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When grains are added to a cylinder, the weight at the bottom is smaller than the total weight
of the column, which is partially supported by the lateral walls through wall/grain frictional forces.
This is known as the Janssen effect. Via a combined experimental and numerical investigation,
here we demonstrate a reverse Jansen effect whereby the fraction of the weight supported by the
base overcomes one. We characterize the dependence of this phenomenon on the various control
parameters involved, rationalize the physical process responsible for the emergence of the compres-
sional frictional forces responsible for the anomaly, and introduce a model to reproduce our findings.
Contrary to prior assumptions, our results demonstrate that the constitutive relation on a material

element can depend on the applied stress.

Driven by the need of designing strong enough silos to
contain granular particles, Janssen [1-4] investigated the
forces that grains exert on their container. He observed
that the force f exerted on the base of the container,
or equivalently the apparent mass mq(h) = f/g, with
g the gravitational acceleration, saturated on increasing
the filling height h. This indicates that an increasingly
larger fraction of the added grain mass is supported by
the walls of the container through frictional forces. This
experiment later emerged as a standard benchmark for
the theories of granular elasticity. Janssen himself de-
veloped a continuum phenomenological model. He as-
sumed the radial component of the stress to be constant
and proportional to the longitudinal component through
a factor k, and that the contacts between the particles
and the walls were at their Coulomb threshold. This is
essentially the assumption of the Incipient Failure Ev-
erywhere approach [5]. With these assumptions the ap-
parent mass is found to saturate exponentially with the
added mass, m(h): mq(h) = moo [1 — exp(—m(h)/moo)],
where moo/m(h) = AM/h and A\ = D/(4uk), with D the
diameter of the cylindrical silo and p Coulomb’s friction
coefficient. This theoretical prediction has been experi-
mentally investigated considering protocols able to bring
the particle wall contacts to the Coulomb limit [2, 6-8],
as assumed by Janssen. In this limit, the one-parameter,
k, Janssen model reasonably describes the experimen-
tal results, only slightly underestimating the apparent
mass at small filling heights, and slightly overestimating
it at large ones [6, 7, 9]. A two-parameter model de-
rived within the Fixed Principal Stress Axes (FPSA) or
the Oriented Stress Linearity (OSL) model [5, 7, 8, 10],
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provides a better description of the experimental results.

Janssen’s assumptions are generally not met when a
silo is simply filled by pouring grains into it, and indeed
a dependence of mg(h) on the filling protocol was found
in early experiments [9, 11]. Shaxby [9] suggested this
dependence results from different protocols giving rise to
different ‘surfaces of equal pressure’, somehow anticipat-
ing the OSL model [5, 7, 10, 12]. In Janssen’s model,
these surfaces are horizontal, as the radial component of
the stress is proportional to the longitudinal component.
On the contrary, Shaxby noticed that these surfaces could
actually be convex or concave, depending on whether the
frictional forces at the wall support the grains, or rather
compress the grains. However, frictional forces that com-
press the grains have never been reported so far.

In this Letter, we show, via a combined numerical
and experimental investigation, that the simplest pro-
tocol one could devise to fill a cylinder with grains, their
sequential deposition, leads to the emergence of frictional
compressive forces on the grains. These forces are always
present, but only occur close to the free surface of the
granular column. In shallow cylinders, h < 300, with
o the diameter of the grains, these compressive forces
play a dominant role, and lead to a reverse Janssen ef-
fect whereby the apparent mass overcomes the true mass.
This reverse Janssen effect is apparent in small cylinders
and progressively disappears as D increases, as we ratio-
nalize introducing a model that correctly reproduces our
findings.

In the experiments, we consider spherical plastic beads
of diameter and mass ¢ = (5.94 + 0.02)mm and M =
(112.6 £ 0.1)mg, respectively, and glass cylinders with
different D. The cylinders are held above a scale, and
the distance between the lower edge of the cylinder and
the scale is much smaller than the grain diameter. Grains
are inserted in the cylinder in small chunks, and the sys-
tem reaches mechanical equilibrium before new grains are
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FIG. 1: Experimental results for the dependence of the ap-
parent mass, mg, on the added mass, m, for a cylinder
with diameter D = (172.00 £ 0.15)mm ~ 290, panel a, and
D = (49.10 + 0.15)mm =~ 8.20, panel b, with o the grain
diameter. Error bars are standard deviations from the av-
erage over 3 different realizations. c. Dependence of the
ratio of the apparent to added mass, mq/m, on the filling
height relative to the grain diameter, h/o, for different D.
Full lines are fit to the theoretical model, with £ ~ 5.00,
he ~ 90, h* ~ 170, F. = —1.4Mg, and k varying in the
range [0.03,0.12]. d. Characteristic length scales correspond-
ing to (hq) the height where the deviation from the hydro-
dynamic expectation starts, (h*) the height corresponding to
the maximum in mq/m, and (hg) the height to the right of
the maximum where mq,/m = 1.

added. This process is repeated until the column is filled
up to a desired height and the apparent mass and column
height are recorded during the process.

Fig. la illustrates the dependence of the apparent
mass on the added mass for a cylinder with diameter
D = (172.00 £ 0.15)mm ~ 290. For this large cylinder
we observe a Janssen like behavior, which is only ap-
proximately described by Janssen model as our protocol
does not assure that the particle-wall contacts are at their
Coulomb threshold. In panel b, we show the same plot
for a smaller cylinder, D = (49.10 £ 0.15)mm ~ 8.20.
The striking feature here is the existence of an anoma-
lous regime where the experimental data lie above the
mg = m line characterizing the behavior of liquids, fur-
ther indicating that m, > m for certain filling heights.
Beyond this anomalous regime m, saturates. We have
explicitly checked that this anomalous effect does not
disappear if we gently tap the cylinder every time we
add grains. This anomalous behavior is captured neither
by Janssen’s model, nor by its two-parameter generaliza-

tions [7, 9]. In the following, we first experimentally and
numerically investigate this anomalous effect, and then
develop a model accounting for the observed behavior.

Fig. 1c illustrates the dependence of the normalized
apparent mass m,/m on the normalized filling height,
h/o, i.e. the number of layers, for cylinders with differ-
ent diameters. We observe that the apparent mass m,
overcomes the added one m at a filling height h,, and
becomes smaller than it for h > hy. The maximum in
me/m occurs at h = h*. These characteristic length
scales are essentially independent on the cylinder diam-
eter, as shown in panel d, if not for very small D. The
existence of a filling height h, below which our granular
columns follow the hydrodynamic expectation is consis-
tent with previous observations [6], and is rationalized
considering that there are essentially no frictional inter-
actions with the wall in very shallow columns. Fig. lc
also indicates that the strength of the anomaly, as quan-
tified by the maximum value of m,/m, decreases on in-
creasing the cylinder diameter. Since deviations from the
hydrodynamic expectation m, = m can only originate
from frictional forces at the wall, the observed behavior
indicates there are frictional forces that push the grains
downwards. These compressive frictional forces seem to
dominate the behavior in an intermediate range of filling
heights, resulting in the observed anomaly.

To unveil the physical mechanism leading to these com-
pressive forces, we perform molecular dynamics simula-
tions [13]. We use monodisperse spherical particles of
mass M and diameter o, as in the experiments, and add
them sequentially to a cylinder of diameter D, where
they settle under the influence of the gravitational ac-
celeration. Specifically, we add a new particle only af-
ter the system reaches a state of mechanical equilibrium.
We mimic the experimental gentle deposition process by
inserting a new particle just above the deposited ones,
with a random horizontal position within the cylinder.
We use standard models for the normal and frictional
interactions between the particles and between the par-
ticles and the wall [14, 15]. For each contact, we enforce
Coulomb’s law so that the magnitude of the tangential
force f; satisfies f; < ufy, with f,, the normal force. We
further enforce here p = 0.2, describing the role of the
friction coefficient in the Supplemental Material [15].

Fig. 2a illustrates numerical results for the dependence
of mg/m on h/o. The simulations qualitatively repro-
duce all the experimentally observed features. In partic-
ular, the anomaly is well reproduced and occurs within
a range of filling heights h, < h < hg4, which does not
depend on D, as shown in Fig. 2b. In the simulations, we
have access to the forces acting between the particles and
between the particles and the cylinder wall. In Fig. 2c,
we illustrate the largest forces present in the system with
D = 8o at a filling height h = 10.20 at which we ob-
serve the anomaly in m,/m. Large forces clearly radiate
from the cylinder wall towards the bottom. These are
the forces responsible for having a larger apparent mass
compared to the added mass; see also Fig. S1 [15]. In
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FIG. 2: a. Ratio of apparent to total mass as a function of
the normalized filling height, h/o, for cylinders with differ-
ent diameters. Error bars are standard deviations from the
average over 3 different realizations. Full lines are fit to the
theoretical model, with ¢ ~ 5.60, h, ~ 5.60, h* ~ 10.50,
F. = —0.36Mg and k ~ 0.14. b. Cylinder-diameter depen-
dence of the characteristic heights where the reverse Janssen
effect appears (hq), reaches its maximum (h*), and disap-
pears (hq). ¢, d. Simulation snapshots illustrating the force
network in the granular column with D = 80. Each segment
connects the positions (r, h) of two interacting grains, with r
the radial position. The color indicates the magnitude of the
interaction force according to the color-scale in c. Only the
largest (5%) forces are shown in each panel. In c, the filling
height is in the anomalous region, while in d the filling height
(h = 250) is in the saturation region. In the latter case, we
only show the forces deep in the column (h < 130).

contrast, in Fig. 3d we consider a larger filling height
(h = 250), where my/m < 1, and illustrate the frictional
forces occurring deep in the column (h < 13c¢). These
forces majoritarily point from the cylinder wall to the
top, hence contributing to sustaining the grains, as in
the prototypical Janssen scenario.

Compressive forces are present in the system regard-
less of the filling height. This is demonstrated in Fig. 3a
where we investigate the dependence of the average
wall/particle frictional force as a function of the particle
depth z, for a cylinder with D = 8¢ and h = 250. Nega-
tive forces correspond to compressive forces. The average
force is (Fy,) ~ 0 at small depths, compressive in a sub-
sequent depth range of approximate length ~ h* — h,,
and supportive at larger depths, The depth values for
which forces first become compressive, and then support-
ive, roughly correspond to those of h, and h*, repsec-
tively. The existence of compressive forces close to the
top surface of the granular column clarifies that these
forces are not induced by the bottom substrate.

To further rationalize the physical processes leading to
the compressive forces, we recall that the frictional force
acting between two objects depends on how much they
are sheared one with respect to the other. For instance,
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FIG. 3: a. Average frictional force exerted by the wall on a
particle as a function of the depth z/o. Negative forces are
compressive. b. Numerical results for the displacements (red-
arrows) of a stable frictionless packing of disks induced by the
addition of a new grain, the shaded one. Shown displacement
vectors have an increased length relative to the actual value
of 10°. c. Force exerted by the wall on a given particle, as a
function of its depth. The depth increases as more particles
are added to the column. d. Depth dependence of the average
value of the ratio between the normal and tangential forces
the wall exert on each particle. The ratio exponentially ap-
proaches a constant value, with length scale £ ~ 6. In panels
a,c and d, the cylinder diameter is D = 8¢, while the friction
coefficient is p = 0.2.

in the popular Mindlin model [16], which is the one used
in our numerical simulations, the frictional force is —k;s,
with k; a tangential stiffness, and s the shear displace-
ment. In the case of a particle in contact with a fixed
wall, the shear displacement is the integral of the particle
velocity at the particle-wall contact point over the dura-
tion of the contact. The compressive forces might there-
fore arise through a simple mechanical process inducing
an upward particle motion, as we illustrate in Fig. 3b,
where we add a new disk, which is shaded in the figure,
to a stable packing of frictionless disks. This causes a
rearrangement, as the grains need to reach a new equi-
librium configuration, which we illustrate by associating
to each grain an arrow whose length is proportional to
its displacement. Clearly, the addition of a particle can
induce the upward motion of particles in contact with
the wall, as in the case of the leftmost top particle. In
the presence of friction, this upward movement would
be counteracted by the wall-particle frictional interac-
tion leading to the emergence of compressive frictional
forces. In addition, the possible rotation of the particle
as it moves upwards, could equally lead to compressive



wall-particle frictional forces [15]. The same scenario oc-
curs in three dimensions. Notice that according to this
picture no anomaly can occur when D < 20. We do
have explicitly checked this in our numerical simulations,
see Fig. S5 [15]. In addition, we note that the upward
movement is induced by the radial displacement of other
particles, such as the striped one in Fig. 3b, which acts
as a wedge. This radial displacement is reduced in the
presence of frictional interactions, consistent with what
happens in granular piles [17]. Hence, we expect the
anomaly to disappear in the high-friction limit. We have
confirmed that the anomaly disappears in this case, and
also in the low-friction limit, due to the weakness of the
frictional forces [15].

The found dependence of the apparent mass on the fill-
ing height is captured neither by hydrodynamics nor by
Janssen’s model. The FPSA model [7, 10] is also unable
to describe our findings. Indeed, the key assumption in
the FPSA model is that the stresses on a ‘material ele-
ment are fixed at the time of its burial, and unaffected by
loads applied subsequently’ [10]. This hypothesis is not
fulfilled in our simulations. We explicitly illustrate this is

in Fig. 3¢, where the frictional force fl(f ) the wall exerts
on a given particle i is plotted as a function of the par-
ticle depth. The force changes with increasing load and
depth. Analogous results are found for other particles.
We rationalize our results starting from the continuity
equation for the dependence of pressure X on depth,

dx 4
P9 57(2), (1)

where 7(2) is the stress exerted by the wall on the parti-
cles. This equation can be solved by separation of vari-
ables if 7 only depends on X(z), e.g. as in Janssen’s
model. Since in our case, there are more relevant length
scales than just D, this assumption does not hold; a
similar situation was previously encountered with col-
loidal gels [18], whose pressure profile was described
by extending Janssen’s model through the incorpora-
tion of an additional length scale related to the elastic-
ity of the gel. Here we consider that these additional
length scales have a frictional origin, and we incorpo-
rate them in the depth dependence of the stress 7(z).
We take 7(z) = n.(D){(Fy(2))/(nD), where (Fy,(z)) is
the average frictional force at depth z per particle and
ne(D) is the number of contacts per unit length of the
cylinder [15]. Fig. 3a suggests that one may assume
(F(2)) ~ 0 for z < hg, and (Fy(2)) = F. < 0 for
he < z < h*. As a grain experiencing a compressive
frictional force is buried through the addition of more
grains, its depth increases. The grain is also pushed
downwards by the newly added grains, so that its interac-
tion with the wall, which is initially compressive, changes
to supportive as its depth increases. Hence, deep in the
granular column the frictional forces with the wall are
supportive. Assuming that these forces will be at their
Coulomb threshold, as in Jannesen’s model, we postulate
(Fu(z)) = knDX(z) (1 — e~ *=h)/¢) /n (D) for z > h*.
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FIG. 4: Experimental and numerical results for the depen-
dence of the maximum of the reported anomaly on the cylin-
der diameter.

This assumption is supported by Fig. 3d, where we show

that the ratio f{” /uf{” between tangential and normal
forces at the wall, averaged over all particle-wall contacts
at a given depth z, does approach a constant value expo-
nentially, with a decay length £ ~ 6o.

The model correctly describes the numerical results for
different D, without the need of adjusting any of its pa-
rameters, as shown in Fig. 2a. In the experimental case,
we need to slightly change k with D to describe the data.
Representative fits are shown in Fig. 1c.

According to the model, which is analytically solvable
for h < h*, the maximum of the apparent mass scales as

Me 4en. (D) ha F,
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As we use a constant value of F, to describe both the
experimental and the numerical results, from Eq. 2 we
predict that the maximum of the anomaly should scale
as 1/D. We verify this prediction in Fig. 4. This scaling
further confirms that for large D, the anomaly should
become indetectable, consistent with our experimental
findings.

We have demonstrated via both experiments and sim-
ulations a reverse Janssen effect in granular columns,
whereby the apparent mass overcomes the true mass.
We note, however, that while the agreement between the
two is qualitatively remarkable, the maximum values of
m,/m in the experiment are larger than those in the sim-
ulation. This could arise from the value of the friction
coefficient used in the simulation, as discussed in [15], or
from the differences in the granular packing preparation
protocol; in experiments, the particles are deposited in
small chunks while in the simulations they are sequen-
tially added one by one. Despite this fact, the anomaly
clearly results from the existence of compressive frictional
forces at the container wall. We have investigated the de-
pendence of this effect on the various control parameters,
and clarified its physical origin. Finally, we have intro-
duced a model able to describe the observed findings.



This model clarifies that, while the elastic properties of
granular systems might be described via a continuum
approach, the constitutive relations are generally more
complex than previously envisaged [7]: not only do they
inherit the history dependence of the frictional interac-
tion, but they also change as the external load varies.
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