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Topological superconductivity supports exotic Majorana bound states (MBS) which are chargeless zero-
energy emergent quasiparticles. With their non-Abelian exchange statistics and fractionalization of a single elec-
tron stored nonlocally as a spatially separated MBS, they are particularly suitable for implementing fault-tolerant
topological quantum computing. While the main efforts to realize MBS have focused on one-dimensional sys-
tems, the onset of topological superconductivity requires delicate parameter tuning and geometric constraints
pose significant challenges for their control and demonstration of non-Abelian statistics. To overcome these
challenges, building on recent experimental advances in planar Josephson junctions (JJs), we propose a MBS
platform of X-shaped JJs. This versatile implementation reveals how external flux control of the supercon-
ducting phase difference can generate and manipulate multiple MBS pairs to probe non-Abelian statistics. The
underlying topological superconductivity exists over a large parameter space, consistent with materials used in
our fabrication of such X junctions, as an important step towards scalable topological quantum computing.

Majorana bound state (MBS), which are their own antipar-
ticles [1]] are usually sought in proximity-modified materi-
als [2H7]]. This approach overcomes the need for native spin-
less p-wave superconductivity, whose existence is debated
even among the leading candidates such as SroRuO, [8], 9.
Early MBS proposals have focused on proximity effects in
one-dimensional (1D) geometries [10H13]. However, they
rely on signatures, such as a quantized zero-bias peak [[14}[13]],
which do not probe the non-Abelian statistics crucial for im-
plementing topological quantum computing [16} [I7]. These
1D platforms also pose inherent difficulties for MBS braiding.

A push to seek alternative platforms for topological su-
perconductivity led to the demonstration of robust proximity-
induced superconductivity in a two-dimensional electron gas
(2DEG) [18120] which offers important opportunities to real-
ize and control MBS [21H29]. Recent experiments in planar
Josephson junctions (JJs) [30H32]] reveal that topological su-
perconductivity exists over a large parameter space without
requiring fine tuning, while demonstrating the key role of su-
perconducting phase to control the topological transition.

In this work we propose topological X-shaped junctions
(XJs) as a natural 2D generalization of planar JJs, based on
common normal (N) and superconducting (S) regions, to re-
alize multiple MBS pairs and enable probing non-Abelian
statistics. The setup is shown in Fig. 1(a). Four S films (Al)
on the top of a 2DEG (InAs) form an X-shaped channel with
the angle of 26, defined between the S leads. Such XJ, with
an in-plane magnetic field, B, along the y-direction, can be
tuned into the topological regime by controlling the phase dif-
ferences among the four S regions (¢y,..., ¢4), Where either
MBS pairs or MBS quadruplet are formed at the XJ’s ends.

Experimentally, as seen from the scanning electron micro-
scope image in Fig. 1(b), XJs can be fabricated and patterned
easily using standard electron beam lithography by selectively
removing Al. This technique was successful for fabrication
of S/N and Josephson junctions [32] [33]. The top-down ap-
proach of XJs allows arbitrary design dimensions while keep-
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FIG. 1. (a) X junction (XJ) schematic formed by epitaxial supercon-
ducting (S) regions (blue) covering a 2DEG (yellow). A crossed X
channel with the angle of 20, defined between the S leads, can be
tuned into the topological regime with MBS vy, ..., y4 (stars) at its
ends by the phase differences among the S regions with an in-plane
magnetic field along y-direction. All MBS pair combinations are ob-
tained through modulating the phase differences between ¢, ¢, @3,
and ¢4, supporting phase-controlled MBS manipulation. (b) SEM
image for the XJ with schematic external fluxes @, (between Sy, S,),
@, (S2, S3), and @3 (S;, S4). (c) Exchange of MBS with external
fluxes, 7 is the switching time, and @, is the magnetic flux quantum.

ing the channel between S electrodes less than the 2DEG’s
mean free path (within 100 nm for parameters considered).
With the three flux loops [Fig. 1(b)], the phases between the
four S regions can be tuned to enable moving and exchang-
ing MBS. We show schematically exchanging MBS with the
flux-control of ®;, ®,, and @3 in Fig. 1(c).

In the previous work on planar JJs, the focus was on B ap-
plied along the S/N interface to realize MBS [21], 30]. How-



ever, to support multiple MBS in XJs, the topological su-
perconductivity should survive when the in-plane B deviates
from that direction, just as By in Fig. 1(a) is no longer along
the S/N interface, forming the misalignment angle = 6, dis-
cussed in Ref. [34]. For a single JJ, our calculation shows that
the phase-difference range supporting MBS become smaller
when the misalignment angle increased, but even up to 0.15,
there is still a finite phase-difference range (0.587 to 1.167) for
topological states [34]. As the misalignment angle increases,
the topological region is reduced and, eventually, fully sup-
pressed [34], as observed experimentally [32]].

The MBS robustness in a single JJ against B misalignment
angle < 0.2x provides guidance to design XJs [34]. We expect
that XJs would support multiple MBS for 8 < 0.27 with the
applied B,, as shown in Fig. 1(a). The XJ can be viewed as
including four planar JJs: S;/N/S,, So/N/S3, S3/N/S4, and Sy
/N/S;. For each JJ, changing the phase difference from 0 to ¢g
(¢o is studied in Fig. 2) results in a corresponding transition
from trivial to topological junction with MBS at its ends.

At the XJ’s center, common to individual JJs, MBS can be
fused. We distinguish their three types: short-edge (ys, y4)
with the phases (¢1, ¢2, @3, ¢4) = (0, 0, ¢o, 0), long-edge (y»,
v3) with (0, ¢, 0, 0), and diagonal (yy, y3) with (¢g, ¢o, 0, 0),
as shown in Fig. 1(a). To study MBS control and identify the
¢o supporting topological states, in our calculations we use
the Bogoliubov-de Gennes (BdG) Hamiltonian,
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numerically solving the corresponding eigenvalue problem on
a discretized lattice as implemented in Kwant [35]. Here p
is the momentum, u(x,y) is the chemical potential, « is the
Rashba SOC strength, B is the external magnetic field, g is
the Bohr magneton, while m* and g* are the electron effective
mass and g-factor, respectively. We use 7; (07;) as the Nambu
(Pauli) matrices in particle-hole (spin) space and 7. = (7, £
7,)/2. A(x,y) is the proximity-induced superconducting pair
potential, for the 2DEG below the S leads S, (n = 1,...,4),
it can be expressed, using the BCS relation for the B-field
suppression, as

A(x,y) = Ag[1 = (B/B.)*e™", 2)

where A is the superconducting gap, B, is the critical mag-
netic field, and ¢, is the corresponding superconducting
phase. The S and N regions are simply expressed using the
coordinates of the points P and Q in Fig. 1(a). For example,

y > cotf(x — xp) + yp

y>—cotf(x—xg)+yo ’ )

Si(x,y) = {
where xpp = (W F Wy/ cos6)/2, ypo = L/2. The other S and
N regions are explicitly given in Ref. [34]. We choose mate-
rials parameters consistent with our fabricated XJs [Fig. 1(b)]
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FIG. 2. (a)-(c) Energy spectra at B, = 0.4 T as a function of ¢ for
the diagonal, long- and short-edge MBS in the XJ with half-central
angle 6 = 0.1x, as seen in Fig. 1. The red lines: evolution of finite-
energy states into MBS inside the topological gap. The ¢ values
between the two green lines (¢y) give the topologically nontrivial
states. (d)-(f) Magnetic field dependence of the energy spectrum with
superconducting phases (¢, ..., ¢4) = (n, 7, 0, 0), (0, 7, 0, 0), and (O,
0, 7, 0), respectively. The red lines retain the meaning as in (a)-(c).
The materials and geometry parameters are specified in the main text.

that also match experimental observation of robust proximity-
induced superconductivity and topological states in epitaxial
Al/InAs-based JJs [32]], m* = 0.03my, where my is the electron
mass, and g* = 10 for InAs, Ag = 0.23 meV, @ = 10 meVnm,
B, = 1.6 T, and for the N, S chemical potential us = py = 0.5
meV. We consider XJ with L = 3.2 um, W = L/2, Wy = 100
nm, and Al/InAs materials parameters in Figs. 2-4.

It is instructive to examine the robustness of the topological
states as a function of ¢ for the diagonal, long- and short-edge
MBS, shown in Figs. 2(a)-(c), respectively. The evolution of
the lowest-energy states into MBS reveals a large range of
¢o € (0.6, 1.27) for diagonal, (0.6, 1.47) for long-edge, and
(0.64m, 1.367) for short-edge MBS. Since the geometry for di-
agonal MBS (¢ = ¢ = ¢, and ¢3 = ¢4 = 0) resembles the
single JJ with the B-field misalignment 6, we also expect the
similarities in their spectra. Indeed, for 6 = 0.1x this can seen
in Ref. [34].

The results from Figs. 2(a)-(c) suggest that, as in a single
JJ [21]], the choice ¢y = = is particularly desirable for the sta-
bility of the topological state and could reduce the critical field
for the onset of MBS in XJs. For such ¢y = 7 we also examine
complementary information about the robustness of topolog-
ical states with in-plane B,. From the low-energy spectra in
Figs. 2(d)-(f), we see that, similar to the single JJ, a small
B, ~ 0.1 T already supports all three MBS types. As expected
from MBS in short 1D systems, for the short-edge [Fig. 2(f)]
the topological gap is the smallest and its zero energy-bands
have small oscillations which can be suppressed with an in-
creased system size [34} 36H39].

While our previous results are encouraging, suggesting that
different MBS could be supported in XJs, they all considered
a fixed half-angle between the two N regions, 6 = 0.17 which
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FIG. 3. (a)-(e) Schematic of exchanging MBS in the XJ with external flux control, following the protocol from Fig. 1(c). ¢, is the phase
difference supporting all three MBS types shown in Fig. 2. (f)-(j) Evolution of the calculated MBS probability densities from the diagonal (a)
to a long-edge MBS (b) through continuously changing ¢, from x to 0, but fixing ¢, = 7, 3 = 0, and ¢4 = 0. (k)-(0) Evolution of the calculated
MBS probability densities from diagonal (c) to short-edge MBS (d) by changing ¢, from 7 to 0, but fixing ¢; = 0, ¢3 = 7, and ¢4 = 0. It is not
important if the corners do not coincide with the ends of diagonals. The Al/InAs parameters are taken from Fig. 2 with B, = 0.2 T.

could be challenging to exactly replicate experimentally. It
is therefore important to indentify the 6-range still allowing
these topological states. With the fixed system size (L = 3.2
pum, W = L/2, and Wy ~ 100 nm) in Ref. [34] we calculate 6-
dependent energy spectra for different MBS. When 6 ~ 0 the
diagonal and long-edge configuration can be approximated as
a single m-JJ where the MBS are stable up to a misalignment
angle ~ 0.27 of the B-field away from the N/S interface. In-
deed, when related XJs are calculated we find that these two
MBS types are supported for 6 < 0.187. However, for short-
edge MBS and 6 ~ 0, the areas of S; and S5 are too small to
support such MBS. Instead, MBS emerge at 8 ~ 0.087 and
remains stable for 8 < 0.187 [34]).

With these results, we can identify that all the three MBS
types can coexist in a robust form for 6 € (0.087, 0.187) with L
>3.2 yum and W > 1.6 um. Such a large parameter range gives
a considerable flexibility for XJ fabrication. Our fabricated XJ
[Fig. 1(b)] already fits well in this range of suitable geometric
parameters, with L = 4.0 um, W = 2.0 yum and 6 = 0.157.

The existence of MBS is an important precondition, but
alone does not ensure their successful manipulation in XJs
which could offer an important generalization of the previous
planar JJs to a much more versatile 2D platform. We therefore
consider in detail the scheme for phase control of MBS with
three external fluxes sketched in Fig. 1(c) such that flux in one
of the four S regions is changed within the switching time,

0.2 ns < 7 ~ 1us. The lower and upper limits are given by the
uncertainty relation using the smallest calculated energy gap
~ 2 peV to the first excited state [34] and the quasiparticle
poisoning time [40-42]], respectively.

Since two MBS can exist at any two ends of the XJ with the
specific phase differences, it gives us a chance to realize MBS
exchange and fusion using the phase control. To describe the
MBS exchange of y; and vy, in XJs, we plot schematically
their evolution in Figs. 3(a)-(e).

Initially, at t = 0, diagonal MBS (y;, ¥») are located at the
opposite corners, depicted in Fig. 3(a), by setting the three
fluxes (@, ®,, @3) as (0, -0.50¢, 0). First, y, is moved
to the upper-right corner to form the long-edge MBS shown
in Fig. 3(b) by changing ®; from O to 0.5®¢ at t = 7. The
feasibility of this process is verified by calculating the adi-
abatic evolution of the MBS probability densities, shown in
Figs. 3(f)-(j), for the realistic Al/InAs parameters from Fig. 2
at B, = 0.2 T. During the switching time 7 , when the phase
difference ¢; changes continuously from 0 to ¢y = m, well-
localized MBS are protected by the topological superconduct-
ing gap such that y, can be adiabatically moved from the
upper-left to the upper-right corner through the XJ center [34].

In the next step, y; is moved from the lower-right to the
lower-left corner in Fig. 3(c) by changing (®,, ®3) from (-
0.5, 0) to (0, -0.5®y) at t = 27. This process changes the
long-edge to a diagonal MBS, which can, because of the mir-
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FIG. 4. (a) Schematic of four simultaneous MBS in the XJ with
superconducting phases (¢1, ¢2, ¢3, ¢4) = (7, 0, , 0). (b) Magnetic
field dependence of the low-energy spectrum for (a). (c) Calculated
probability densities for the two lowest-energy states in (b) with B, =
0.2 T. The parameters are taken from Fig. 2.

ror symmetry in XJ, be viewed as equivalent to the transition
from Fig. 3(b) to 3(a). The following step is to move y, from
the upper-right to the lower-right corner in Fig. 3(d) by chang-
ing (@, ®,) from (0.5, 0) to (0, 0.5Dy) at t = 3. Changing
the diagonal to a short-edge MBS is verified by calculating the
MBS probability densities, shown in Figs. 3(k)-(0), where the
phase difference ¢, changes from 7 to 0. We can see the MBS
are robust and 7y, can be adiabatically moved to the original
position of ;. Finally, y; is moved from the lower-left to the
upper-left corner in Fig. 3(e) by changing @3 from -0.5®, to
0 at t = 47. This process, due to the mirror symmetry in XJ,
is equivalent to the transition from Fig. 3(d) to (c), where vy,
is moved to the original position of y,. Through these four
switching steps (from t = 0 to t = 47), y; and y, are adiabat-
ically exchanged. Further information about this exchange,
including related movies, is in Ref. [34].

Our proposed XJs can be used to explore the MBS fusion
rules [[17]]. For example, starting from the diagonal MBS in
Fig. 3(a), 1 and vy, can be gradually moved and fused at the
center of the XJ by using the three external fluxes to change ¢,
from O to 0.57, and then to change ¢; from 7 to 0.5z, within
the time 27. The corresponding evolution of the calculated
MBS densities is shown in Ref. [[34]. Since we have shown in
Fig. 4 that 4 MBS can be generated, a more complex fusion
in X]J, for example, fusing (y, v2) and fusing (y», y3) can ac-
cess different fusion channels, which could probe non-Abelian
statistics [[17]].

The versatility of the MBS phase-control in 2D X]Js also
provides a powerful platform to implement braiding which
requires at least four MBS. In a single XJ, as shown in
Fig. 4(a), four MBS can be simultaneously realized at the four
corners when (o1, @2, ¢3,¢04) = (0,7,0,7) set by the fluxes
(@, Dy, D3) = (0.5Dg, 0.5Dg, —0.5Dg). The presence of these
MBS is verified from the calculated low-energy spectra in Fig.
4(b). The two MBS pairs exist within the topological gap for
B, € (0.1 T, 0.6 T). The corresponding wavefunction proba-
bility densities also clearly indicate in Fig. 4(c) that the forma-
tion of four MBS are localized at the four corners of the XJ.
An important advantage of our platform is its scalability, us-
ing lithography, multiple XJs can be realized. In just two joint
XJs having six ends in the N regions at which MBS can be lo-

calized, with external fluxes and phase control fifteen different
realizations of four MBS are possible.

While our work was motivated by the recent advanced in
high-quality epitaxial Al/InAs junctions several of our find-
ings have direct implications for other systems seeking to ma-
nipulate Majorana bound states. For example, state-of-the art
fabrication of superconducting junctions with topological in-
sulators [43] would support fabrication of similar X-shaped
junctions. With the progress in tunable magnetic textures used
to modify proximity-induced superconductivity [23| [27, |44
55]], X-shaped junctions could be considered with a reduced
role of an applied magnetic field.

Throughout our calculations the influence of the central an-
gle 260 between two S/N interfaces was emphasized, which
could be further optimized [56]. While common approaches
to realize exchanging and braiding envision structures such as
the T-junction or crossbar geometries [57], we see their un-
derlying right angles as detrimental to the robust manipula-
tion of Majorana bound states. Instead, as in our X-shaped
junctions, it is important to implement acute angles 26 < /2
in schemes relying on applied in-plane magnetic field. In an
early work on multiple Josephson junctions with topological
insulators [2]] the situation is slightly better with the character-
istics /3 angle. However, that angle is still too large for junc-
tions with more common materials, such as Al/InAs, using
in-plane magnetic field. Experimental demonstration of the
proposed two-dimensional manipulation of Majorana states in
these topological X-shaped junctions would constitute an im-
portant milestone towards scalable topological quantum com-
puting and stimulate further studies in the design of emergent
phenomena in proximitized materials [58].
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