
This is the accepted manuscript made available via CHORUS. The article has been
published as:

N-Phonon Bundle Emission via the Stokes Process
Qian Bin, Xin-You Lü, Fabrice P. Laussy, Franco Nori, and Ying Wu

Phys. Rev. Lett. 124, 053601 — Published  3 February 2020
DOI: 10.1103/PhysRevLett.124.053601

http://dx.doi.org/10.1103/PhysRevLett.124.053601


N -Phonon Bundle Emission via the Stokes Process
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We demonstrate theoretically the bundle emission of n strongly correlated phonons in an acoustic
cavity QED system. The mechanism relies on Stokes resonances that generate super-Rabi oscilla-
tions between states with a large difference in their number of excitations, which, combined with
dissipation, transfer coherently pure n-phonon states outside of the cavity. This process works with
close to perfect purity over a wide range of parameters and is tunable optically with well-resolved
operation conditions. This broadens the realm of quantum phononics, with potential applications
for on-chip quantum information processing, quantum metrology, and engineering of new types of
quantum devices, such as optically heralded n-phonon guns.

The manipulation of quantum states is one of the
main topics of modern science. In the case of pho-
tons, an increasingly popular research line is that of
multi-photon physics [1–6], with potential applications
for multi-photon laser [7], beating the diffraction limit [8]
and metrology [9]. In particular, a scheme for the di-
rect generation of n-photon states in the same mode (n-
photon bundles) has been recently proposed under the
platform of cavity quantum electrodynamics (cQED) [4].

Besides photons, phonons (the quanta of mechanical
waves) have emerged as strong candidates for the engi-
neering of solid-state quantum devices and on-chip quan-
tum communications, with several distinct advantages.
First, the speed of acoustic waves is significantly slower
than the speed of light, and thus it is more suitable
for communications over short distances, such as a few
hundred micrometers or less (i.e., on-chip communica-
tion) [10, 11]. Second, since phonons can only propagate
in a medium, they are immune to radiation losses into
the vacuum. Lastly, phonon cavities are greatly tunable,
with resonant frequency-ranges from gigahertz (GHz) to
terahertz (THz) having already been fabricated [12–19].
THz phonons have wavelengths comparable to the lat-
tice constants, which have important applications for
sensing and nanoscale imaging, such as detecting mi-
croscopic subsurface structures with atomic precision.
Consequently, quantum phononics has progressed enor-
mously, including the investigation of phonon lasers [20–
22], phononic quantum networks [23, 24], the detec-
tion of electron-phonon interaction in double quantum
dots [25, 26] and quantum acoustic devices [27, 28]. The
generation of multi-phonon quantum states, as a funda-
mental milestone on the road of acoustic quantum de-
vices, becomes an important task of phononics. For ex-
ample, antibunching bundles and NOON phonon states
could be valuable as n-phonon sources [29, 30] and for
acoustic quantum precision measurements [31, 32], re-

spectively. Multi-phonon processes have also important
applications in ultrasensitive biodetection [33].

Here, we present a method for implementing n-phonon
bundle emission from a quantum dot (QD) coupled to an
acoustic nanocavity with electron-phonon coupling and
coherently driven by a laser at the nth-order phonon side-
band. This optically-driven Stokes process realizes super-
Rabi oscillations [34] between states with large differences
in their number of excitations. The pure bundle-emission
can be achieved by opening a dissipative channel for
such super-Rabi oscillations induced by the Stokes reso-
nances. Compared to the earlier work on n-photon bun-
dles emission [4], here we have a different physical mech-
anism for achieving super-Rabi oscillations, i.e., through
the optically-driven Stokes process. In particular, the
QD flip is accompanied by an n-phonon generation in
the cavity, induced by the electron-phonon interaction.
In contrast, Ref. [4] relies on the excitation of a dressed
QD at the (n + 1)th rung together with a n-quanta en-
ergy transfer from the QD to the cavity, induced by the
Jaynes-Cummings interaction, i.e., Purcell-enhancing the
so-called leapfrog transitions. Our work introduces the
nonlinear Stokes process into the theory of bundle emis-
sion. This enlarged regime together with the more com-
plex level structure shows that n-quanta bundle emission
is not limited to particular platforms and configurations
but can be exploited in more general settings; in partic-
ular since the ideal Stokes resonance can be realized over
a wide range of parameters.

The different mechanism leads to a series of exclu-
sive advantages featured by our proposal. Our imple-
mentation is robust to varying electron-phonon coupling
strengths and/or driving strengths, which only change
the resonant conditions. This leaves much room to
achieve n-phonon bundle emission and optimize its pu-
rity. We find close to 99% two-phonon emission and 97%
three-phonon emission with today’s figures of merit [12–
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FIG. 1: (a) Scheme of the model and of the Stokes reso-
nances in the frequency domain. The Stokes resonance is
realized when a laser pumps the nth-order phonon sideband,
which corresponds to (b) an ideal Raman process. For large
electron-phonon coupling and pumping-laser intensity, the en-
ergy structure changes to that of the strong coupling regime
λ ∼ ωb (c) and of the strong driving (Mollow) regime Ω ∼ ωb
(d). Panel (d) shows the case of two-phonon resonance, where
the states |n,+〉 and |n + 2,−〉 are degenerate. The dashed
arrows in (d) represent the energy gap between two manifolds.
Here, x = (b + b†)/2 is the position quadrature of the cavity
mode, and xZPF is the corresponding zero-point fluctuation.

15]. Moreover, here we have the mixed phonon-photon
emission, which allows us to efficiently and conveniently
isolate the useful strongly-correlated n-phonon emission
from the other (optical) de-excitation channels. This
could be used for the realization of optical heralded n-
phonon lasers and guns. Our work opens potential appli-
cations for on-chip quantum communications, e.g., trans-
ferring quantum information with bundles of phonons in
future on-chip quantum networks [35, 36]. It also pro-
vides the important family of nonlinear Stokes processes
with a new type of quantum engineering, besides the
widely applied photon and phonon manipulations, such
as the generation of paired photons [37], electromagneti-
cally induced transparency [38], sideband cooling of me-
chanical oscillators [39], etc. [40, 41].

Model and Stokes resonance.—We consider a phonon
cQED model, with a QD coupled to a single-phonon
mode of an acoustic nanocavity with electron-phonon
coupling λ, as shown in Fig. 1(a). The QD is a two-
level system with conduction-band state |c〉, valence-
band state |v〉 and band-gap frequency ωσ. The QD is
driven by an optical laser with frequency ωL and ampli-
tude Ω. The system Hamiltonian reads (~ = 1)

H =ωbb
†b+ ωσσ

†σ + λσ†σ(b† + b)

+ Ω
(
eiωLt σ + e−iωLt σ†

)
, (1)

where b† (b) is the creation (annihilation) operator of
the phonon mode with resonance frequency ωb and σ =
|v〉〈c| (σ†) is the Pauli annihilation (creation) operator
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FIG. 2: Super-Rabi oscillations as seen through the popu-
lation dynamics Pjk(t) = |〈j, k|ψ(t)〉|2 (j = n, ñ and k =
c, v,+,−) with n = 2, 3 corresponding to the main and insert
parts, respectively. The solid lines and dots correspond to
the exact numerical results and the analytical approximate

solutions based on Ω
(n)
eff [42], respectively. System parame-

ters are (a) λ/ωb = 0.03, Ω/ωb = 0.003, (b) λ/ωb = 0.1,
Ω/ωb = 0.003, (c) λ/ωb = 0.03, Ω/ωb = 0.8, corresponding to
the regimes of Figs. 1(b), 1(c) and 1(d), respectively.

for the QD. Over a wide range of parameters, this system
displays Stokes resonances associated with the periodic
generation of n phonons in the acoustic cavity.

First, in the parameter regime Ω, λ � ωb, where the
influence on the energy structure of the electron-phonon
coupling and driving laser can be ignored, the eigenstates
of the system are given by the product states |n, c/v〉. As
shown in Fig. 1(b), the ideal Stokes resonance between
states |0, v〉, |0, c〉, and |n, c〉 is realized when the QD is
driven at the frequency of the nth-order phonon side-
band, i.e., ∆ = ωσ − ωL = −nωb. Specifically, the QD
flip is accompanied by the emission of n phonons into
the acoustic cavity, induced by the electron-phonon in-
teraction. One can obtain by perturbation theory the
approximate Stokes transition rate between |0, v〉 and
|n, c〉, leading to their super-Rabi oscillations at rate

Ω
(n)
eff = Ω (λ/ωb)

n
/
√
n! [42].

Second, in the parameter regime λ ∼ ωb, the strong
electron-phonon coupling changes the energy structure,
leading to different Stokes resonance conditions. This
brings the system Hamiltonian to

H = ωbb
†b+ ω̃σσ

†σ + Ω[σ†e−iωLt+
λ
ωb

(b†−b)
+ H.c.] (2)

through a displaced transformation H → DHD†, where
D = exp [(λ/ωb)σ

†σ(b† − b)], with ω̃σ = ωσ − λ2/ωb the
rescaled flip frequency of the QD. The reduced Hamilto-
nian is similar to that describing a trapped ion [44], with
n-phonon Stokes resonances at ∆ = ∆n(λ) = λ2/ωb −
nωb, as shown in Fig. 1(c), with the product state |n, c〉
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FIG. 3: (a) Equal-time nth-order correlation functions g(n)

as a function of ∆/ωb. (b)–(c) Correlation function g(2) for
different λ/ωb (b) and Ω/ωb (c). The dashed lines indicate
the n-phonon resonances ∆ = −nωb, ∆ = ∆n(λ), and ∆ =
∆n(Ω). System parameters are (a) λ/ωb = 0.03, Ω/ωb =
0.003, (b) Ω/ωb = 0.003, (c) λ/ωb = 0.03, and κ/ωb = 0.002,
γ/ωb = 0.0002 and γφ/ωb = 0.0004 for panels (a)–(c).

being replaced by the displaced state |ñ, c〉 = D|n, c〉.
The n-phonon assisted Stokes transition rate becomes

Ω
(n)
eff = Ωe−λ

2/2ω2
b (λ/ωb)

n/
√
n! [42].

Third, in the parameter regime Ω ∼ ωb, strong driving
by the laser dresses the QD, and forms a Mollow ladder of
manifolds, separated by the energy of the laser. As shown
in Fig. 1(d), each manifold consists of many equidistant
dressed states |n,±〉, which is different from the usual
Mollow ladder in the optical cQED systems [45–48]. The
dressed eigenstates of the QD are |±〉 = c±|v〉 ± c∓|c〉,
where c± =

√
2Ω/(∆2+4Ω2±∆

√
∆2 + 4Ω2)1/2, with cor-

responding eigenvalues E|±〉 = ∆/2 ±
√

∆2 + 4Ω2/2. In
this regime, n-phonon assisted Stokes resonances can still
be realized. This occurs when the laser drives the tran-
sition |+〉 ↔ |−〉, at ∆ = ∆n(Ω) = −

√
(nωb)2 − 4Ω2.

The corresponding n-phonon transition rate is Ω
(n)
eff =

(−1)nΩ (λ/ωb)
n

[
∏n−1
k=1(nc2− − k)]/[(n− 1)!

√
n!] [42].

We illustrate the above discussion in Fig. 2, where
we present the essentially perfect super-Rabi oscillations
|0, v〉 ↔ |n, c〉, |0, v〉 ↔ |ñ, c〉, and |0,+〉 ↔ |n,−〉, in
the absence of dissipation. This shows that, in these
three different regimes, the two- and three-phonon states
are periodically generated with high fidelity, thanks to
the Stokes processes. This is the basic mechanism for
the high-purity n-phonon bundle emission. Comparing
Figs. 2(a) and 2(b,c), one can see how increasing λ and
Ω speeds up the super-Rabi oscillations, as is also clear

from the approximate analytical solutions Ω
(n)
eff which can

be seen to provide an excellent agreement in all three
regimes. As shown below, higher frequencies of oscilla-
tions will yield higher n-phonon bundle emission rates.
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FIG. 4: (a)–(c) Small fraction of a quantum trajectory in the
regime of two-phonon emission. The insert bar graphs show
the total number of single-, two- and 2n-phonon (n = 2) clicks
over 25 quantum trajectories. (d)–(f) Full density matrices
of the system at the times indicated with purple arrows in
the trajectory, showing the cascade-emission process. System
parameters are: λ/ωb = 0.1, Ω/ωb = 0.2, κ/ωb = 0.002 ,
γ/ωb = 0.0002 and γφ/ωb = 0.0004, satisfying the regime

around sweet point κ≈10Ω
(2)
eff [42].

N-phonon bundle emission.—The system dissipation
has to be considered to trigger the emission. This
is implemented with a Lindblad-type master equation
dρ/dt = −i[H, ρ] + κL[b] + γL[σ] + γφL[σ†σ] [49], where

L[O] = (2OρO† − ρO†O − O†Oρ)/2, κ (γ) is the cav-
ity (QD) decay rate, and γφ is the rate of pure de-
phasing of the QD. Dissipation transfers the above in-
tracavity n-phonon states to bundles of strongly corre-
lated phonons outside of the cavity. A first unambiguous
evidence of strong correlations of the emitted phonons
is given by the equal-time nth-order phonon correlation
g(n) = 〈b†nbn〉/〈b†b〉n. Figure 3(a) shows the sharp reso-
nances to all orders of these correlation functions, clearly
associated to the Stokes resonances ∆ = −nωb in the
weak-coupling and low-driving regime. Note furthermore
how a dip inside the bunching peak is observed right at
the two-phonon resonance rather than a superbunching
peak, as could be expected for multi-phonon emission.
The system enters a new regime of emission, namely, of
strongly correlated bundles. As shown in Figs. 3(b) and
3(c), with increasing λ and Ω, the resonances in g(2) shift
along the curves ∆ = ∆n(λ) and ∆ = ∆n(Ω), respec-
tively. Figure 3 also shows collectively that the frequency
differences between the n and (n+ 1)-phonon resonances
(∼ ωb) are almost independent of the value of n, which is
another clear signature of Stokes resonances (cf. Fig. 1).
Interestingly, even for large n, the optimum pumping fre-
quency to realize n-phonon emission can be well resolved
under the conditions ωb � κ, γ, since the off-resonant
phonon excitations are then strongly suppressed. This al-
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lows high purity n-phonon emission also for large n [42].
Since the order n of the bundle can be controlled sim-
ply by adjusting the frequency of the pumping laser, our
proposal realizes a versatile optically controlled multi-
phonon source.

The correlation functions g(n) do not guarantee an
actual n-phonon emission, although it reveals strong
phonon correlations at the Stokes resonances. This fail-
ure is manifest from the resonant dip sitting on the
superbunching peak when the system enters the pure-
bundle emission regime, in which case g(n) breaks down
as single-phonons lose meaning and correlations between
bundles themselves should be considered instead, which
is achieved through generalized correlation functions

g
(n)
m [42]. They show that bundles can be antibunched (n-

phonon guns), uncorrelated (n-phonon laser) or bunched
(thermal states of bundles). To prove n-phonon emis-
sion, we turn to Monte Carlo simulations [4]. In this way,
one can follow individual trajectories of the system and
record phonon clicks whenever the system undergoes a
quantum jump. Figures 4(a-c) show a tiny fraction of
a quantum trajectory during a two-phonon emission (a
larger fraction is shown in [42]) under the Stokes reso-
nance. In this segment, the two-phonon state is initially
occupied with a probability greater than 30%, while the
probability for the one-phonon state is smaller than 0.1%.
When the system undergoes a quantum collapse of its
wavefunction triggered by dissipation, it is thus exceed-
ingly more likely to realize the two-phonon state. This
occurs with the emission of a first phonon that leaves the
system in the one-phonon state with almost unit proba-
bility, also highly likely to be emitted during the cavity
lifetime, and thus shortly after the first phonon, com-
pleting the two-phonon bundle emission. As a result, the
system has emitted two strongly-correlated phonons in
a very short temporal window. The system that is left
in the phonon-vacuum and the excited state of the QD
can then resume the cycle after a direct photon emis-
sion |0, c〉 → |0, v〉 from the QD flip. In the next cy-
cle, the system undergoes the same cascade emission of
phonon pair, each accompanied by a single photon emis-
sion, which can be used for heralding purposes (e.g., with
a delay line). The emitted single photon does not disturb
the phonon bundle thanks to their different nature. The
insert bar graphs in Fig. 4(a) show that the overall two-
phonon emission is the largely dominant process in this
regime, chosen as the optimal two-phonon resonant con-
dition including the influence of the electron-phonon cou-
pling and of the driving laser. It also shows that the un-
desired 2n-phonon bundle emission (n = 2) with a prob-
ability close to 1% is negligible [42]. This corresponds to
two-phonon emission rates as high as ≈ 1.1×109/s when
ωb/2π = 1 THz, for the chosen values of Ω and λ. The
emitted n-phonon bundle has an intrinsic and character-
istic temporal structure as a result of its dynamical char-
acter, which corresponds to the spontaneous emission of
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FIG. 5: Purities of (a) two-phonon and (b) three-phonon
emissions vs λ/ωb and κ/ωb when Ω/ωb = 0.2. (c) Vertical
cuts of the purity along the arrows in (a) and (b). The solid
and dashed lines correspond to λ/ωb = 0.06 and λ/ωb = 0.1,
respectively. (d) Horizontal cuts of the purity along the ar-
rows in (a) and (b). Inset: Purities vs Ω/ωb when λ/ωb = 0.1
and κ/ωb = 0.002. System parameters are: γ/ωb = 0.0002
and γφ/ωb = 0.0004.

a Fock state [4]. As shown in Figs. 4(d)–4(f), initially, the
system is essentially in a quantum superposition of the
states |0, v〉 and |n, c〉. It then experiences a rapid cas-
cade emission through the Fock states |ni〉 (0 ≤ ni ≤ n)
in a short time window. Here, n = 2 and ni = 1 show
the cascaded two-phonon emission (other cases are shown
in [42]).

Discussions of purity and experimental feasibility.—In
an actual system, or with exact numerical simulations,
there is always a contamination of the n-phonon emis-
sion by other processes, even when the system is driven
at a perfect n-phonon assisted Stokes resonance. In our
case, this comes chiefly from off-resonant m-phonon emis-
sion (m 6= n). We thus calculate numerically the pu-
rity Πn of n-phonon emission, which is defined as Πn =
P̄n/

∑n
ni=1 P̄ni [4, 50] where P̄ni is obtained by sampling

the phonon-state populations in time-windows T chosen
at random times for numerous trajectories of the Monte
Carlo simulation, until enough statistics is acquired to
ensure convergence of the probability distribution. Fig-
ure 5 shows that two- and three-phonon emissions with
high purities (> 95%) can be realized in a wide range
of parameters for κ/ωb and λ/ωb, under the Stokes con-
ditions. The effect of off-resonant phonon emission on
the purity is more notable for larger cavity decay rates.
Especially, as n increases, this effect is more obvious
due to the occurrence of more off-resonant transitions.
Moreover, increasing λ/ωb can enhance (decrease) the
three-phonon (two-phonon) emission purity by enhanc-
ing the high-order phonon sideband processes. More in-
terestingly, the inset of Fig. 5(c) shows that high purities
(> 97%) are robust with the driving amplitude Ω, since
increasing Ω cannot extremely enhance the effective Rabi
frequency for this regime. Note that throughout, we have
considered realistic values of pure dephasing for the QD.
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Its effect is basically negligible on the purity since bundles
are quickly emitted in a fast cascaded emission following
the wavefunction collapse, prior to which the cavity is in
the vacuum and shielded from QD dephasing [42].

Regarding experimental implementations, while we
have considered here a semiconductor system with a
quantum dot coupled to a THz acoustic nanocavity, our
proposal is not limited to this particular architecture and
could be implemented or adapted in a variety of plat-
forms. For our specific design, the theoretical model pre-
dicts that the current technology [12–15] should already
be able to deliver around 99% two-phonon and 97% three-
phonon emission (ωb/2π = 1 THz, ωσ/2π = 100 THz,
Ω/2π = 0.2 THz, λ/2π = 0.1 THz, κ/2π = 2 GHz,
γ/2π = 0.2 GHz and γφ/2π = 0.4 GHz). A direct
observation of our phenomenon could be made with a
nanocalorimeter, where phonons are converted into elec-
trons by interactions between the nanocavity and the
electron gas (transducer), thus allowing phonon count-
ing and other types of statistical processing [51, 52] with
well-controlled electronics.

Conclusions—We have proposed an efficient method
for producing n-phonon bundle emission based on the
Stokes process. The bundle emission with high purity
(> 97%) is obtained over a wide range of parameters.
The purity of the n-phonon emission depends on the
cavity decay and the electron-phonon coupling strength,
and is robust with the strength of the pumping laser.
The proposal is easily tunable simply by adjusting the
frequency of the pumping laser, allowing essentially pure
two- and three-phonon emissions with the currently avail-
able technology. Our work can also be extended to peri-
odic bundle-emission of phonons by using the collective
properties of comb-shaped ensemble of QDs [53], which
is attractive for applications that are clocked in periodic
time intervals.
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