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We propose a method for the fast generation of nonclassical ground states of the Rabi model in
the ultrastrong and deep-strong coupling regimes via the shortcuts-to-adiabatic (STA) dynamics.
The time-dependent quantum Rabi model is simulated by applying parametric amplification to the
Jaynes-Cummings model. Using experimentally feasible parametric drive, this STA protocol can
generate large-size Schrodinger cat states, through a process which is ~ 10 times faster compared to
adiabatic protocols. Such fast evolution increases the robustness of our protocol against dissipation.
Our method enables to freely design the parametric drive, so that the target state can be generated

in the lab frame.

A largely detuned light-matter coupling makes the protocol robust against

imperfections of the operation times in experiments.
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Introduction.—The quantum Rabi model [1-3] is the
lowest-dimensional Hamiltonian describing the light-
matter interaction beyond the rotating-wave approxima-
tion (RWA),

Hg = weala + %02 +0.(ga’ +g%a). (h=1) (1)

Here, we (wq) is the frequency of the cavity (qubit),
g is the light-matter coupling strength, a' (a) is the
creation (annihilation) operator of the cavity field, o,
and o, are Pauli operators of the qubit. This model
was first introduced 90 years ago and it has been used
to describe the dynamics of a wide variety of physical
setups [4], ranging from quantum optics to condensed
matter physics. The popular models of Dicke [5],
Hopfield [6], and Tavis-Cummings [7] are just multiqubit
generalizations of the Rabi model, while the Jaynes-
Cumming (JC) model [8] is its simplified version [9].
Generally, the Rabi model can be divided into different
coupling regimes [9-11], according to the normalized
coupling strength n = g/w.. When focusing on the
ultrastrong (|n] ~ 0.1 ~ 1) and deep-strong (|n| 2 1)
regimes, the counter-rotating terms in Hg cannot be
neglected. This leads to areas of unexplored physics
and gives rise to many fascinating quantum phenomena,
such as the asymmetry of vacuum Rabi splitting [12],
nonclassical photon statistics [13, 14], and superradiance
transition [15-18].

For instance, the ground state of the Rabi model
is a squeezed-vacuum state and involves virtual cavity
photons [14, 19, 20]. Specifically, when wq < g, the
ground state of the Rabi model is

|G) :% (Nilg)lcaty) — N-fe)|cat)), (2)

which is an entangled Schrodinger cat state. Here,
Ni = /2[1 £exp(—2|n[?)] determine the probability
amplitudes of the even (4) and odd (—) cat states
lcaty) = (|n) £]—n)) /Ny, respectively. The states |£n)
are coherent states. The state |g) (Je)) is the ground
(excited) state of the qubit. By imposing the system to
be in this ground state, one can generate the maximally
entangled cat state (MECS) when Ny ~ N_. The
generation of the MECSs is significant not only for the
demonstration of the fundamentals of quantum physics,
but also has wide applications in modern quantum
technologies, such as quantum information processing
[21-25] and quantum metrology [26]. For instance, giant
cat-qubits are very robust against photon dephasing,
so that they can be very promising for fault-tolerant
quantum computation [22-24].

To generate the MECS, the system needs to enter
the deep-strong-coupling (DSC) regime of |n| > /2,
which is, however, still difficult to achieve in experiments
[27-36]. Researchers are encouraged to use simulation
protocols [37-48] based on the JC model [49-51] to study
exotic phenomena in the DSC regime. For instance,
using linear [37] or nonlinear drives [41, 42], one can
modify the sideband of a cavity-qubit coupled system,
so as to enhance the effective light-matter coupling
to enter the DSC regime. This opens the possibility
to adiabatically control the effective coupling strength
based on, e.g., a time-dependent parametric drive, to
prepare the target state |G) in the squeezed-light frame
[42]. However, the adiabatic control requires a very small
changing rate in the control parameters, usually leading
to a long-time evolution. Such a long-time evolution
inevitably increases the effect of dissipation, resulting
in a low-fidelity target state. In addition, how to turn
off the parametric drive without affecting the prepared



entangled state is still an open problem.

In this manuscript, we propose to use shortcuts-to-
adiabatic (STA) methods [52-63], e.g., counterdiabatic
(CD) driving, to rapidly generate the target state |G).
The STA methods are a series of protocols mimicking
adiabatic dynamics beyond the adiabatic limit, and
have been widely applied for quantum state engineering
[64-79]. Specifically, the CD driving [55, 56], enables
controlling a quantum system, such that the system can
accurately evolve along an adiabatic path (e.g., an instan-
taneous eigenstate of the reference Hamiltonian) beyond
the adiabatic limit, where nonadiabatic excitations can
be precisely compensated by, e.g., adding an auxiliary
driving term to a reference Hamiltonian [80]. Using
the STA method allows us to significantly shorten the
evolution time as compared to the adiabatic protocol.
Thus, we can suppress the effect of dissipation and
significantly improve the fidelity of a given state. The
parametric drive can be smoothly turned off in our STA
protocol, because the amplitudes of the parametric drive
are continuously turnable. Additionally, the discussed
model is generic, so our proposal can be realized in
many physical systems, in particular circuit quantum
electrodynamics (QED) systems [41, 42, 78] or ion traps
[45, 47].

Adiabatic limit.—Assuming wq < g and Hgr = Hg(t)
[with a controllable parameter n = n(t)] to be time-
dependent, the Rabi Hamiltonian in Eq. (1) can be
diagonalized by the unitary operator [9, 10]

U(t) = |+x><+a:|D[_77(t)] + |_z><_m‘D[n(t>}> (3)

where |£,) are the eigenstates of o, and D[n(t)] =
exp[n(t)a’ — n*(t)a] is the displacement operator.
To avoid the nonadiabatic transitions between the
instantaneous eigenstates {|E,,(t))} [eigenvalues &, (t)]
of Hg(t), the system needs to satisfy the adiabatic
condition |(Ey, ()| Enstm ()| < |Em(t) — & (t)].
CD-driving Hamiltonian—According to Eq. (3) and
Berry’s transitionless algorithm [56], the CD-driving
Hamiltonian for the reference Hamiltonian Hg(t) is

Hep(t) = iU(6)UT(t) = iou[i* (H)a —ij(t)a’].  (4)

The desired STA process can be realized by adding
the CD-driving Hamiltonian Hcp(t) into the refer-
ence Hamiltonian Hg(t) to construct a feasible total
Hamiltonian, i.e., Hiot(t) = Hgr(t) + Hep(t) [57]. In
this case, we can predict an ideal evolution along
the instantaneous eigenstate |E,,(t)), as Hiot(t) ideally
satisfies the Schrodinger equation i|E,, (1)) = [En(t) +
Hep (V)] Em(t)) [68]. Thus, assuming the initial state to
be |Ep(0)) = |g)|0), we obtain the target state |Eq(tf)) =
|G) at the final time t;. However, realizing a time-
dependent Rabi model in the DSC regime is still a major
challenge in experiments. In the following, we illustrate
how to simulate Hyqt(t) based on a parametrically driven
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FIG. 1. Schematic illustration of a cavity QED system
containing a single-mode cavity, a qubit, a x'®-nonlinear
medium, and an optical parametric amplifier (OPA). The
qubit (|g)=ground state and |e)=excited state) coupled to
the cavity with coupling strength A and large detuning
A. The nonlinear drive ,(¢) induces a time-dependent
squeezed cavity mode. The other nonlinear drive €(¢)
[r/2-dephased from $.(t)] is applied to counteract the
nonadiabatic transition induced by mapping the system
dynamics into the time-dependent squeezed-light frame. The
OPA is used to generate a squeezed-vacuum reservoir, which
couples to the cavity mode to minimize the influence of the
squeezing-induced noise.

JC model, so as to realize the STA protocol and generate
the state |G).

Model and effective Hamiltonian.—As shown in Fig. 1,
our STA proposal is realized in the JC model. The
cavity is subjected to two time-dependent (two-photon)
drives, with the same frequency wp, but with different
real amplitudes, Q.(¢t) and Q;(t). The drive ;(t) is
m/2-dephased from 2,(¢). The Hamiltonian in a frame
rotating at wy,/2 reads

Qu(t) + i (1)

Hy(t) = Aa'a — 5

a®> = Xa'o +he|, (5)

where A = we —wp /2, 0 = |g){e|, A < we/q is the qubit-
cavity coupling strength, and we have assumed wq, =
wp. By performing the unitary transformation S(t) =
exp [r(t)(a'? — a?)/2], with r(t) satisfying tanh [2r(t)] =
Q,(t)/A, we obtain the effective Hamiltonian

Hs(t) ~ Asech[2r(t)]aa + Ae" Do, (af +a)/2,  (6)

where we have neglected the undesired terms by assuming
O(t) = 7(t) and A < A. The condition ;(t) = 7(¢) has
been applied according to the transitionless algorithm
to counteract the nonadiabatic transition caused by the
time-dependent unitary transformation S(¢) (see the
Supplemental Material [81] for details). The effective
normalized coupling strength of Hg(¢) is

i) = ox e Brin] +e[r@}. (0

To show the advantages of our STA protocol, as
compared to the adiabatic scheme [42], in the following
discussion we denote % and * (x = n, A, r, - - ) to represent



(a) y

2 B
N
>20' b"(‘dbf” //’5-
G Q(o / ;
3) //Q‘ /7 b"(((\'b
S0l A oS
= . A
~ |/ L. T ...... : -
L o
ol AT 0 !
0 -5 -10 0 i |

Logio(1 — Ey) Log1o(1 — Ey)

FIG. 2. Total evolution time required for: (a) the adiabatic
process; (b) the STA process, to achieve the MECS versus the
desired entanglement cost [characterized by the logarithmic
negativity En (Ex)].  For the panel (a), the squeezing
parameter is 7(t) = Fmax/{1 + exp [f(t)]}, where Fmax is the
peak value of #(t) and f(t) = fo(1/2 — t/T), with fo = 10.
For the panel (b), the parameters are 1(0) = (1 +4)/100 and
r(t) = rmax/{1 + exp [f(t)]}, with f(¢) = focos (2nt/T) and
fo = 10, resulting in 7(0) = r(¢¢) ~ 0 and 7(0) = 7(¢¢) ~ 0.
The light-matter coupling (5\, A < A) are chosen to satisfy
the condition to neglect the undesired terms to obtain the
effective Hamiltonian in Eq. (6). The comparison between
the panels shows that, the time required in the STA process
to achieve the target state is ~ 10 times shorter than that
required in the adiabatic process. The yellow-shaded area in
each panel shows (En, Ex = 99%), indicating that the target
state in this area is maximally entangled.

all the parameters in the adiabatic and STA processes,
respectively. Here, % and * have the same physical
meaning.

Adiabatic protocol.—When |7(t)| < Asech [27(t)], one
can achieve the adiabatic evolution along the ground
eigenstate of Hg(t) [42]. The adiabatic condition requires
#(t)/A — 0, thus leading to slow evolution. Figure 2(a)
shows the relationship between the total evolution time
T and the logarithmic negativity Ex = log, ||p" 9|1 [82]
of the adiabatic process. Here, I'; denotes the partial
transpose with respect to the qubit, and || - ||; the trace
norm. The evolution time 7 significantly increases when
the desired entanglement cost grows. To achieve the
MECS with Ex > 99.99%, one needs T > 200/A via
the adiabatic process.

According to Eq. (7), a fixed final squeezing parameter
7(tf) = Tmax is needed to obtain the target state |G).
As a result, the MECS only can be prepared in the
squeezed-light frame rather than the lab frame, i.e.,
the final state is S(#)|G). To obtain a MECS in
the lab frame, one needs to turn off the parametric
drive immediately when ¢t > t¢;. However, rapidly
decreasing the squeezing parameter r(t) induces an
undesired nonadiabatic transition, which pumps many
photons into the cavity in a very short time [81]. Then,
the final state might be unpredictable.

STA protocol—We assume Hio(t) = Hg(t), resulting
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FIG. 3. STA protocol when 7(0) = (1 +¢)/100, A = 0.045A,
and 7" = 20/A: (a) Finite-duration drives .(¢), Qi(¢t) and
squeezing parameter r(t) when the peak squeezing parameter
Tmax = 2. (b) Fidelity (the blue vertical axis on the left side)
of the target state versus rmax. The red vertical axis on the
right side denotes the mean photon number 714 (red-dotted
curve with marks '+’) of the target state. The yellow-shaded
area in the panel (b) shows 7ig > 4, indicating that the target
state in this area can be called as a large-size entangled-cat
state. To generate the large-size entangled cat state with
F > 99% and g ~ 4.3, one can choose rmax = 2.3 (the
purple circle).

in Asech[2r(t)] := w. and Aexp[r(t)] = 2[g — in(t)],
where 7(t) = g/w.. Thus, we obtain the equations of
motion for the coherent state amplitude 7(t):

Re[n(t)] =AIm[n(t)]sech2r(t),

Tmi(t)] =2 exp[r(t)] — AReln(t)]sech2r(t),  (8)

2
where Re[#] (Im[+]) denotes the real (imaginary) part
of the parameter “x”. Note that n(t) = g¢/w. is

different from the definition of 7(¢) in Eq. (7), thus the
Hamiltonian Hg(¢) can drive the system to evolve along
the ground eigenstate |Ey(t)) of the Hamiltonian Hg(t).
According to Eq. (8), n(t) relies on the time integration
of the squeezing parameter r(t). This allows to rapidly
achieve a large value of 7(t;) without any restrictions
on the final squeezing parameter r(¢¢). Thus, the STA
process can achieve the target state |G) in the lab frame,
ie., r(tf) =0.

In Fig. 2(b), we display the total evolution time T
required for the STA process to obtain the target state
versus the logarithmic negativity Eyn. We find that, T
is significantly shortened when we increase the coupling
strength A and the peak squeezing parameter 7 ,x. For
an experimentally feasible gain of 101logq[exp (2rmax)] ~
20 dB [83-85] (corresponding to Tmax ~ 2.3), the
evolution time to achieve the MECS with Ex = 99.99%
via the STA process is T ~ 20/A, which is ~ 10 times
shorter than that via the adiabatic process.

In the above numerical calculation of Fig. 2(b), we
have used the parameter r(t) = rmax/{1 + exp[f(t)]}
with f(t) = focos(2wt/T), where fy > 1 controls the
initial and final values of the squeezing parameter r(t).



With these parameters, the pulses ,(¢) and ;(¢) have
finite durations, so that we can smoothly turn off the
parametric drive [see Fig. 3(a)].

In Fig. 3(b), we show the desired mean photon number
na = (Gla'alG) versus the peak squeezing parameter
Tmax (red-dotted curve with “+”). We find that, for a
fixed evolution time T, nq increases sharply when rp.x
increase. Experimentally, a parametric gain of ~ 20 dB
(rmax ~ 2.3) has been achieved [45], and ~ 30 dB has also
been predicted under experimentally feasible conditions
[83—85]. These realistic parameters allow for generating
a high-fidelity (F > 90%) target state with ng =4 ~ 10
(large-amplitude nonclassical states), as shown by the
blue-solid curve in Fig. 3(b). Here, the fidelity of the state
|G) is defined as F' = [(G|p(ts)|G)|. When rpax = 2.3
and A = 0.045A, we find that the target state |G) can be
generated with F' ~ 99% and fiq ~ 4 [see purple circle in
Fig. 3(b)].

Robustness of the STA approach—In the following, we
focus on discussing the robustness of the STA protocol
when 7. = 2.3 and A = 0.045A. We first assume the
imperfection of a parameter * as 0% = *' — %, where *'
and * denote the actual and ideal values, respectively.
Due to large detuning A < A, when the parametric drive
vanishes, the mean photon number and the entanglement
of the system can remain unchanged for a long time in the
absence of dissipation. Thus, our STA protocol is robust
against the imperfect parameters of the total evolution
time. As shown in Fig. 4(a), a 20% imperfection of the
total evolution time only causes < 1% and < 5% changes
of the logarithmic negativity Eny and the mean photon
number 74, respectively.

Then, we compare the entanglement preparation via
the STA and the adiabatic processes in the presence of
cavity and qubit losses. Due to the relatively strong
squeezing, the difference of the frequencies of the photons
(wp/2) pumped by the two-photon drives and those of
the squeezed cavity mode (w,/2 4 Asech[2(r(t))]) is very
small, such that the influence of the quantum fluctuation
of the photons cannot be ignored. Thus, the two-photon
drives may effectively excite the squeezed cavity mode,
so as to induce thermal noise and two-photon correlation
noise in the squeezed cavity mode [41-44]. To minimize
the influence of such noises, besides accelerating the
dynamical evolution [45, 46], one can couple the cavity to
a squeezed-vacuum reservoir [86—88] with 7o = ryax and
e = 7 during T/4 < t < 37/4 [81]. Here re and @, are
the squeezing parameter and the reference phase of the
reservoir, respectively. In this case, the dynamics in the
squeezed-light frame can be approximatively described
by the standard Lindblad master equation

ps(t) = i[ps(t), Hs(t)] +vDlo]ps(t) + £Dlalps(t), (9)
where Dlo]ps(t) = ops(t)ol — [oTops(t) + ps(t)oio] /2
is the standard Lindblad superoperator, pg(t) =

(a)0.05 T
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FIG. 4. (a) Deviations 6fiq and dEx versus 67. The

STA protocol is robust against the imperfection of the total
evolution time T'. Parameters are the same as in Fig. 3(a). (b)
Fidelity F (F) and logarithmic negativity Ex (Ex) of the STA
(adiabatic) protocol versus 1/v/C. Here, C = A\?/k7 is the
cooperativity, and we assume the dissipation rates v = k for
simplicity. The STA and the adiabatic protocols are initially
equivalent by assuming A = A = 0.045A. The total evolution
times for the entanglement generation are 7' = 20/A and
T = 250/A, respectively. The squeezing-induced noise is
minimized by coupling the cavity to the squeezed-vacuum
reservoir [81]. As a result, our STA protocol is much more
robust against dissipation than the adiabatic protocol.

ST(t)p(t)S(t) is the density operator in the squeezed-light
frame, -y is the spontaneous emission rate of the qubit,
and k is the cavity decay rate.

We define the cooperativity as C' = A\?/k~v and assume
Kk =~ ~ for simplicity. By considering the same initial
parameters A\ = A = 0.045A and r(0) = 7(0) = 0,
we compare the robustness of the STA and that of
the adiabatic protocols [see Fig. 4(b)] [89]. The STA
protocol is much more robust against dissipation than
the adiabatic scheme, because: (i) the evolution time
is significantly shortened in the STA protocol; (ii) the
squeezing-induced noise can be well reduced by coupling
the cavity to the squeezed-vacuum reservoir in the
STA protocol. For experimentally realistic cavity QED
parameters: A/2m = 1 GHz, A\/2r = 45 MHz, and
k/2m =~ /27 = 2.25 MHz, the STA protocol can achieve
the target state with F' ~ 90% and Ex ~ 85%, while the
adiabatic protocol fails (F ~ 60% and Ex ~ 45%). Then,
by measuring the qubit, we can achieve high-fidelity cat
states in the lab frame.

Conclusion.—We have investigated how to simulate
the STA dynamics of a cavity QED system in the strong-
coupling regime (A > k,7) to prepare a maximally
entangled cat state in the lab frame via parametric
amplification. A significantly accelerated dynamics (~ 10
times faster than its adiabatic counterpart) makes the
system much robust against dissipation. The target
state is prepared in a large-detuned JC model, which is
driven by finite-duration parametric pulses. Such a setup
makes our STA protocol robust against the imperfection
of the evolution time. Our proposal is feasible in
circuit-QED systems, where a transmission line resonator



cavity interacts with a superconducting qubit in the JC
model [27, 28, 90, 91]. By attaching a superconducting
quantum interference device (SQUID) to the end of
the resonator [92-94], one can realize a two-photon
drive (the Josephson parametric amplification process)
by modulating in time the flux through the SQUID.
[48, 78, 95-100]. The squeezed vacuum (reservoir) is
also produced by Josephson parametric amplifiers, but
with a much larger linewidth than that of the cavity
[84, 98, 100-104]. This is possibly the first application
of the STA protocols for the Rabi model and we hope
that our protocol can find wide applications in studying
light-matter interactions, specially, for the ultrastrong
and deep-strong coupling regimes [9, 10].
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