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The fundamental problem of sampling from the limiting distribution of quantum walks on net-
works, known as mizing, finds widespread applications in several areas of quantum information and
computation. Of particular interest in most of these applications, is the minimum time beyond
which the instantaneous probability distribution of the quantum walk remains close to this limiting
distribution, known as the quantum mizing time. However this quantity is only known for a handful
of specific networks. In this letter, we prove an upper bound on the quantum mixing time for almost
all networks, i.e. the fraction of networks for which our bound holds, goes to one in the asymptotic
limit. To this end, using several results in random matrix theory, we find the quantum mixing time
of Erdos-Renyi random networks: networks of n nodes where each edge exists with probability p
independently. For example for dense random networks, where p is a constant, we show that the
quantum mixing time is O(n3/2+"(1)). Besides opening avenues for the analytical study of quantum
dynamics on random networks, our work could find applications beyond quantum information pro-
cessing. Owing to the universality of Wigner random matrices, our results on the spectral properties
of random graphs hold for general classes of random matrices that are ubiquitous in several areas of
physics. In particular, our results could lead to novel insights into the equilibration times of isolated
quantum systems defined by random Hamiltonians, a foundational problem in quantum statistical

mechanics.

The quantum dynamics of any discrete system can be
captured by a quantum walk on a network, which is a
universal model for quantum computation [1]. Besides
being a useful primitive to design quantum algorithms
[2-6], quantum walks are a powerful tool to model trans-
port in quantum systems such as the transfer of exci-
tations in light-harvesting systems [7-9]. Studying the
long-time dynamics of quantum walks on networks is
crucial to the understanding of these diverse problems.
As quantum evolutions are unitary and hence distance-
preserving, quantum walks never converge to a limiting
distribution, unlike their classical counterpart. However,
given a network of n nodes, one can define the limit-
ing distribution of quantum walk on the network as the
long-time average probability distribution of finding the
walker in each node [10]. Of particular interest is the
quantum mizing time: starting from some initial state,
the minimum time after which the underlying quantum
walk remains close to its limiting distribution.

The importance of the problem of mixing for quantum
walks cannot be overstated: this is at the heart of quan-
tum speedups for a number of quantum algorithms [2, 11]
and is also key to demonstrating the equivalence between
the standard (circuit) and Hamiltonian-based models of
quantum computation [12, 13]. Unfortunately, no gen-
eral result exists for quantum mixing time on networks:
it has been estimated for a handful of specific graphs
(graphs and networks are used interchangeably through-
out the letter) such as hypercubes, d-dimensional lattices
etc., and is known to be slower than its classical coun-
terpart for some graphs while faster in the case of others
[10, 14-21]. In this letter we bound the quantum mixing
time for almost all networks, i.e. the fraction of networks

for which our result holds goes to one as n goes to infin-
ity.

We prove this general result by studying the mixing of
quantum walks on Erdoés-Renyi random networks: net-
works of m nodes with an edge existing between any
two nodes with probability p independently, denoted as
G(n,p) [22, 23]. Tt is important to note that our problem
differs from designing quantum algorithms for classical
mixing: preparing a coherent encoding of the station-
ary state of a classical random walk [24-26]. Such prob-
lems involve running quantum algorithms for finding a
marked node, known as quantum spatial search, in re-
verse. In fact, it has already been established that the
problem of spatial search by quantum walk is optimal for
G(n,p) [27-29]. Asymptotic dynamics of coined quantum
walks on percolation graphs has been studied [30] while
quantum dynamics on complex networks has also been
numerically investigated [31-33].

In this work we prove that the quantum mixing time for
G(n,p) is in O(n®/272¢ /p), for n=1/3 < p <1—n1/3
and ¢ = ;‘Egz [34]. We obtain this by using several
results in random matrix theory to first compute upper
bounds on sums of inverses of eigenvalue gaps of the adja-
cency matrix of G(n,p), which is crucial to subsequently

calculate bounds for the quantum mixing time.

For example, in the case of dense random networks, i.e.
when p is a constant, we prove that the quantum mixing
time is O(n%/2) with probability that tends to one as n
goes to infinity. Throughout the letter, we shall refer any
such event that occurs with probability 1 — o(1), as an
event that occurs almost surely. It can be demonstrated
that when p = 1/2, G(n,1/2) is a network picked uni-
formly at random from the set of all networks. This im-



plies that our bound for the quantum mixing time holds
for almost all networks from this set. Classical random
walks on G(n, p) mix quite fast: the classical mixing time
is in O(1) as long as np — oo [35]. Thus, our bound for
the quantum mixing time is slower than its classical coun-
terpart, irrespective of p. We emphasize that although
we focus on continuous-time quantum walks, our results
also hold for discrete-time quantum walks, namely for
coined quantum walks and quantum walks a la Szegedy
[36].

An important direction of research in the emerging field
of quantum networks is to study features of quantum dy-
namics on random networks and explore whether they
are distinct from their classical counterparts. Thus be-
sides finding the mixing time of quantum walks in a very
general scenario, our work also opens up ways for an-
alytically studying the difference between classical and
quantum dynamics on random networks.

Mixing of quantum walks: Let G be a network with a
set of nodes V. = {1,...,n}. We consider the Hilbert
space spanned by the localized quantum states at the
nodes of the network H = span{|1),...,|n)} and define
the Hamiltonian corresponding to a quantum walk on
G by its (rescaled) adjacency matrix yAg. Then, start-
ing from initial state |t)g), the state of the walker after
some time ¢ is governed by the Schrédinger Equation, i.e.
[(t)) = e~ 46t ). Note that v is a parameter that
controls the rate of propagation of the walker and is typi-
cally considered to be inverse of the spectral norm of Ag
such that ||yAg| = 1. This ensures that evolution for
unit time corresponds to O(1) steps of its discrete-time
counterpart. Henceforth we shall denote by A, the nor-
malized adjacency matrix of G, which implicitly assumes
the choice of v = 1/||Ag||- We shall assume that Ag has
a simple spectrum, i.e. all eigenvalues of Ag are distinct.
For our purposes it suffices as this is indeed the case
for random graphs, almost surely [37]. So, let the spec-
tral decomposition of Ag = 1" A;|v;)(v;], such that
A =1> X1 > > A > —1 are the eigenvalues of
Ag and |v;) is the eigenstate corresponding to ;.

As mentioned earlier, as quantum evolutions are uni-
tary, quantum walks never “mix” unlike classical random
walks. As such, the mixing of a quantum walk on a net-
work G is defined in the following sense: starting from
some arbitrary initial state say |¢p) = Y-, ¢|v;) such
that 0 < |¢| < 1, one can obtain the probability that
the walker is localized in some node |f) after a time T
which is picked uniformly at random in the interval [0, T,
ie.
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Besides resulting in a time-averaged probability distribu-
tion at any time T, this definition leads to a well defined

limiting probability distribution,

n

Z|<f\vi><vi|¢o>\2a (2)
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Py(T = o0) = Jim Py(T) =
as T — oo. In order to determine how fast the
quantum walk on G converges to the limiting dis-
tribution, we need to bound the total distance be-
tween this distribution and the distribution at any
time T, ie. D(Pr) = |Py(T)— P;(T — o)
S PA(T) = PH(T = ).

Evaluating the integral in Eq. (1) and subtracting out
the expression for P;(T — o0), followed by some simpli-
fications lead to the following upper bound
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As an aside, we would like to mention that in the case
where Ag has repeated eigenvalues, the sum in Eq. (3)
is over distinct eigenvalues A; # A; and as such a fi-
nite value of Thyix is always obtained (See Supplemental
Material for details [38]). Observe that there exists a
time beyond which D(Pr) < e, i.e. for all times beyond
this, the instantaneous distribution will remain e-close
(in total variation distance) to the limiting distribution.
This allows us to obtain that the quantum mixing time

is
mlx = O(

Note that the mixing time of classical random walks on
a network can drastically differ from its quantum coun-
terpart. For example, while the former depends only on
the inverse of the spectral gap (gap between two highest
eigenvalues) of Ag, the latter depends on the inverse of
all eigenvalue gaps, as is evident from Eq. (4). Let us
define 2, = " "[\iy, — \i| ', Then the sums of the
inverse of eigenvalue gaps appearing in the right hand
side of Eq. (4) is given by ¥, where
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In fact, if Apj, denotes the minimum of all eigenvalue
gaps of Ag, then one obtains that 1/Apin < ¥ <
n?/Amin, where the lower bound is obtained by noting
that for X, (i.e. when r = 1), there exists 7 such that
[Ait1 — Ai] = Amin. On the other hand, the upper bound
is obtained by simply replacing all terms of ¥ by Amm
Obtaining a tight bound on the aforementioned quantity
is crucial to obtaining a good bound for the quantum
mixing time. Next, by using several results in random
matrix theory, we bound ¥ for the adjacency matrix of
G(n, p) and consequently obtain a bound on the quantum
mixing time.



Mizing time of quantum walks on G(n,p): For a ran-
dom network G(n,p), its adjacency matrix, which we
denote as Ag(n,p), is the n x n symmetric matrix with
each non-diagonal entry being 1 with probability p and
0 with probability 1 — p. All diagonal entries of Ag(n,p)
are 0. In order to obtain the normalized adjacency ma-
trix AG(n’p), the rescaling parameter should be appro-
priately chosen. As shown in Refs. [39, 40], as long as
p > log®(n)/n, the highest eigenvalue of AGnyp) 18 a
Gaussian random variable with mean np and standard
deviation +/p(1 —p), almost surely. However, even if
one does not have access to the random variable, the
rescaling flg(n’p) = Ag(n,p)/(np), suffices. In fact, we
prove rigorously in the Supplemental Material [38] that
[Ac(nm | ~ 1

As established previously, in order to find the quantum
mixing time of G(n,p), we require bounds on ¥, for
flg(n,p). It is well known that as np — oo, the spectral
density of Ag(, ) converges to the so called Wigner’s
semicircle distribution. While the highest eigenvalue A,
is isolated from the bulk, the second highest eigenvalue
An_1 lies at the edge of the semicircle. We show in the
Supplemental Material [38], using the results of Ref. [41],
that the second highest eigenvalue of Ag(n,p) is upper
bounded as A,—1 < 6/\/np + (5((np)*3/4). Thus there
exists a constant gap between the two highest eigenval-
ues of AG (n p ie. A =1 —0(1), almost surely as long

as p > log"(n)/n.
classical mixing time is in O(1/A) =

This 1mmed1ately implies that the
(9(1).

For the quantum mixing time, all eigenvalue gaps are
crucial. So, what about the other eigenvalue gaps? Note
that for p = 1, the deterministic, all-to-all connected net-
work (complete graph) has (n—1)-degenerate eigenvalues
at —1, while the highest eigenvalue is 1. However for any
p < 1, G(n,p) can be considered as an all-to-all network
affected by spatial disorder: with probability 1 — p, a
link between any two nodes is removed. It is well known
that the addition of even a small amount of disorder de-
stroys the symmetry of the underlying structure. This
is precisely the case for Ag(nm). As such, obtaining a
bound on ¥ is a challenging problem in random matrix
theory.

The Wigner’s semicircle law implies that there are O(n)-
eigenvalues in the bulk, within a semicircle of radius R =
24/(1 — p)/np. Thus, the average eigenvalue gap within
the bulk scales as A ~ n=3/2p=1/2_ However, this does
not rule out the possibility of having gaps < A and as
such, to extract bounds on eigenvalue gaps one needs to
look at the local spectral statistics of Ag(n,p).

It has been recently proven that Ag(nyp) has no degener-
ate eigenvalues (simple spectrum), almost surely as long
as C'log®(n)/n < p <1 — Clog®(n)/n for some constant
C > 0 [37, 42, 43]. Note that these bounds are quite
tight: for p = 1, we know that Ag(nm) has repeated
eigenvalues while on the other hand for p = o(log(n)/n),

the underlying random graph is disconnected, implying
again that Ag(n’p) has repeated eigenvalues. Also, one
can obtain tail-bounds for consecutive eigenvalue gaps of
G(n,p), i.e. §; = Ai+1 — A; which in turn leads to a lower
bound on Awin for Ag(np) as Apin > p—5/2+0(1)=1/2
almost surely [43, 44]. This is the best known bound for
this quantity for discrete random matrices.

Using these bounds on d;, we are able to show that ¥, is
almost surely close to 1/Ain. Formally, we prove in the
Supplemental Material [38] that for AG(n,p)a
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D5 e LI
with probability 1 — o(1). The key observation is that
most of the gaps are almost surely within an interval
that is 1/logn times the average gap A.
However, in order to obtain the quantum mixing time for
G(n,p), we require an upper bound on ¥ instead of 3,
i.e. we need information about gaps of the form A, — ;.
In order to obtain this, we combine two things: (a) the
knowledge of the so-called classical eigenvalue locations
as predicted by the Wigner’s semicircle law (henceforth
denoted by ;) and (b) the eigenvalue rigidity criterion
which establishes that the location of the eigenvalues of
flc(n’p) in the bulk are likely to be close to their classical
locations, predicted by the semicircle law [40].
From the semicircle distribution itself, one obtains a
lower bound on the distances between the classical lo-
cations of eigenvalues. For Ag(n,p)7 we prove in the Sup-
plemental Material [38] that for i <n/2, r <n — 2i and
some universal constant ¢ > 0,
(7)
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An identical estimate holds for the other half of the spec-
trum by symmetry. On the other hand, we make use of
the eigenvalue rigidity criterion in Ref. [40], adapted for
our analysis. Let ¢ > 0 and n=1/3 < p<1-— n=1/3,
Then it can be proved that the eigenvalues of Ag(nm)
satisfy

nE(n_2/3a;1/3 +n29)
(pn)/2

with probability 1—o(1), where ¢ := ;"Iigz and q; 1=
max{i,n — i}. Note that eigenvalue rigidity does not
provide any information about the smallest eigenvalue
gaps. However as we examine gaps A4, — A; for large
enough r, rigidity provides a better estimate on the gap
size than the tail bounds from Ref. [43]. Combining both
estimates at the different scales of r yields an improved
estimate for ¥,. We prove that forn=1/3 < p <1—n=1/3

and ¢ = ;‘)ﬁgz, the eigenvalues of Ac(nm) satisfy

IAi =il <

(®)

n—1n—i

> = ZZ|>\1+T_)\|

i=1 r=1

172¢+°(1)n5/2\/f), (9)



with probability 1—o(1). Here, we provide an intuition of
the proof of this bound, with the rigorous details being
relegated to the Supplemental Material [38]. As A, is
isolated from the bulk of the spectrum, we have that
S An = Al = O(n), almost surely.

For the remaining terms of ¥, we can exploit eigenvalue
rigidity once r is large enough to guarantee that v, 4, —;
from Eq. (7) is larger than the error |\; —v; |+ | Ni4r —Vitr|
from Eq. (8). This motivates the following definition: Let
ey (1) = n° max{l,nQ/sozg/Sn_Qd’} < n'*+=2% guch that &
is split into the following parts:

n— 1C*'L
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For the first double sum, we use the bound from Eq. (6)

to obtain

n—1 ¢, (i)
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almost surely. On the other hand, for the second double

sum, r is large enough for rigidity to kick in and one
obtains that

)

i=1 r=c, (i)+1

n—i

1
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almost surely. Combining these two bounds, coupled
with the observation that a choice of ¢ = o(1) suffices,
leads to the required upper bound for ¥ in Eq. (9).

As ¥ > Al | our upper bound for ¥ is close to the best
possible upper bound for this quantity for dense random
networks. Intuitively, for such networks, semicircle law
provides an excellent approximation for each \;. As such,
rigidity kicks in soon: |Ai1r — Ai| & |[Yigr — i, for all
r > logn. This is no longer the case for sparse random
networks.

In order to obtain the mixing time Tg (P) " we also re-
quire bounds on the overlap factors in the numerator
of Eq. (4). We show in the Supplemental Material [38]
that the eigenstate corresponding to the highest eigen-
value of Ag(n,p) has a significant overlap with the state
that is an equal superposition of all nodes of the net-
work, ie. [s) = 1/y/nd>." ,|i). In particular, we show
that [(vn[s)| > 1 —2//np, almost surely. It has also
been established that with probability 1 — o(1/n), all
other eigenstates of Ag(nm) are also completely delocal-
ized as long as p > log(n)/n [40, 45, 46]. That is, for
J € {17 ,TL}, |||UJ>||00 < n71/2+0(1)v implying that
[(v]1)| < n=1/2+e() ] for all states |I), localized at any
of the nodes of G(n,p). So from Eq. (1), we obtain that
Pi(T — o0) < O(1/n), i.e. the limiting distribution of
quantum dynamics on random networks is close to an

)
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uniform distribution, almost surely, independently of the
initial state [¢).
The delocalization of eigenvectors, along with the bound

on ¥ allows us to conclude that as long as n=/3 < p <
1-— n‘l/?’,

¢ = 6 (n5/2_2¢\/]3/e>. (13)

Interestingly, on decreasing p, our bound for the quantum
mixing time actually increases. Clearly, when p = 1/2,
i.e. when a network is picked up uniformly at random
from the set of all networks, its quantum mixing time is
almost surely Tgl(xn /2 = (n3/ 2/e).

c(:p) O(nJ/z\/‘/E) Trig:p) — O(nz—g/Z/E) Til(;t,p) — 0(113/2/6)
p =log®m)/n p=n13 p=c \ p|:1
ot to scale

FIG. 1: Summary of the quantum mixing time (time after which
the instantaneous distribution of a quantum walk is e-close to
its limiting distribution) for G(n,p) for different regimes of p:
For dense random networks (when p is some constant c¢), the
quantum mixing time is in (5(n3/2/e). For sparse random net-

> n= 1< where ¢ > 2/3, the quantum mixing
time is in O(n27¢/2/¢). Finally for sparser random networks, i.e.
when log8(n)/n < p < n~1/3, the quantum mixing time is in

6(n5/2\/ﬁ/e).

works, for p >

Unfortunately for sparser random networks, i.e. for p =
log”(n)/n, such that D > 8, we cannot make use of
eigenvalue rigidity. However simply using Eq. (6) along
with the observation that ¥, < ¥p, for 2 <r < n —1,
gives us a weaker upper bound for the quantum mix-
ing time in such regimes of sparsity. We obtain that
TSP — O(n%/2,/p/€). Our bounds for the quantum
mixing time for G(n, p) for different regimes of p are sum-
marized in Fig. 1.

In fact, the breakdown of rigidity estimates in Ref. [40]
is not an artifact of the proof. For extremely sparse net-
works, the optimal rigidity estimates that hold in dense
networks are known to break down [47]. Finally, the
dependence on precision for the quantum mixing time
can be exponentially improved by the amplification tech-
niques in Refs. [10, 17].

Discussion: Prior to this work, the fundamental problem
of quantum walk mixing was explored for only a handful
of specific graphs and subsequently the quantum mixing
time for general classes of graphs was unknown. We have
proved an upper bound on the mixing time of quantum
walks for almost all networks. We do so by proving that
the mixing time for quantum walks on Erdos-Renyi ran-
dom networks is in (’)(n5/2_2¢\/}3), for p > n~1/3 and



¢ = L8rn - Our bound for the quantum mixing time is
2logn

slower than its classical counterpart which hints at fun-
damental differences between classical and quantum dy-
namics on random networks.

In the process of obtaining our general results for quan-
tum mixing, we have also derived several results in ran-
dom matrix theory, which could be of interest to areas be-
yond quantum information. Random matrices are ubig-
uitous in several areas in physics ranging from condensed
matter physics [48], nuclear physics [49] and high energy
physics [50]. The techniques used to derive bounds on
for Ag(n,p) can also be applied to random matrices in very
general scenarios, namely for random symmetric matrices
with each entry having mean p and standard deviation
o, known as Wigner matrices [51]. Moreover, they can
be extended to hold for the so-called Band Wigner Ma-
trices: symmetric n X n random matrices H with random
entries such that any entry H;; = 0, if |¢ — j| > W, where
W < n/2 is the band-width. These matrices also find
many applications in several areas of physics and math-
ematics [52].

For example, consider the problem of equilibration of
isolated quantum systems, widely studied in quantum
statistical mechanics [53]. Therein one is interested in
the limiting distribution of the expectation value of an
observable defined in a time-averaged sense and also in
the time after which the expectation value remains close
to this limiting distribution [54, 55]. A crucial quantity
in determining the equilibration time is the distribution
of gaps of the underlying Hamiltonian [56]. Thus, the
techniques used in this letter to obtain bounds on ¥ can
be applied to obtain better upper bounds for the equi-
libration times of isolated quantum systems defined by
random Hamiltonians. Besides this, we believe that our
results could be used in other areas of physics such as in
Eigenstate Thermalization Hypothesis (ETH) [57]. They
could also lead to generic analytical results in the field of
quantum chaos [58] and in the analysis of scrambling of
information in black holes [59].
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