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Higher-rank generalisations of electrodynamics have recently attracted considerable attention
because of their ability to host “fracton” excitations, with connections to both fracton topological
order and gravity. However, the search for higher-rank gauge theories in experiment has been greatly
hindered by the lack of materially-relevant microscopic models. Here we show how a spin liquid
described by rank—2 U(1) gauge theory can arise in a magnet on the breathing pyrochlore lattice.
We identify Yb-based breathing pyrochlores as candidate systems, and make explicit predictions
for how the rank—2 U(1) spin liquid would manifest itself in experiment.

Introduction. It is of great intellectual interest and
practical utility to discover novel effective laws of nature
emerging from many—body systems. Traditionally, this
enterprise has been entwined with the concept of bro-
ken symmetry [1]. However, a powerful alternative has
proved to be the local constraints which arise from com-
peting or “frustrated”, interactions. In the context of
frustrated magnets, these can lead to the emergence of
a local gauge symmetry, and thereby to quantum spin
liquids, which defy all usual concepts of magnetic or-
der, and instead exhibit fractionalised excitations and
long-range entanglement [2-5]. A well-studied exam-
ple is quantum spin ice, a realisation of a U(1) gauge
theory on the pyrochlore lattice, whose emergent excita-
tions exactly mimic conventional electrodynamics: pho-
tons, electric charges and magnetic monopoles. As such,
it has attracted intense theoretical [6—15] and experimen-
tal [16-24] investigation.

Recent work has highlighted the possibility of more
exotic forms of emergent electrodynamics | |, where
electric and magnetic fields have the form of rank—2 (or
higher-rank) tensors. These theories have modified con-
servation laws and gauge symmetries, resulting in some
remarkable properties. Some are argued to mimic grav-
ity [25, 29, 30], while others are dual to elasticity theory
[31, 32]. In both cases, the charged excitations, dubbed
“fractons”, have constrained mobility, and characterize a
new class of topological order [33-12]. Fracton models
are also linked to quantum stabilizer codes [13, 44] and
holography [15]. None the less, these desirable proper-
ties come at a price: the local constraint required has a
tensor character. As a consequence, prototypical mod-
els of fractons require rather complicated interactions
[25, 33, ], with just a handful of proposals moti-
vated by experiment [41, 46, 47]. In the case of gapless
higher-rank gauge theories, only a few concrete models
exist [27, 48, 19], and even less is known about how to
achieve such a phase in a real material. For this rea-
son, realizing an emergent higher-rank electrodynamics
in experiment presents a significant challenge.
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FIG. 1.  Breathing pyrochlore (BP) lattice, and singular
correlations characteristic of a rank-2 U(1) [R2-Ul] gauge
theory. (a) BP lattice, with A— and B—sublattice tetrahedra
of unequal size. The vectors associated with Dzyaloshinskii—
Moriya (DM) interactions on the A-sublattice [Eq. (6)] are
illustrated with green arrows. (b) Prediction of R2-U1 the-
ory for the correlation function (Ey (q)Eyw(—q)) [Eq. (17)],
showing a 2—fold pinch point in the [0k]] plane. (c) Perpen-
dicular section, showing a 4—fold pinch point (4FPP) in the
[bkO] plane. (d) Equivalent results from MC simulation of the
breathing pyrochlore model [Eq. (6)].

In this Letter we show how a canonical rank-2 U(1)
[R2-U1] spin liquid can arise in a realistic model of a frus-
trated magnet. The model we consider is the Heisenberg
antiferromagnet (HAF) on a breathing—pyrochlore (BP)
lattice, perturbed by weak Dzyaloshinskii-Moriya (DM)
interactions [Fig. 1a]. Working in the classical limit, rel-
evant to a spin liquid at finite temperatures, we establish
that fluctuations can be described using a tensor field sat-
isfying the constraints required for a R2-U1l gauge the-
ory. We use classical Monte Carlo (MC) simulation to
confirm this scenario, and to explore how a R2-U1 spin



liquid could be identified in experiment. We find that
4—fold pinch points (4FPP), characteristic of the R2-U1
state [50], become visible in polarised neutron scattering.
We discuss the application of these ideas to real materi-
als, identifying Yb-based breathing pyrochlores as po-
tential candidates for an R2-U1 spin liquid state. These
results complement earlier work exploring gapped, frac-
ton topological order, in models with bilinear interactions
[41, 46, 47], providing an example of an R2-U1 state, in
an experimentally-motivated context.

Review of R2-U1 theory. Conventional, U(1), elec-
trodynamics is built around a vector field E, subject to
a Gauss law 0;F; = p so that, in the absence of charges,

o (1)

The key which unlocked the effective electrodynamics of
spin ice was the realisation that, at low temperatures,
in a classical limit, spins satisfied a local constraint of
precisely the form of Eq. (1) [51, 52].

Here we consider instead an R2-U1 electrodynamics, in
its self-dual, vector—charged, traceless form [ ], and
seek to show that, in an equivalent classical limit, spins
satisfy the appropriate generalisation of Eq. (1). The
R2-U1 theory is built around a rank-2 tensor electric
field E that is symmetric and traceless,

E]‘i = Eij TTE=0 5 (2)

subject to a generalised Gauss’ law for a vector charge
In the low—energy sector, the theory is charge free, i.e.
8Z‘Eij =0. (4)

These constraints determine the symmetry of the R2-U1
gauge field

Aij — Aij + 81')\]‘ + aj>\i + 'yéij s (5)

which in turn implies the form of the associated magnetic
field, B;; [26, 28]. However the key observable properties
of an R2-U1 spin liquid follow from the correlations of
its electric field E;; [50], and our goal will therefore be
to show how the spins in a frustrated magnet can be
described by a tensor field Fj;, satisfying the constraints
Egs. (2, 4). In the Supplemental Material a more detailed
review is provided, which includes Refs. [25, 20]

The model.  To this end, we consider a HAF, per-
turbed by weak DM interactions, on a “breathing” py-
rochlore (BP) lattice, for which A— and B-sublattice
tetrahedra have a different size

Hep = Z [JASi -S; + DAaij (S x Sj)]
(ij) €A (6)
+ Z {JBSZ--SJ' + Dpd;; - (S; XSj)} .

(ij)eB

Definitions of the bond-dependent vectors aij [cf.
Fig. 1a] are given in the Supplemental Material, which
includes Refs. [17, 53-56]. This model finds experimental
motivation in Yb-based breathing pyrochlores, discussed
below.

Transcription to symmetry—based coordinates.  Our
next step is to seek a continuum representation of
Eq. (6). To accomplish this, we consider the classical
limit where individual components of spin commute, and
introduce a set of coarse—grained fields my which trans-
form as irreducible representations of the lattice symme-
try [29, 57, 58]. In this basis , the Hamiltonian becomes
(See Supplemental Materials for a more detailed deriva-
tion)

Z anmX+

tetEA X

> apxmi, (7)

teteB X

where X runs over irreps of the group Ty, i.e.
{A2,E, T2, T14,T1_}, with the fields mx and the coef-
ficients ax defined in Table I and Table II of the Supple-
mentary Material.

Before considering the effect of DM interactions, it is
helpful to explore how this approach works in the case
of a known spin liquid, the HAF on a pyrochlore lattice
[60-65]. Setting

Ja=Jp, Dy=Dp =0, (8)
we find
0<ap, =ag =aT, =aTt,_

<aTty, - (9)

It follows that the fields ma,, mg, mT,, mT,_ are all free
to fluctuate in the ground state. We can conveniently
collect all of these fields in the rank—2 tensor

HAF HAF HAF HAF
E Esym + Eantisym. + Etrace (10)
where
2 1 z Y
3ME ) my,_ mT,_
HAF z 1.1 .2 T
Esym mT1 \/ng mg mTl, ) (11)
Y T 1 .1 2
mr, mr, 3ME + mg
(EHAF ) . k (EHAF) = 5. g
antisym./)ij — —€ijkTT,, trace/ij — ~ Yij 3mA2'

(12)
The requirement of the continuity of the fields mx [57]
imposes the conditions

1 z y
8mmE Oymz, +0.my

X z
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Yy x
8me17 + 8ymT17
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— | =i9,mL — 8m
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\/>VmA2 +Vxmr,=0. (13)



We obtain exactly the same constraint if we substitute
EMAF in Eq. (4), implying that HAF automatically sat-
isfies one of the two constraints defining the R2-U1 spin
liquid [59].

To convert the HAF into an R2-U1 spin liquid, we
need to make the theory symmetric and traceless, and
so satisfy Eq. (2). This means eliminating fluctuations
of ERAL . and EJSE from the ground state, something
which can be accomplished by opening gaps to the fields
m, and ma,. For the BP model, Eq. (6), this is achieved
by any parameter set for which

Ja, Jg>0, Da<0, Dg=0. (14)
In this case, the coefficients ax a satisfy the condition

ag,A = a1,_ A < py A, OT, A, OTi A (15)

which implies that only the fields mg and my,  enter
into the ground state of Eq. (7). Meanwhile, on the
B-sublattice, we recover the condition Eq. (9), previ-
ously found for the HAF, which imposes the constraint
Eq. (13), with the caveat that the fields ma, and mT, can
now be set identically equal to zero. When expressed in
terms of the remaining tensor field E'S"yﬁq':7 this is exactly
Eq. (4). Tt follows that, in this classical limit, an R2-U1
gauge theory, satisfying both Eq. (2) and Eq. (4) emerges
as the effective description at the low—energy sector of the
BP model, Eq. (6).

It is worth noting that, as in the regular pyrochlore
lattice [56, (7], DM interaction is only a singular pertur-
bation in the context of the classical ground—state man-
ifold. At finite temperature, classical spin liquids owe
their stability to entropy, and a finite value of D, will
be needed to stabilise an R2-U1 spin liquid. For exactly
the same reason, introducing a finite value of Dg does
not immediately invalidate the mechanism driving the
R2-U1 spin liquid, but will reduce the range of tempera-
tures over which it is observed. We will see that both of
these expectations are fulfilled by classical Monte Carlo
simulations of Eq. (6), described below

Characteristic signatures of R2-U1 state. We now turn
to the question of how the R2-U1 spin liquid can be
identified, in both simulation and in experiment. The
zero—divergence condition in spin ice, Eq. (1), manifests
itself in a pinch—point singularity [64]

(Ei(Q) Ej(—q)) o« 6;; — qqi , (16)

which is observed in neutron scattering experiments [68].
In the same way, the constraints associated with an
R2-Ul gauge theory, Eq. (2) and Eq. (4), lead to a
characteristic singularity in correlations of the tensor
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FIG. 2. Finite-temperature phase diagram of the BP model,
Eq. (6), as a function of DM interaction D4. The crossover
between the R2-U1 spin liquid, and the U(1) x U(1) x U(1)
spin liquid (HAF) is shown with a dashed line. The thin
solid line indicates a continuous transition into all-in all-out
order (ATAO), while thick solid line denotes a first order phase
transition into a state with g = W order. Results are taken
from MC simulation with J4 = Jg =1, D = 0.
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The three—dimensional structure of the correlation
(Eyy(q)Eyxy(—q)) is illustrated in Fig. 1. In the [0k]
plane, correlations exhibit a conventional 2—fold pinch
point, comparable to that found in spin ice [Fig. 1b].
However in the perpendicular [hkQ] plane, we observe a
4-fold pinch point (4FPP) [Fig. lc], which unambigu-
ously distinguishes R2-U1 electrodynamics from lower—
rank theories [50].

Comparison with simulation. We can use the existence
of this 4FPP as a test for the R2-U1 spin liquid in simu-
lation. We have carried out classical Monte Carlo (MC)
simulations of Eq. (6), for the parameter—set

Ja=Jg=1,D4=-001,Dg=0. (18)

where the constraints Eq. (2) and Eq. (4) are expected to
hold. The resulting correlations of F;;, at a temperature
T = 2.5x1072 .J4, are shown in Fig. 1d. For q — 0, these
are identical to the predictions of Eq. (17), confirming
that the model realizes an R2-U1 spin liquid.

Phase diagram. The results of simulations for a range
of values of D4 are collected in Fig. 2. At finite tem-
perature, a finite value of D4 < 0 is required to achieve
a crossover from the U(1) x U(1) x U(1) spin liquid of
the pyrochlore HAF, with 2—fold pinch points, into an



R2-U1l spin liquid, with 4FPP. An analytic theory of
this crossover, which is controlled by the dimensionless
parameter n ~ |Da|/kpT, is provided in Section VI of
the Supplemental Material. Meanwhile, at low temper-
atures, sufficiently negative values of D4 drive a first—
order phase transition into an ordered state which in-
volves the characteristic wavevector q = W (i.e. corners
of the Brillouin zone) [66]. In contrast, a finite value of
D,y > 0 leads to a continuous phase transition into a
state with q = 0, all-out (ATAO) order.

Predictions for mneutron scattering. Neutron scat-
tering experiments do not measure correlations of
E;; directly, but rather the spin structure factor
SY8(q) = (S%(q)S?(—q)). On general grounds [50)],
S8 (q) is expected to bear witness to the singularity in
Eq. (17). But exactly how 4FPPs would manifest them-
selves in experiment remains an open question. In Fig. 3
we present simulation results for S%?(q) for parameters
equivalent to Fig. 3a. We find that the 4FPP is not
visible in the structure factor measured by unpolarised
neutron scattering (see Supplemental Material). How-
ever the 4FPP can be resolved using polarised neutrons.
In this case, it manifests itself in the spin—flip (SF) chan-
nel for neutrons polarised perpendicular to the scattering
plane [68], [Fig. 1c].

Application to materials. Breathing—pyrochlore mag-
nets were first studied as a tractable limit of the py-
rochlore HAF | ], but have since been realised in
materials based on both transition-metal [71-78] and
rare—earth ions [79, 80]. Interesting parallels are also
found in lacunar spinels [21, 82]. To date, most theo-
retical work has concentrated on SU(2)-invariant mod-
els [70-73, ]. However, in the presence of spin—orbit
coupling, the symmetry of the lattice permits anisotropic
exchange [30, 36-88]. And, with respect to higher-rank
gauge theories, a promising line of enquiry are Yb—based
materials, where the required form of interactions appear
to predominate.

One concrete example is BagYbeZns0q;1 [79, 80,

|, where A-tetrahedra are estimated to have the
coupling parameters J4 ~ 0.57 meV, Dy ~ —0.16 meV,
with other interactions negligible. This is exactly the
form of interactions needed for an R2-Ul spin liquid,
a feature which is expected to be robust [33], since it
holds for a wide range of Slater—Koster overlap ratios
[39]. Meanwhile, exchange interactions on the larger B—
tetrahedra of BagYbyZnsOq1, while less well understood,
appear to be orders of magnitude smaller [30, 86]. Thus,
while it seems plausible that BagYboZn5Oq; could realise
a R2-U1 spin liquid, this may occur at temperatures too
low to measure.

The encouraging example of BagYboZns;01; motivates
us to consider the possibility of a magnet with similar
structure, but smaller B—tetrahedra, such that the inter-
actions on the B—sublattice become non—negligible. For
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FIG. 3.  Spin structure factor found in MC simulation of
the BP model, Eq. (6), showing 4—fold pinch points (4FPPs)
characteristic of a R2-U1 spin liquid. (a) Correlations in the
[hOk] plane, in the spin—flip (SF) channel measured using
polarised neutrons. 4FPP are visible at [0,0,2] and points
related by symmetry. Results are for parameters Eq. (18),
T =2.5x1073J4. (b) Equivalent results for parameters mo-
tivated by BagYb2Zns011, Eq. (19), T = 252 mK.

concreteness, we consider a parameter set:

J4 =0.57 meV, Jg = 0.028 meV ,
D4 =—-0.16 meV, Dg = —0.007 meV , (19)

where we assume that the interactions on the B-
sublattice are of the same form as on the A-sublattice,
but substantially weaker, Js/Jp = Da/Dp ~20. To
demonstrate that the R2-U1 physics persists in the pres-
ence of finite Dg we have used MC simulation to cal-
culate the spin structure factor. Once again, the 4FPP
associated with the R2-U1 spin liquid remains clearly vis-
ible for a range of temperatures [Fig. 3b]. The same will
hold for a more general choice of interactions, as long as
the anisotropic part of the exchange on the B—sublattice
is sufficiently weak; for Dg ~ D4, fluctuations are re-
stricted to the local easy plane, and the R2-U1 physics
will be lost.

Quantum effects. The theory of an R2-U1 spin lig-
uid presented above is classical, so it is important to ask
what might change once quantum effects are taken into
account. A useful point of comparison is quantum spin
ice (QSI), where quantum fluctuations leads to tunnelling
between different spin configurations satisfying the “ice
rules” constraint Eq. (1). This tunnelling, which occurs
on loops of spins, introduces a fluctuating magnetic field
B, and the result, at T = 0, is a QSL described by a
the deconfined phase of a U(1) quantum lattice gauge
theory [6—15]. However it is important to note that the
temperature scale associated with this QSL is three or-
ders of magnitude smaller than the range of temperatures
over which Eq. (1) holds [15]. Moreover, since the U(1)
QSL is gapless, any finite temperature immediately re-
stores classical correlations at long length scales []. As
a consequence, the spin structure factor S(q) continues
to be dominated by pinch—point singularities of the form
Eq. (16), down to the lowest temperatures studied [13].



The quantum limit of R2-Ul gauge theories has al-
ready been studied as a continuum field theory, and is
qualitatively very similar to QSI [26, 28, 50]. The low-
est lying excitations are gapless emergent photons which
modify, but do not eliminate, the singular features ob-
served in scattering [3, 50]. The microscopic study of
quantum effects in Eq. (6) lies outside the scope of this
Letter. However we anticipate that coherent gauge fluc-
tuations will be confined to an even lower temperature
scale than in QSI, by the fact that the magnetic field B;;
is an extended object, involving third—order derivatives
of A;; [20, 28]. For this reason the classical theory devel-
oped here should prove sufficient to interpret experiments
searching for an R2-U1 in a BP material.

Summary and perspectives. In this Letter, we have
used a combination of analytic field theory and clas-
sical Monte Carlo simulation to show how a rank-2
U(1) [R2-U1] spin liquid, a state described by a higher—
rank generalisation of electrodynamics, can arise in
a pyrochlore magnet with breathing anisotropy and
Dzyaloshinskii-Moriya interactions, Eq. (6) [cf. Fig. 1c].
These results provide a concrete starting point for the
experimental search for higher-rank gauge theories, and
clarify the type of neutron scattering experiment which
would be needed to resolve the 4—fold pinch points
(4FPP) of a R2-U1 spin liquid [cf. Fig. 3].

This work opens a number of interesting perspec-
tives. On the experimental side, we identify Yb based
breathing—pyrochlore materials as potential candidates
for a R2-U1 spin liquid state. On the theoretical side,
determining the quantum ground state of Eq. (6), should
ultimately prove tractable, since breathing anisotropy
provides a natural control parameter for both perturba-
tive [71, 72] and variational approaches [90]. And, while
the model studied here does not correspond to a frac-
ton stabilizer code upon Higgsing [38, 39], the parital-
confinement mechanism used to eliminate selected com-
ponents of the tensorial electric field is very versatile,
and easily adapted to generate other versions of R2-U1
theory [91].
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