenkov photon in the
atom’s frame is analogous to the negative frequency of
the Unruh-Minkowski photon in the frame of an acceler-
ated atom. This leads to similar observable effects for the
case of Cherenkov radiation. For example, light propa-
gating inside the Cherenkov cone direction, as a ground-
state atom moving through a medium with constant ve-
locity, can not be absorbed by the atom because in the
reference frame of the atom, the photons have negative
frequency (see Fig. 2). The ground-state atom can only
emit a photon inside the Cherenkov cone so that the total
number of photons in the field increases. This is the case
even if the incident light is in a coherent state produced
by classical sources.

Let us now consider an ensemble of ground-state atoms
moving through a medium with equal velocity V > c/n
(see Fig. 3). In the moving frame, the atoms are sta-
tionary and Cherenkov photons emitted by the atoms
have negative frequency. As a result, the emitted pho-
tons can not be absorbed by other ground-state atoms
in the ensemble. That is, the probability to find two
atoms excited and the field in the vacuum state is equal
to zero [19]. This is analogous to the emission/absorption

of Unruh-Minkowski photons by atoms accelerated in the
same direction.

An ensemble of ground-state atoms directionally mov-
ing through a medium with velocity V > c/n acts as
an inverted medium in a laser. Namely, light propagat-
ing inside the Cherenkov cone is not absorbed by the
atoms but rather it is amplified by stimulated emission of
Cherenkov photons. One should mention that light am-
plification can be achieved by motion of the medium in
other systems. For example, steady nonuniform motion
of a medium through an optical resonator can yield light
amplification in the cavity at the resonator frequency
[22].

If atoms in the ensemble move with different velocities,
then Cherenkov photon emitted by the atom 1 can not be
absorbed by the atom 2 if the photon propagates inside
the atom’s 2 Cherenkov cone, but it can be absorbed if
the photon propagates outside the Cherenkov cone [19].
If atoms move randomly then atomic ensemble cannot
amplify light because the solid angle of the Cherenkov
cone is smaller than 2π sr. This agrees with the second
law of thermodynamics.

In summary, we study the physics of photon emission
and absorption by uniformly accelerated atoms. For this
problem, it is convenient to describe the field in terms
of the left and right propagating Unruh-Minkowski or
Rindler modes since the accelerated two-level atom is in
resonance only with one of these modes. We show that
from the perspective of an accelerated atom the sign of
the frequency of the Unruh-Minkowski photons can be
positive or negative depending on the acceleration di-
rection, while the frequency of the Rindler photons is al-
ways positive. As a result, the Unruh-Minkowski photons
can be emitted and absorbed by the ground-state atom
depending on the atom’s acceleration direction, while
Rindler photons can only be absorbed.

This leads to interesting effects. For example, a photon
emitted by accelerated ground-state atom can not be ab-
sorbed by another ground-state atom accelerated in the
same direction, but can be absorbed if the atom is ex-
cited. Moreover, an atom accelerated in the opposite di-
rection senses the opposite sign of the Unruh-Minkowski
photon frequency. As a result, a ground-state atom can
absorb a photon emitted by another ground-state atom
accelerated in the opposite direction.

We also show that similar effects take place for
Cherenkov radiation. Namely, in 1 + 1 dimension, a
Cherenkov photon emitted by an atom can not be ab-
sorbed by another ground-state atom moving in the same
direction with V > c/n, but can be absorbed if the atom
is in the excited state. However, ground-state atom can
absorb Cherenkov photon emitted by another ground-
state atom moving in the opposite direction. In 3 + 1
dimension, Cherenkov photon emitted by the atom 1 can
not be absorbed by the atom 2 if the photon propagates
inside the atom’s 2 Cherenkov cone, but it can be ab-
sorbed if the photon propagates outside the Cherenkov
cone.
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Our findings can be important for understanding the
residual depolarization of electrons in storage rings [23,
24]. Namely, we predict that Unruh photon emitted by
a spin-flipping electron cannot flip the spin of nearby
polarized electrons in the beam, but it can flip the spin
of unpolarized electrons. This increases the degree of
polarization of the electrons in the storage ring.
It would be interesting to look for similar effects in var-

ious analogs of the Unruh acceleration radiation [25–27]
and Cherenkov radiation. For example, a ground-state
atom moving above a metal surface can become excited
by emitting a surface plasmon [20]. From the atom’s per-
spective the surface plasmon has negative frequency [20].
If many atoms move with the same velocity above the

metal surface, then a ground-state atom in the ensem-
ble can not absorb surface plasmon emitted by another
atom. That is probability to find atoms excited and no
plasmon present is equal to zero.
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