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Exploration of the novel relationship between magnetic order and topological semimetals has
received enormous interest in a wide range of both fundamental and applied research. Here we
predict that “soft” ferromagnetic (FM) material EuB6 can achieve multiple topological semimetal
phases by simply tuning the direction of the magnetic moment. Explicitly, EuB6 is a topological
nodal-line semimetal (TNLS) when the moment is aligned along the [001] direction, and it evolves
into a Weyl semimetal (WSM) with three pairs of Weyl points (WPs) by rotating the moment to
the [111] direction. Interestingly, we identify a composite semimetal phase featuring the coexistence
of a nodal line and WPs with the moment in the [110] direction. Topological surface states and
anomalous Hall conductivity (AHC), which are sensitive to the magnetic order, have been computed
and are expected to be experimentally observable. Large-Chern-number quantum anomalous Hall
effect (QAHE) can be realized in its [111]-oriented quantum-well (QW) structure.

PACS numbers:

Topological semimetals (TSMs) exhibit topologically
protected quasiparticles near the Fermi level (EF), among
which Dirac fermions [1–3] and Weyl fermions [4–8]
have elementary particle counterparts in high-energy
physics while others (such as threefold spin-1 fermions
[9–11], nodal-line fermions [12–15]) not. These quasi-
particles are classified according to the degeneracy and
the shape of the band-touching points. The discrete
band-touching points with fourfold (twofold) degeneracy
are termed Dirac (Weyl) fermions, while the line-contact
band-touching points are known as nodal-line fermions.
By breaking certain crystalline symmetry, TNLSs can
be driven into WSMs [16], Dirac semimetals (DSMs)
[17, 18], topological insulators (TIs) [19–21]. As we
know, for centro-symmetric systems with time-reversal
symmetry (TRS), the band inversion (BI) between two
bands with opposite parity, happening only in the small
area around a single time reversal invariant momentum
(TRIM), results in a TNLS/TI in the absence/presence
of spin-orbit coupling (SOC) without considering an ad-
ditional symmetry [22–24]. However, for those with mag-
netic order (breaking TRS), this kind of BI gives rise to
χ = 1 with the definition:

(−1)χ ≡
∏

j={1,2,··· ,nocc}, Γi=TRIMs

ξji (1)

where ξji is the parity eigenvalue of the j-th band at the
TRIM Γi, and nocc is the total number of the occupied
bands. We note that χ = 1 implies that the system
cannot be fully gapped [25, 26] even with SOC. Generally
speaking, it can be either a TNLS or a WSM, as shown
in Fig. 1, depending on the magnetic symmetries.
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FIG. 1: Schematics of the BI with opposite exchange splitting
in FM order. Starting from the narrow-gap centro-symmetric
semiconductor with even-parity conduction band (CB) and
odd-parity valence band (VB), by introducing FM, the ex-
change splitting pushes the spin-up VB and spin-down CB
upwards and downwards, respectively. This results in BI in
the spin-up channel (the upper panel of (a)) , but enlarges
the band gap in the spin-down channel (the lower panel of
(a)). After considering SOC, the system becomes either a
TNLS (b) or a magnetic WSM (c).

Therefore, magnetic order provides us a promising way
to control symmetry and topology. For example, new
types of DSMs are proposed to exist in the antiferromag-
netic materials [27, 28]. Although magnetic WSMs have
been predicted in some FM materials, most of them are
“hard” magnetic materials [6–8], which are difficult to
manipulate magnetic order and symmetry. In Ref. [25],
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Wang et al. proposed WPs in “soft” FM alloy materi-
als. However, alloying the sample is needed to signifi-
cantly shift down the WP energy while keeping the main
band structure and magnetic order unchanged, which is
a big challenge for the experimental verification. Given
the intense interest in the magnetic TSMs [29–31], it is
important to find the stoichiometric crystals with de-
sired topological properties and magnetic orders, provid-
ing an ideal path to overcome the above shortcomings,
and study the interplay between the topological phases
and tunable magnetic orders.

Over the decades, europium hexaboride (EuB6), a well-
known “soft” magnetic material, has been extensively
studied due to the appearance of interesting electrical
transport properties near the FM transition tempera-
tures, such as the metal-insulator transition [32, 33],
the giant blue shift of the unscreened plasma frequency
[34, 35], the large zero-bias anomalies [36], large nega-
tive magnetoresistance [32, 37], etc. At Tc1 = 15.3 K
[38–40], a phase transition from the paramagnetic (PM)
phase to the FM phase with moment oriented to [001] di-
rection (called FM1) is experimentally observed in EuB6,
along with a drop of an order of magnitude in its resistiv-
ity [32]. Evidence of another phase transition from FM1
to a new FM phase with the moment oriented to the
[111] direction (called FM2) is observed at Tc2 = 12.5
K [38, 39]. Recent Andreev reflection spectroscopy re-
ported that only about half of the carriers are spin po-
larized at the EF [41], which seems to be in contradiction
with the previous calculations suggesting a half-metallic
ground state [42, 43]. The incompatible results could
be explained by the change of chemical potential due to
the deficiencies of samples. Although there are several
theoretical calculations, the exploration of the topologi-
cal properties has not been reported, which might shed
light on the explanation of the above electrical transport
properties.

In this work, we have systematically investigated the
electronic structures of EuB6 in both PM and FM phases.
We show that PM EuB6 is an intrinsic semiconductor
[Fig. 2(c)] with a tiny gap (about 20 meV) at three
Z points (including X, Y and Z points), which is in
good agreement with the experimental observations of
the semiconductor behavior at high temperature [44].
Once the temperature is below FM Tc, the consequent
magnetic moment has opposite effective exchange split-
ting on the low-energy bands, leading to the BI at three
Z points in the spin-up channel, but enlarging the band
gap in the spin-down channel [as shown in Fig. 1(a) or
Fig. 2(d)]. The BI between two opposite-parity bands
resulting in χ = 1 represents an ideal toy model, guaran-
teeing the existence of nodal lines or odd pairs of WPs in
centro-symmetric materials [25, 26]. As expected, FM1
EuB6 is a TNLS with three nodal lines (one for each
Z point) protected by mirror symmetry M̂z, while it is
driven into a WSM with three pairs of WPs (one pair
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FIG. 2: Crystal structure and band structures of EuB6. (a)
Crystal structure of EuB6. (b) The bulk and (001)-surface
Brillouin zones (BZs) for EuB6. (c) mBJ and (d) GGA+U
band structures of PM EuB6 and FM EuB6, respectively. Up-
per inset: three of the five intersecting nodal lines at Z point.
Lower inset: the zoom-in band structure around Z point. X,
Y and Z points are equivalent due to Ĉ111

3 symmetry, as shown
in Section A of the SM.

for each Z point) in the FM2 phase. Interestingly, by ro-
tating the magnetic moment to the [110] direction (called
FM3), a composite phase with coexistence of a nodal line
and WPs is found. Topological surface states and AHC
are obtained. The computed AHC suggest that FM2 and
FM3 phases exhibit substantial AHE due to the existence
of WPs, while the AHC of the FM1 phase is almost zero.
In addition, large-Chern-number QAHE is proposed to
be realized in its [111]-oriented QW structures.

PM state in high temperature. At high temperature,
the magnetic order is absent. Here, an “open core” treat-
ment of Eu 4f electrons has been used to treat them
as core states, which have negligible effect on the bands
near EF. Considering the well-known underestimation
of band gap within generalized gradient approximation
(GGA), modified Becke-Johnson exchange (mBJ) calcu-
lation is performed to obtain the accurate band structure
along the high-symmetry lines in Fig. 2(b) (see details
in Section B of the Supplemental Material [SM] [45]), as
shown in Fig. 2(c). It shows that PM EuB6 is a semi-
conductor with a tiny direct gap (∼ 20 meV) at three Z
points, which is consistent with previous measurements
[32, 37, 44]. Under the little group (D4h) of the Z point,
the VB and CB with opposite parity near EF are labeled
as Γ−3 and Γ+

3 , respectively, playing a critical role in fur-
ther study of FM EuB6, as shown in Fig. 1.

FM states at low temperature. After FM transition, all
the local moments of Eu f7 configuration are aligning in



3

FM1@001 view FM3@001 view(c) (d)

(e) (g)(f) (h)

ky

kx

ky

kx

ky

kx

FM2@111 view

kz

kx ky

E
n
er

g
y
(e

V
)

0

0.1

0.2

-0.1

-0.2
(0, 0.1) Γ (0.1, 0)

0

0.1

0.2

-0.1

-0.2
(0.5, 0.15)

0

0.1

0.2

-0.1

-0.2

0

0.1

0.2

-0.1

-0.2

(a) (b) FM2@001 view

(0.2, 0) Γ (0.1, -0.1)(-0.1, 0.1)X X(0.4, 0.1) (0.6, -0.1)

Γ

X

Y Γ

X

Y Γ

X

Y

FIG. 3: Nodal lines, WPs and surface states in FM EuB6. The 001-view of the FM1 (a) and FM3 (d) states. The 001-view
(b) and 111-view (c) of the FM2 state. The green lines represent the nodal lines. The red and blue points represent the WPs
with charge 1 and -1, respectively. (e) and (f) are the surface states of the FM1 phase near Γ̄ and X̄, respectively. The surface
states of FM2 (g) and FM3 (h) EuB6 along (−0.1, 0.1) − Γ̄ − (0.1,−0.1) and (0.4, 0.1) − X̄ − (0.6,−0.1) in units of [ 2π

a
, 2π
a

],
respectively.

the same direction. As the magnetism in EuB6 is “soft”
[38], meaning that it can be easily tuned by temperature
or an external magnetic field, we have first performed
the calculations for the FM state without (w/o) SOC.
The band structures for the spin-up (red solid lines) and
spin-down (blue dashed lines) channels are shown in Fig.
2(d). The highest VB at three Z points is mainly from
an anti-bonding orbital formed by Eu f and B p states.
The spin-up VB hybridizes strongly with the occupied f
states below EF , while the hybridization shift (level re-
pulsion) in the spin-down channel is very small and of op-
posite sign, since the unoccupied f bands are high above
EF due to the on-site Coulomb repulsion. As a result, we
obtain an effective antiferromagnetic exchange coupling
in the VB. However, the exchange coupling of the CB
(mainly from Eu d states) with local f states is of FM
f -d intra-atomic origin [43]. Therefore, the effective ex-
change splitting has opposite sign on the two low-energy
bands. Because of this special exchange splitting, the BI
happens at three Z points in the spin-up channel, while
the normal band gap increases in the spin-down channel.
It results in full spin polarization at EF, consistent with
previous calculations [42, 43]. Although there seems to be
a conflict with some experimental results showing about
50% spin-polarized states, the half-metallic state can be
easily tuned into an incomplete spin-polarized state by
light doping (see details in Section C of the SM [45]).
As most samples are electron- or hole-doped, the exper-
imental results may sensitively depend on the chemical
potential. The experimental observations of the metallic
behavior in the FM states [32, 33] qualitatively support
our conclusion of the BI feature. Since the correct elec-
tron correlation U is unknown and the internal parameter

u slightly varies from samples to samples, we have sys-
tematically investigated the phase diagram by comput-
ing the band gaps (i.e. η = EΓ+

3
−EΓ−

3
) in both spin-up

and spin-down channels (see details in Section D of the
SM [45]). The obtained phase diagram shows that the
BI of the spin-up channel survives in a large area of the
parameter space, indicating much promise for finding the
TSM phases in EuB6.

When SOC is ignored, the BI results in five intersect-
ing nodal lines at Z point protected by five mirror sym-
metries (M̂z, M̂x/y, M̂110/11̄0), with three of which be-
ing shown schematically in the upper inset of Fig. 2(d).
Then, we include SOC in the calculations and consider
three FM states with different directions of magnetiza-
tion (i.e., FM1||[001], FM2||[111] and FM3||[110]). The
small energy difference between them indicates that the
magnetic moment can be easily tuned (see details in Sec-
tion E of the SM [SM E] [45]). After consideration of
SOC, a gap will open along the nodal lines. However,
due to the BI resulting in χ = 1, the nodal lines cannot
be fully gapped out, and nodal lines or odd pairs of WPs
are guaranteed around each Z point. The exact situation
strongly depends on the FM direction, as will be shown
below.

Topology with different magnetic directions. In the case
of FM1 with [001] magnetism, the symmetry reduces to
the magnetic symmetry group (MSG): {C4h⊕T M̂xC4h},
where the symmetry group C4h is generated by Î and Ĉz4
(see details in Section F of the SM [SM F] [45]). Since
M̂z is still preserved and also belongs to the little group
of three Z points, three nodal lines are expected, with
one for each point. The calculated results are shown
in Fig. 3(a). Consistently, two nodal rings (around X
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and Y, respectively) are found in the kz = 0 plane and
one (around Z) in the kz = π plane. Due to the strong
anisotropy of the band dispersion, the nodal line is oval-
shaped around the X/Y point, while it’s almost a circle
around the Z point. The k · p invariant model is con-
structed (see more details in SM F) in the vicinity of
each Z point, giving exactly the same band crossings as
obtained from the first-principles calculations.

When the magnetic field is aligned with the [111] direc-
tion (FM2), the MSG becomes {C3i⊕T Ĉ11̄0

2 C3i}, where
the symmetry group C3i is generated by Î and Ĉ111

3 .

At the Z (X, Y) point, [T Ĉ11̄0(011̄,101̄)
2 ]2 = 1 can sta-

bilize WPs in the kx = ky (ky = kz, kz = kx) plane.
We do find a pair of WPs for each Z point. The coor-
dinates of two WPs near the Z point are found to be
~W1 = [±0.03978,±0.03978, 0.5± 0.07854] (hereafter, the
coordinates of k-points are given in units of [2π

a ,
2π
a ,

2π
a ]).

The corresponding models are derived in SM F and yield
the consistent results. The other two pairs around the
X and Y points are obtained by Ĉ111

3 (See the exactly
coordinates in Section G of the SM [SM G] [45]). As a
result, the (111) plane through X, Y and Z points shown
in Fig. S5(a), has a nontrivial Chern number C = 3,
which is crucial to realize large-Chern-number QAHE in
its [111]-oriented QW structure.

When the magnetic field is aligned with the [110]-
direction, the symmetry reduces to the MSG: {C2h ⊕
T Ĉz2C2h}, where the symmetry group C2h is generated
by Î and Ĉ110

2 . Interestingly, Z point is not equivalent
to X/Y point any more. Although M̂z is broken by the
[110] magnetism, M̂110 symmetry restores. As shown in
Fig. 3(d), one nodal line (shown as the green line) circled
around Z point in the kx+ky = 0 plane still survives due

to the protection of M̂110. However, at X/Y point, there
is no any mirror symmetry. A pair of WPs can be found
in the kz = 0 plane, which are stabilized by the combined
anti-unitary symmetry with the relation [T Cz2 ]2 = 1 [46].
The coordinates of the WPs near X point are found to
be ~W2 = [0.5± 0.06204, ±0.06287, 0], and the WPs near
Y point can be obtained by Ĉ110

2 . As expected, the (110)
plane through both X and Y points has a nonzero Chern
number C = 2.

Topological surface states and AHC. Topological non-
trivial surface states are calculated and shown in Fig. 3.
For FM1 EuB6, drumhead surface states are obtained
within the energy gap [Figs. 3(e) and 3(f)]. For FM2 and
FM3 EuB6, a chiral surface mode is obtained, as shown
in Figs. 3(g) and 3(h), respectively. The nontrivial sur-
face states should be observable (see details in Section I
of the SM [45]). In addition, AHE is another exotic con-
sequence of magnetic WSM. The magnitude of AHC can

be easily evaluated by σxy = e2

h
∆kWz

2π , where ∆kWz is the
distance between WPs projected onto the z axis [47, 48].
The calculated AHC are shown in Figs. 4(a) and 4(b)
(the coordinates are redefined, with a new axis parallel
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FIG. 4: AHC and QAHE. Energy dependent AHC of FM2 (a)
and FM3 (b) EuB6. (c) The evolution of the band energies at
Z point as a function of film thickness (d). (d) The quantized
Hall conductance as a function of the film thickness (d).

to the magnetic direction), while the AHC in FM1 phase
shown in Fig. S7 is almost zero near EF [49] (see details
in SM G). That’s because of the substantial displacement
of the WPs along the [111]/[110] direction in FM2/FM3
state, whereas there is no such WP displacement in the
nodal line phase (i.e. FM1 state). The calculated values
are relatively small. This is because: i) the band struc-
ture is complicated due to the anisotropy. Namely, the
energy bands vary in an energy range from -0.025 eV to
0.065 eV; ii) the hybridizing gap is small due to the weak
SOC strength. In fact, the AHE has been observed in
the bulk magnetic EuB6 [50].

QAHE in QW structures. Magnetic WSM can be
viewed as a stack of two-dimensional Chern insulator
with strong coupling in the stacking direction. By con-
sidering its QW structure, quantized Hall effect can be
achieved due to the confinement effect, without an exter-
nal magnetic field, which is also known as QAHE [51].
Based on the effective k ·p models in SM F, the Hamilto-
nians for the [111]-oriented QWs of FM2 EuB6 have been
constructed (see details in Section H of the SM [45]). The
evolution of the low-energy sub-bands at Z point as a
function of the film thickness (d) is calculated and shown
in Fig. 4(c). When the film is very thin, the BI in the bulk
FM2 EuB6 is removed and the film is a trivial insulator.
After the first critical thickness (about 24 Å), BI happens
between a hole sub-band and a electron sub-band with
even (red lines) and odd (blue lines) parity, respectively.
Consequently, it leads to a jump in the Chern number or
the Hall coefficient σ12 [52], as shown in Fig. 4(d). We
find subsequent jumps of σ12 in unit of 3e2/h, because BI
happens at the three Z points. As the thin film of EuB6

has been grown successfully [53], the large-Chern-number
QAHE in EuB6 is experimentally realizable.
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Conclusion. In summary, we have studied topological
phases in FM EuB6 adopting first-principles calculations
and effective models. In the PM phase, two bands near
EF have different parity eigenvalues at three Z points.
The effective magnetic exchange splitting has opposite
effect on the two bands, leading to the BI in the spin-up
channel. The calculated phase diagram shows that the
BI between two bands with opposite parity survives in a
large region. This kind of BI guarantees the existence of
either nodal lines or odd pairs of WPs. Generally speak-
ing, even though the magnetic moment is tuned in an
arbitrary direction (breaking all mirror symmetries), odd
pairs of WPs are still guaranteed around each Z point.
Topological surface states and AHC are obtained. We
find that the AHC is sensitive to the magnetic order,
which can be further measured in experiments. In the
[111]-oriented QW structure of FM2 EuB6, large-Chern-
number QAHE can be achieved.
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