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We propose to use fermionic atoms with degenerate ground and excited internal levels (Fg → Fe),
loaded into the motional ground state of an optical lattice with two atoms per lattice site, to realize
dark states with no radiative decay. The physical mechanism behind the dark states is an interplay
of Pauli blocking and multilevel dipolar interactions. The dark states are independent of lattice
geometry, can support an extensive number of excitations and can be coherently prepared using a
Raman scheme taking advantage of the quantum Zeno effect. These attributes make them appealing
for atomic clocks, quantum memories, and quantum information on decoherence free subspaces.

Introduction.—Subradiance is a fascinating phe-
nomenon in which coupled emitters, e.g. excited atoms,
radiate light at a slower rate than independent emitters.
This modified decay rate originates from interference be-
tween single-particle and collective decay processes, due
to atom-light interactions. When the decay rate com-
pletely vanishes, the corresponding states are called dark
states.

Ever since Dicke’s seminal paper [1], subradiance has
been widely studied in two-level systems [2–18], and in
systems with multiple excited levels decaying to a unique
ground state [19–24]. Most works concentrate on subra-
diant states where a single excitation is shared among
all atoms. Recently, single-excitation subradiant states
in arrays of two-level atoms have been shown to have in-
teresting applications for quantum memories [6], atomic
clocks [8], mirrors [16], excitation transport [9, 21], or to
create topological states [14, 15, 23–25] or entangled pho-
tons [13]. However, despite many theoretical proposals,
only few experiments have managed to observe subradi-
ance so far [26–35]. This is challenging because subradi-
ant states are generally hard to prepare, and often require
the atoms to be very close to each other compared to the
wavelength of the transition.

In this work, we propose to circumvent some of these
problems using fermionic atoms with multiple internal
levels. Such atoms possess both degenerate ground and
excited levels. Due to the complexity of the problem,
only few recent works have studied subradiance in mul-
tilevel systems with degenerate ground states [36, 37].
In particular, the multiple decay channels available to
each excited state make it hard to generate subradiant
states. Here, however, we take advantage of the blockade
imposed by fermion statistics by considering arrays with
two fermionic atoms per optical lattice site [Fig. 1(e)].

For this system we find a large set of dark states with
remarkable features. They are independent of lattice ge-
ometry, in particular they do not require subwavelength
distances between adjacent sites in the array, they can
support an extensive number of excitations, and they
can be coherently prepared using e.g. a Raman scheme.
These dark states arise from a combination of having two
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FIG. 1. Summary of proposed platform. (a) Fermionic atoms
with an Fg → Fe transition from ground (blue) to excited
levels (red). (b) Examples of dipole exchange interaction
between different levels mediated by a photon (red wave).
(c),(d) Optical lattice with two atoms per site occupying the
motional ground state only. (e) Example of a decay channel
blocked by Pauli exclusion.

atoms per site in the motional ground state, Pauli block-
ing, and multilevel dipolar interactions. We focus here on
implementations with alkaline-earth(-like) atoms such as
171Yb and 87Sr, but emphasize that the main results are
not restricted to these species. Our findings open the
door to potentially using this decoherence-free subspace
of dark states for, e.g., atomic clocks or quantum memo-
ries.
System.—We consider an array loaded with n = 2

fermionic atoms per site (Fig. 1). While we focus on im-
plementations with optical lattices, our proposal can also
be realized with optical tweezers. We work in the limit
of a deep trap such that tunneling is suppressed, and the
atoms occupy the motional ground-state only [Fig. 1(c)].
The latter is valid as long as the onsite trapping frequency
is much larger than the photon recoil energy (Lamb-Dicke
regime), and typical atom-atom interactions.

We consider for each atom a radiative transition of
frequency ω0 = ck0, with half-integer total angular mo-
mentum Fg → Fe. The internal level structure thus con-



2

sists of a manifold of (2Fg + 1)-degenerate ground states,∣∣gmg

〉
≡ |g, Fg,mg〉 with mg ∈ [−Fg, Fg], and a manifold

of (2Fe+1)-degenerate excited states, |eme〉 ≡ |e, Fe,me〉
with me ∈ [−Fe, Fe] [Fig. 1(a)].

The atoms interact with each other via dipole inter-
actions (Fig. 1). After a standard Born-Markov ap-
proximation [38–40], the dynamics of the atomic den-
sity matrix ρ̂ can be described by a master equation,
˙̂ρ = −i[Ĥ, ρ̂] + L(ρ̂) (~ = 1), with

Ĥ = −
∑
i,j

∑
q,q′

Ri,jq,q′ D̂+
i,q D̂−j,q′ , (1)

L(ρ̂) = −
∑
i,j

∑
q,q′

Ii,jq,q′
({
D̂+
i,q D̂−j,q′ , ρ̂

}
− 2D̂−j,q′ ρ̂ D̂+

i,q

)
.

This describes all possible coherent and incoherent ex-
changes of photons between two atoms. The crucial ele-
ment here is the spherical dipole operator D̂±i,q, which is

defined as D̂+
i,q ≡ (D̂−i,q)† and

D̂−i,q =
∑
m

Cqm σ̂
(i)−
m,m+q. (2)

Here, σ̂
(i)−
mn ≡ f̂†i,gm f̂i,en , and f̂

(†)
i,am

annihilates (creates)
a fermion at site i with internal level |am〉 (a = g, e), and

{f̂i,am , f̂†j,bn} = δij δab δmn. Thus, the operator D̂−i,q cor-
responds to a sum over all possible decay processes from
|em+q〉 to |gm〉, weighted by the Clebsch-Gordan coef-
ficient of the transition, Cqm ≡ 〈Fg,m; 1, q|Fe,m + q〉.
The emitted photon can have polarization q = 0,±1
with e0 ≡ ez and e± ≡ ∓(ex ± iey), where ez defines
the quantization axis. The strength of the interaction,
Ri,jq,q′ ≡

(
e∗Tq ReGij eq′

)
and Ii,jq,q′ ≡

(
e∗Tq ImGij eq′

)
, de-

pends on the polarizations q and q′ of the involved tran-
sitions and on the relative distance between the atoms.

For atoms at different sites (i 6= j), the dipolar inter-
action coefficients can be written as Gij = G(ri − rj),
where G is proportional to the electromagnetic
dyadic Green’s tensor in vacuum [41] G(r) =
3Γ
4

{[
1− r̂⊗ r̂

]
eik0r

k0r
+
[
1− 3 r̂⊗ r̂

] (
ieik0r

(k0r)2
− eik0r

(k0r)3

)}
.

Here, r̂ ≡ r/|r|, and the spontaneous decay rate is
defined as Γ = ω3

0 |drad
ge |2/[3πε0~c3(2Fe + 1)], where drad

ge

is the radial dipole matrix element [42]. The onsite
(i = j) interaction coefficients involve an integral of
the dyadic Green’s tensor over the spatial part of the
wave-function [42]. In the limit of a deep, radially
symmetric trap potential for the two atoms on the same
lattice site, they can be approximated by ReGii = 0
and ImGii = Γ

2 1. Nevertheless, we emphasize that the
dark states are independent of the trap details and the
specific form of Gii [see Eq. (3)].
Multilevel dark states.—Mathematically, a dark state

|D〉 is defined as an eigenstate of Ĥ with L(|D〉〈D|) = 0.
From Eq. (1), a sufficient condition to fulfill this for any
values of Ri,jq,q′ and Ii,jq,q′ is given by

D̂−i,q |D〉 = 0 ∀i, q. (3)

Physically, this means that all possible photon emission
processes, or decay processes, of the state |D〉 need to in-
terfere destructively. Specifically, condition (3) requires
that each possible polarization (q = 0,±1) cancels out
independently from the others. On top of this, interfer-
ence of different decay processes can only happen if the
final state |f〉 is the same. Since excited states can decay
in our case to different ground states, this implies that all
possible decay processes of |D〉 with polarization q and
final state |f〉 have to cancel out independently from the
other polarizations and final states. Hence, each possible
pair (q, |f〉), or decay channel, gives rise to a separate
condition to be fulfilled. Notice that all channels are
nevertheless intertwined in a complex fashion since each
state has, in general, multiple decay channels.

It is this multilevel complexity, however, that allows to
find solutions to Eq. (3) when combined with the other
two key ingredients of our proposal: two atoms per site
and fermion statistics. These two elements essentially
allow to fulfill Eq. (3) by blocking certain unique decay
channels which could otherwise not be cancelled out by
interference. To see this, we first consider the case of a
single lattice site, which will later allow us to construct
dark states for the multisite system.

As a specific example, we consider two atoms on a
single lattice site with Fg = Fe = 1/2. In this case,
there exists exactly one dark state given by (c.f. Fig. 2)
|D0〉{ 1

2 ,
1
2} ≡

1√
2

(∣∣g−1/2 e1/2

〉
−
∣∣g1/2 e−1/2

〉)
, where we

defined Fock states as |ambn〉 ≡ f̂†am f̂
†
bn
|vacuum〉 with

a, b ∈ {g, e}. The darkness of this state relies heavily on
the Pauli exclusion principle. Because of it, each of the
Fock states involved in the superposition can only decay
to
∣∣g−1/2g1/2

〉
, via q = 0 polarization. These two con-

tributions interfere destructively. However, if the atoms
could occupy the same state, then, e.g.,

∣∣g1/2 e−1/2

〉
could

decay to
∣∣g1/2 g1/2

〉
, which could not be cancelled out by

interference.

Notice that the dark state |D0〉{ 1
2 ,

1
2} is symmetric in e

and g, as opposed to the usual two-level Dicke dark state
(|eg〉 − |ge〉)/

√
2. The reason for this lies in the proper-

ties of the Clebsch-Gordan coefficients, here specifically
Cq=0

1/2 = −Cq=0
−1/2.

Another illustrative example of this is given by
the level structure Fg = 1/2 → Fe = 3/2. In
this case, there exist three dark states given by
(c.f. Fig. 2) |D0〉{ 1

2 ,
3
2} ≡

1√
2

(∣∣g−1/2 e1/2

〉
+
∣∣g1/2 e−1/2

〉)
and |D±1〉{ 1

2 ,
3
2} ≡

√
3

2

∣∣g±1/2 e±1/2

〉
+ 1

2

∣∣g∓1/2 e±3/2

〉
,

where the subscript stands for the total M = mg + me

of the state, |DM 〉. For this internal level structure one
finds that Cq=0

1/2 = Cq=0
−1/2 and, hence, the state |D0〉{ 1

2 ,
3
2}

is instead antisymmetric in e and g. In comparison,
the states |D±1〉{ 1

2 ,
3
2} are asymmetric with prefactors re-

lated to Clebsch-Gordan coefficients, as explained below.
Apart from these, there are also two other dark states,



3∣∣g1/2 e3/2

〉
and

∣∣g−1/2 e−3/2

〉
, which are trivially dark due

to Pauli blocking. Such states are in general hard to pre-
pare and will not be further discussed.

This can be generalized to other internal level struc-
tures. For a generic level structure with Fg = Fe ≡ F ,
we find a single dark state given by

|D0〉{F,F} ≡
1√

2F + 1

F∑
m=−F

(−1)F−m |gm e−m〉 . (4)

For F = 1/2 this coincides with |D0〉{ 1
2 ,

1
2}. More gen-

erally, it turns out that this dark state corresponds to
an eigenstate |FT = 0,M = 0〉 of the total angular mo-
mentum of the two particles, FT = F1 + F2, where F1/2

is the total angular momentum of each atom. This al-
lows for an alternative explanation of the dark state in
terms of the symmetries of the orbital (g, e) and angular
momentum projection (mg/e) parts of the wave function
(the motional part is symmetric by assumption). A state
with FT = 0 can in principle only decay to a state with
FT = 1. However, for both atoms in the ground state the
state with FT = 1 is symmetric [43], and so is the orbital
part (|gg〉). Such a final state is not allowed by fermion
statistics and, therefore, the state of Eq. (4) is dark.

For Fe = Fg + 1 ≡ F + 1, there exists one dark state,
with maximal total angular momentum FT = 2F +1, for
each possible value of M ∈ {−2F − 1, . . . , 2F + 1},

|DM 〉{F,F+1} ≡
F+min(0,M+1)∑

m=−F+max(0,M−1)

α(F,M)
m |gmeM−m〉 ,

(5)

where α
(F,M)
m ≡ 〈F,m;F + 1,M −m|2F + 1,M〉. These

dark states can be understood by noting that the above
state with FT = 2F + 1 can only decay to a state with
FT = 2F , which is the maximal angular momentum pos-
sible for both atoms in the ground state. The FT = 2F
state is, however, symmetric [43], and so is the orbital
part. Hence, this final state is again not allowed by ex-
change symmetry, and the state of Eq. (5) is dark.

We note that for Fe = Fg − 1 no dark states exist be-
cause the number of decay channels is too large, and that
for |Fe − Fg| ≥ 2 the transitions are not dipole allowed.
For fillings n ≥ 3 the number of dark states rapidly in-
creases. Such states are, however, sensitive to three-body
losses and will be studied elsewhere [44].

We now return to the multisite problem. Usually,
having more than one lattice site introduces new de-
cay channels that makes it harder to form truly dark
states. Remarkably though, for our system a large set
of dark states can be built out of simple product states
of single-site dark and ground states. More specifically,
let |Dαi

〉i, i ∈ SD, be arbitrary i-site dark states fulfill-

ing D̂−i,q |Dαi
〉i = 0 ∀q, e.g. the states of Eqs. (4) or (5).

And let
∣∣Gβj

〉
j
, j ∈ SG, be arbitrary j-site states with

all atoms in the ground-state manifold, which are also

Fg = 1/2
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�<latexit sha1_base64="Nmi91AjFvNhfTRgp2xYgXh33rHQ=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8FScKFtUgXdFIpCcVnBXqANYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgtt/WHg4z/ncM78XsSoVJb1beTW1jc2t/LbhZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcjurdx+JkDTkDyqJiBOgEac+xUhpyzWL5aY7qtvV2hlsuqR+Ua0Vzl2zZFWsueAq2BmUQKaWa34NhiGOA8IVZkjKvm1FykmRUBQzMi0MYkkihCdoRPoaOQqIdNL58VNY1s4Q+qHQjys4d39PpCiQMgk83RkgNZbLtZn5X60fK//aSSmPYkU4XizyYwZVCGdJwCEVBCuWaEBYUH0rxGMkEFY6r4IOwV7+8ip0ahVb8/1lqXGTxZEHx+AEnAIbXIEGuAMt0AYYJOAZvII348l4Md6Nj0VrzshmiuCPjM8fCzGRxw==</latexit><latexit sha1_base64="Nmi91AjFvNhfTRgp2xYgXh33rHQ=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8FScKFtUgXdFIpCcVnBXqANYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgtt/WHg4z/ncM78XsSoVJb1beTW1jc2t/LbhZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcjurdx+JkDTkDyqJiBOgEac+xUhpyzWL5aY7qtvV2hlsuqR+Ua0Vzl2zZFWsueAq2BmUQKaWa34NhiGOA8IVZkjKvm1FykmRUBQzMi0MYkkihCdoRPoaOQqIdNL58VNY1s4Q+qHQjys4d39PpCiQMgk83RkgNZbLtZn5X60fK//aSSmPYkU4XizyYwZVCGdJwCEVBCuWaEBYUH0rxGMkEFY6r4IOwV7+8ip0ahVb8/1lqXGTxZEHx+AEnAIbXIEGuAMt0AYYJOAZvII348l4Md6Nj0VrzshmiuCPjM8fCzGRxw==</latexit><latexit sha1_base64="Nmi91AjFvNhfTRgp2xYgXh33rHQ=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8FScKFtUgXdFIpCcVnBXqANYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgtt/WHg4z/ncM78XsSoVJb1beTW1jc2t/LbhZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcjurdx+JkDTkDyqJiBOgEac+xUhpyzWL5aY7qtvV2hlsuqR+Ua0Vzl2zZFWsueAq2BmUQKaWa34NhiGOA8IVZkjKvm1FykmRUBQzMi0MYkkihCdoRPoaOQqIdNL58VNY1s4Q+qHQjys4d39PpCiQMgk83RkgNZbLtZn5X60fK//aSSmPYkU4XizyYwZVCGdJwCEVBCuWaEBYUH0rxGMkEFY6r4IOwV7+8ip0ahVb8/1lqXGTxZEHx+AEnAIbXIEGuAMt0AYYJOAZvII348l4Md6Nj0VrzshmiuCPjM8fCzGRxw==</latexit><latexit sha1_base64="Nmi91AjFvNhfTRgp2xYgXh33rHQ=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8FScKFtUgXdFIpCcVnBXqANYTKdtEMnkzAzEUKor+LGhSJufRB3vo3TNgtt/WHg4z/ncM78XsSoVJb1beTW1jc2t/LbhZ3dvf0D8/CoI8NYYNLGIQtFz0OSMMpJW1HFSC8SBAUeI11vcjurdx+JkDTkDyqJiBOgEac+xUhpyzWL5aY7qtvV2hlsuqR+Ua0Vzl2zZFWsueAq2BmUQKaWa34NhiGOA8IVZkjKvm1FykmRUBQzMi0MYkkihCdoRPoaOQqIdNL58VNY1s4Q+qHQjys4d39PpCiQMgk83RkgNZbLtZn5X60fK//aSSmPYkU4XizyYwZVCGdJwCEVBCuWaEBYUH0rxGMkEFY6r4IOwV7+8ip0ahVb8/1lqXGTxZEHx+AEnAIbXIEGuAMt0AYYJOAZvII348l4Md6Nj0VrzshmiuCPjM8fCzGRxw==</latexit>

+
<latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit>

+
<latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit>

+
<latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit><latexit sha1_base64="+Z+02unfd2j7pZbXY9Lx0BaRwS8="></latexit>

(
<latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit>

)
<latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit>

(
<latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit><latexit sha1_base64="C56E5UGBwMcUFhb4rA/Kj990aGg="></latexit>

)
<latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit><latexit sha1_base64="6uL4y+lJUlXKYhaV1W2geYwAcYU="></latexit>

|D0i
<latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit>

|D�1i
<latexit sha1_base64="qW1ZBXy86clBLrDwaI4ajRAr4hQ=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUXGhJRNRlUSluhAr2Ak0Jk+lpO3QyCTMTocS8iRtfxY0LRcRd38bpRaitBwY+/v8czpzfjxiVyraHRmZpeWV1Lbtubmxube/kdvdqMowFgSoJWSgaPpbAKIeqoopBIxKAA59B3e9fj/z6IwhJQ/6gBhG0AtzltEMJVlrycueFpxvvzhWYdxl4iZuUve5x2QM3Tc1Zy9ScnDjpb2cubxftcVmL4Ewhj6ZV8XLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtQqaKVtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16E2mnR0Xx/li9dTePIogN0iI6Qgy5QCd2iCqoigp7RK3pHH8aL8WZ8Gl+T1owxndlHf8oY/gDXcaI6</latexit><latexit sha1_base64="qW1ZBXy86clBLrDwaI4ajRAr4hQ=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUXGhJRNRlUSluhAr2Ak0Jk+lpO3QyCTMTocS8iRtfxY0LRcRd38bpRaitBwY+/v8czpzfjxiVyraHRmZpeWV1Lbtubmxube/kdvdqMowFgSoJWSgaPpbAKIeqoopBIxKAA59B3e9fj/z6IwhJQ/6gBhG0AtzltEMJVlrycueFpxvvzhWYdxl4iZuUve5x2QM3Tc1Zy9ScnDjpb2cubxftcVmL4Ewhj6ZV8XLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtQqaKVtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16E2mnR0Xx/li9dTePIogN0iI6Qgy5QCd2iCqoigp7RK3pHH8aL8WZ8Gl+T1owxndlHf8oY/gDXcaI6</latexit><latexit sha1_base64="qW1ZBXy86clBLrDwaI4ajRAr4hQ=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUXGhJRNRlUSluhAr2Ak0Jk+lpO3QyCTMTocS8iRtfxY0LRcRd38bpRaitBwY+/v8czpzfjxiVyraHRmZpeWV1Lbtubmxube/kdvdqMowFgSoJWSgaPpbAKIeqoopBIxKAA59B3e9fj/z6IwhJQ/6gBhG0AtzltEMJVlrycueFpxvvzhWYdxl4iZuUve5x2QM3Tc1Zy9ScnDjpb2cubxftcVmL4Ewhj6ZV8XLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtQqaKVtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16E2mnR0Xx/li9dTePIogN0iI6Qgy5QCd2iCqoigp7RK3pHH8aL8WZ8Gl+T1owxndlHf8oY/gDXcaI6</latexit><latexit sha1_base64="qW1ZBXy86clBLrDwaI4ajRAr4hQ=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUXGhJRNRlUSluhAr2Ak0Jk+lpO3QyCTMTocS8iRtfxY0LRcRd38bpRaitBwY+/v8czpzfjxiVyraHRmZpeWV1Lbtubmxube/kdvdqMowFgSoJWSgaPpbAKIeqoopBIxKAA59B3e9fj/z6IwhJQ/6gBhG0AtzltEMJVlrycueFpxvvzhWYdxl4iZuUve5x2QM3Tc1Zy9ScnDjpb2cubxftcVmL4Ewhj6ZV8XLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtQqaKVtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16E2mnR0Xx/li9dTePIogN0iI6Qgy5QCd2iCqoigp7RK3pHH8aL8WZ8Gl+T1owxndlHf8oY/gDXcaI6</latexit>

|D+1i
<latexit sha1_base64="rfrSqRXF3bpvsamKt8lUxJ4C2Gc=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUBKUkIuqyqBQ3QgV7gaaEyfS0HTqZhJmJUGLexI2v4saFIuKub+P0ItTWAwMf/38OZ87vR4xKZdtDI7O0vLK6ll03Nza3tndyu3s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy15ufPC04135wrMuwy8xE3KXvek7IGbpuasZWpOjp30tzOXt4v2uKxFcKaQR9OqeLlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2oVtNK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9C7bToaL4/y5eupnFk0QE6REfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9Ja8aYzuyjP2UMfwDUV6I4</latexit><latexit sha1_base64="rfrSqRXF3bpvsamKt8lUxJ4C2Gc=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUBKUkIuqyqBQ3QgV7gaaEyfS0HTqZhJmJUGLexI2v4saFIuKub+P0ItTWAwMf/38OZ87vR4xKZdtDI7O0vLK6ll03Nza3tndyu3s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy15ufPC04135wrMuwy8xE3KXvek7IGbpuasZWpOjp30tzOXt4v2uKxFcKaQR9OqeLlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2oVtNK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9C7bToaL4/y5eupnFk0QE6REfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9Ja8aYzuyjP2UMfwDUV6I4</latexit><latexit sha1_base64="rfrSqRXF3bpvsamKt8lUxJ4C2Gc=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUBKUkIuqyqBQ3QgV7gaaEyfS0HTqZhJmJUGLexI2v4saFIuKub+P0ItTWAwMf/38OZ87vR4xKZdtDI7O0vLK6ll03Nza3tndyu3s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy15ufPC04135wrMuwy8xE3KXvek7IGbpuasZWpOjp30tzOXt4v2uKxFcKaQR9OqeLlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2oVtNK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9C7bToaL4/y5eupnFk0QE6REfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9Ja8aYzuyjP2UMfwDUV6I4</latexit><latexit sha1_base64="rfrSqRXF3bpvsamKt8lUxJ4C2Gc=">AAACH3icbZDLSsNAFIYn9VbjrerSTbAUBKUkIuqyqBQ3QgV7gaaEyfS0HTqZhJmJUGLexI2v4saFIuKub+P0ItTWAwMf/38OZ87vR4xKZdtDI7O0vLK6ll03Nza3tndyu3s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy15ufPC04135wrMuwy8xE3KXvek7IGbpuasZWpOjp30tzOXt4v2uKxFcKaQR9OqeLlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2oVtNK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9C7bToaL4/y5eupnFk0QE6REfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9Ja8aYzuyjP2UMfwDUV6I4</latexit>

|D+2i
<latexit sha1_base64="uLKqbr/h2CVD6/U+rhhowZV9+Uk=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCoJSkiLosKsWNUMFeoClhMj1th04mYWYilJg3ceOruHGhiLjr2zi9CLX1wMDH/5/DmfP7EaNS2fbQWFpeWV1bz2yYm1vbO7vZvf2aDGNBoEpCFoqGjyUwyqGqqGLQiATgwGdQ9/vXI7/+CELSkD+oQQStAHc57VCClZa87Hn+6ca7cwXmXQZe4iZlr3ta9sBNU3PWMjUnJ8X0tzObswv2uKxFcKaQQ9OqeNlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2rltdK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9CrVhwNN+f5UpX0zgy6BAdoWPkoAtUQreogqqIoGf0it7Rh/FivBmfxtekdcmYzhygP2UMfwDV46I5</latexit><latexit sha1_base64="uLKqbr/h2CVD6/U+rhhowZV9+Uk=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCoJSkiLosKsWNUMFeoClhMj1th04mYWYilJg3ceOruHGhiLjr2zi9CLX1wMDH/5/DmfP7EaNS2fbQWFpeWV1bz2yYm1vbO7vZvf2aDGNBoEpCFoqGjyUwyqGqqGLQiATgwGdQ9/vXI7/+CELSkD+oQQStAHc57VCClZa87Hn+6ca7cwXmXQZe4iZlr3ta9sBNU3PWMjUnJ8X0tzObswv2uKxFcKaQQ9OqeNlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2rltdK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9CrVhwNN+f5UpX0zgy6BAdoWPkoAtUQreogqqIoGf0it7Rh/FivBmfxtekdcmYzhygP2UMfwDV46I5</latexit><latexit sha1_base64="uLKqbr/h2CVD6/U+rhhowZV9+Uk=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCoJSkiLosKsWNUMFeoClhMj1th04mYWYilJg3ceOruHGhiLjr2zi9CLX1wMDH/5/DmfP7EaNS2fbQWFpeWV1bz2yYm1vbO7vZvf2aDGNBoEpCFoqGjyUwyqGqqGLQiATgwGdQ9/vXI7/+CELSkD+oQQStAHc57VCClZa87Hn+6ca7cwXmXQZe4iZlr3ta9sBNU3PWMjUnJ8X0tzObswv2uKxFcKaQQ9OqeNlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2rltdK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9CrVhwNN+f5UpX0zgy6BAdoWPkoAtUQreogqqIoGf0it7Rh/FivBmfxtekdcmYzhygP2UMfwDV46I5</latexit><latexit sha1_base64="uLKqbr/h2CVD6/U+rhhowZV9+Uk=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCoJSkiLosKsWNUMFeoClhMj1th04mYWYilJg3ceOruHGhiLjr2zi9CLX1wMDH/5/DmfP7EaNS2fbQWFpeWV1bz2yYm1vbO7vZvf2aDGNBoEpCFoqGjyUwyqGqqGLQiATgwGdQ9/vXI7/+CELSkD+oQQStAHc57VCClZa87Hn+6ca7cwXmXQZe4iZlr3ta9sBNU3PWMjUnJ8X0tzObswv2uKxFcKaQQ9OqeNlvtx2SOACuCMNSNh07Uq0EC0UJg9R0YwkRJn3chaZGjgOQrWR8X2rltdK2OqHQjytrrM5OJDiQchD4ujPAqifnvZH4n9eMVeeylVAexQo4mSzqxMxSoTUKy2pTAUSxgQZMBNV/tUgPC0yUjtTUITjzJy9CrVhwNN+f5UpX0zgy6BAdoWPkoAtUQreogqqIoGf0it7Rh/FivBmfxtekdcmYzhygP2UMfwDV46I5</latexit>

|D�2i
<latexit sha1_base64="b0e+0XJVnbVRMLsbujSXFVW0+w0=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCCy1JEXVZVIoboYK9QFPCZHraDp1MwsxEKDFv4sZXceNCEXHXt3F6EWrrgYGP/z+HM+f3I0alsu2hsbS8srq2ntkwN7e2d3aze/s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy152fP804135wrMuwy8xE3KXvek7IGbpuasZWpOTovpb2c2ZxfscVmL4Ewhh6ZV8bLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtTKa6VtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16EWrHgaL4/y5WupnFk0CE6QsfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9J65IxnTlAf8oY/gDY/aI7</latexit><latexit sha1_base64="b0e+0XJVnbVRMLsbujSXFVW0+w0=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCCy1JEXVZVIoboYK9QFPCZHraDp1MwsxEKDFv4sZXceNCEXHXt3F6EWrrgYGP/z+HM+f3I0alsu2hsbS8srq2ntkwN7e2d3aze/s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy152fP804135wrMuwy8xE3KXvek7IGbpuasZWpOTovpb2c2ZxfscVmL4Ewhh6ZV8bLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtTKa6VtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16EWrHgaL4/y5WupnFk0CE6QsfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9J65IxnTlAf8oY/gDY/aI7</latexit><latexit sha1_base64="b0e+0XJVnbVRMLsbujSXFVW0+w0=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCCy1JEXVZVIoboYK9QFPCZHraDp1MwsxEKDFv4sZXceNCEXHXt3F6EWrrgYGP/z+HM+f3I0alsu2hsbS8srq2ntkwN7e2d3aze/s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy152fP804135wrMuwy8xE3KXvek7IGbpuasZWpOTovpb2c2ZxfscVmL4Ewhh6ZV8bLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtTKa6VtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16EWrHgaL4/y5WupnFk0CE6QsfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9J65IxnTlAf8oY/gDY/aI7</latexit><latexit sha1_base64="b0e+0XJVnbVRMLsbujSXFVW0+w0=">AAACH3icbZDLSsNAFIYnXmu8VV26CZaCCy1JEXVZVIoboYK9QFPCZHraDp1MwsxEKDFv4sZXceNCEXHXt3F6EWrrgYGP/z+HM+f3I0alsu2hsbS8srq2ntkwN7e2d3aze/s1GcaCQJWELBQNH0tglENVUcWgEQnAgc+g7vevR379EYSkIX9QgwhaAe5y2qEEKy152fP804135wrMuwy8xE3KXvek7IGbpuasZWpOTovpb2c2ZxfscVmL4Ewhh6ZV8bLfbjskcQBcEYalbDp2pFoJFooSBqnpxhIiTPq4C02NHAcgW8n4vtTKa6VtdUKhH1fWWJ2dSHAg5SDwdWeAVU/OeyPxP68Zq85lK6E8ihVwMlnUiZmlQmsUltWmAohiAw2YCKr/apEeFpgoHampQ3DmT16EWrHgaL4/y5WupnFk0CE6QsfIQReohG5RBVURQc/oFb2jD+PFeDM+ja9J65IxnTlAf8oY/gDY/aI7</latexit>

|D0i
<latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit><latexit sha1_base64="BijOl9IFacp/YwnUx4/plM7zW4Q=">AAACHHicbZDLSsNAFIYnXmu8VV26CZaCCymJCrosKsWNUMFeoAlhMj1ph04mYWYilNgHceOruHGhiBsXgm/j9CLU1gMDH/9/DmfOHySMSmXb38bC4tLyympuzVzf2Nzazu/s1mWcCgI1ErNYNAMsgVEONUUVg2YiAEcBg0bQuxz6jXsQksb8TvUT8CLc4TSkBCst+fmT4sOVf+MKzDsM/MzNKn7nqOKDOxiY05ap2f5tyxfskj0qax6cCRTQpKp+/tNtxySNgCvCsJQtx06Ul2GhKGEwMN1UQoJJD3egpZHjCKSXjY4bWEWttK0wFvpxZY3U6YkMR1L2o0B3Rlh15aw3FP/zWqkKz72M8iRVwMl4UZgyS8XWMCmrTQUQxfoaMBFU/9UiXSwwUTpPU4fgzJ48D/XjkqP59rRQvpjEkUP76AAdIgedoTK6RlVUQwQ9omf0it6MJ+PFeDc+xq0LxmRmD/0p4+sHcaKg9g==</latexit>

1/
p

2
<latexit sha1_base64="PQVmFkRq5VDI5YEarJVBzSSJrK0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEInmpSBD0WvXisYD+wDWWz3bRLN5u4OxFK6L/w4kERr/4bb/4bt20O2vrCwsM7M+zMGyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5tpvfXEtRGxusdxwv2IDpQIBaNorQfvvGseNWbVSa9UdivuTGQZvBzKkKveK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMeiohE3fjbbeEJOrdMnYaztU0hm7u+JjEbGjKPAdkYUh2axNjX/q3VSDK/8TKgkRa7Y/KMwlQRjMj2f9IXmDOXYAmVa2F0JG1JNGdqQijYEb/HkZWhWK57lu4ty7TqPowDHcAJn4MEl1OAW6tAABgqe4RXeHOO8OO/Ox7x1xclnjuCPnM8fIriQjg==</latexit><latexit sha1_base64="PQVmFkRq5VDI5YEarJVBzSSJrK0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEInmpSBD0WvXisYD+wDWWz3bRLN5u4OxFK6L/w4kERr/4bb/4bt20O2vrCwsM7M+zMGyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5tpvfXEtRGxusdxwv2IDpQIBaNorQfvvGseNWbVSa9UdivuTGQZvBzKkKveK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMeiohE3fjbbeEJOrdMnYaztU0hm7u+JjEbGjKPAdkYUh2axNjX/q3VSDK/8TKgkRa7Y/KMwlQRjMj2f9IXmDOXYAmVa2F0JG1JNGdqQijYEb/HkZWhWK57lu4ty7TqPowDHcAJn4MEl1OAW6tAABgqe4RXeHOO8OO/Ox7x1xclnjuCPnM8fIriQjg==</latexit><latexit sha1_base64="PQVmFkRq5VDI5YEarJVBzSSJrK0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEInmpSBD0WvXisYD+wDWWz3bRLN5u4OxFK6L/w4kERr/4bb/4bt20O2vrCwsM7M+zMGyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5tpvfXEtRGxusdxwv2IDpQIBaNorQfvvGseNWbVSa9UdivuTGQZvBzKkKveK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMeiohE3fjbbeEJOrdMnYaztU0hm7u+JjEbGjKPAdkYUh2axNjX/q3VSDK/8TKgkRa7Y/KMwlQRjMj2f9IXmDOXYAmVa2F0JG1JNGdqQijYEb/HkZWhWK57lu4ty7TqPowDHcAJn4MEl1OAW6tAABgqe4RXeHOO8OO/Ox7x1xclnjuCPnM8fIriQjg==</latexit><latexit sha1_base64="PQVmFkRq5VDI5YEarJVBzSSJrK0=">AAAB8XicbZBNS8NAEIYnftb6VfXoZbEInmpSBD0WvXisYD+wDWWz3bRLN5u4OxFK6L/w4kERr/4bb/4bt20O2vrCwsM7M+zMGyRSGHTdb2dldW19Y7OwVdze2d3bLx0cNk2casYbLJaxbgfUcCkUb6BAyduJ5jQKJG8Fo5tpvfXEtRGxusdxwv2IDpQIBaNorQfvvGseNWbVSa9UdivuTGQZvBzKkKveK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMeiohE3fjbbeEJOrdMnYaztU0hm7u+JjEbGjKPAdkYUh2axNjX/q3VSDK/8TKgkRa7Y/KMwlQRjMj2f9IXmDOXYAmVa2F0JG1JNGdqQijYEb/HkZWhWK57lu4ty7TqPowDHcAJn4MEl1OAW6tAABgqe4RXeHOO8OO/Ox7x1xclnjuCPnM8fIriQjg==</latexit>

1/2
<latexit sha1_base64="T2dXTwKGjQSwBot5CtkLLmZZ5jE=">AAAB+HicbZDLSsNAFIZP6q3GS6Mu3QyWgqs2KYIui25cVrAXaEOZTCft0MkkzkyEGvokblwo4tZHcefbOG2z0NYfBj7+cw7nzB8knCntut9WYWNza3unuGvv7R8clpyj47aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsnNvN55pFKxWNzraUL9CI8ECxnB2lgDp1Txan31IHVWn9lerT5wym7VXQitg5dDGXI1B85XfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozKHBElZ8tDp+hinGGKIyleUKjhft7IsORUtMoMJ0R1mO1Wpub/9V6qQ6v/IyJJNVUkOWiMOVIx2ieAhoySYnmUwOYSGZuRWSMJSbaZGWbELzVL69Du171DN9dlBvXeRxFOIUzOAcPLqEBt9CEFhBI4Rle4c16sl6sd+tj2Vqw8pkT+CPr8weJZpGy</latexit><latexit sha1_base64="T2dXTwKGjQSwBot5CtkLLmZZ5jE=">AAAB+HicbZDLSsNAFIZP6q3GS6Mu3QyWgqs2KYIui25cVrAXaEOZTCft0MkkzkyEGvokblwo4tZHcefbOG2z0NYfBj7+cw7nzB8knCntut9WYWNza3unuGvv7R8clpyj47aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsnNvN55pFKxWNzraUL9CI8ECxnB2lgDp1Txan31IHVWn9lerT5wym7VXQitg5dDGXI1B85XfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozKHBElZ8tDp+hinGGKIyleUKjhft7IsORUtMoMJ0R1mO1Wpub/9V6qQ6v/IyJJNVUkOWiMOVIx2ieAhoySYnmUwOYSGZuRWSMJSbaZGWbELzVL69Du171DN9dlBvXeRxFOIUzOAcPLqEBt9CEFhBI4Rle4c16sl6sd+tj2Vqw8pkT+CPr8weJZpGy</latexit><latexit sha1_base64="T2dXTwKGjQSwBot5CtkLLmZZ5jE=">AAAB+HicbZDLSsNAFIZP6q3GS6Mu3QyWgqs2KYIui25cVrAXaEOZTCft0MkkzkyEGvokblwo4tZHcefbOG2z0NYfBj7+cw7nzB8knCntut9WYWNza3unuGvv7R8clpyj47aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsnNvN55pFKxWNzraUL9CI8ECxnB2lgDp1Txan31IHVWn9lerT5wym7VXQitg5dDGXI1B85XfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozKHBElZ8tDp+hinGGKIyleUKjhft7IsORUtMoMJ0R1mO1Wpub/9V6qQ6v/IyJJNVUkOWiMOVIx2ieAhoySYnmUwOYSGZuRWSMJSbaZGWbELzVL69Du171DN9dlBvXeRxFOIUzOAcPLqEBt9CEFhBI4Rle4c16sl6sd+tj2Vqw8pkT+CPr8weJZpGy</latexit><latexit sha1_base64="T2dXTwKGjQSwBot5CtkLLmZZ5jE=">AAAB+HicbZDLSsNAFIZP6q3GS6Mu3QyWgqs2KYIui25cVrAXaEOZTCft0MkkzkyEGvokblwo4tZHcefbOG2z0NYfBj7+cw7nzB8knCntut9WYWNza3unuGvv7R8clpyj47aKU0loi8Q8lt0AK8qZoC3NNKfdRFIcBZx2gsnNvN55pFKxWNzraUL9CI8ECxnB2lgDp1Txan31IHVWn9lerT5wym7VXQitg5dDGXI1B85XfxiTNKJCE46V6nluov0MS80IpzO7nyqaYDLBI9ozKHBElZ8tDp+hinGGKIyleUKjhft7IsORUtMoMJ0R1mO1Wpub/9V6qQ6v/IyJJNVUkOWiMOVIx2ieAhoySYnmUwOYSGZuRWSMJSbaZGWbELzVL69Du171DN9dlBvXeRxFOIUzOAcPLqEBt9CEFhBI4Rle4c16sl6sd+tj2Vqw8pkT+CPr8weJZpGy</latexit>

p
3/2

<latexit sha1_base64="pcWvJAhM//SvAPF2EJisPWl7X7A=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYCq7amSrosujGZQV7gXYomTTThmYyY3JGKGMXvoobF4q49TXc+Tam7Sy09UDg4//PSU5+PxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH11O/9cCU5pG8g3HMvJAMJA84JWCknn1Ucitdfa8grU4KczibVKo9u+iUnVnhZXAzKKKs6j37q9uPaBIyCVQQrTuuE4OXEgWcCmauTjSLCR2RAesYlCRk2ktn+09wySh9HETKHAl4pv6eSEmo9Tj0TWdIYKgXvan4n9dJILj0Ui7jBJik84eCRGCI8DQM3OeKURBjA4QqbnbFdEgUoWAiK5gQ3MUvL0OzWnYN354Xa1dZHHl0jE7QKXLRBaqhG1RHDUTRI3pGr+jNerJerHfrY96as7KZQ/SnrM8fd1SVGA==</latexit><latexit sha1_base64="pcWvJAhM//SvAPF2EJisPWl7X7A=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYCq7amSrosujGZQV7gXYomTTThmYyY3JGKGMXvoobF4q49TXc+Tam7Sy09UDg4//PSU5+PxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH11O/9cCU5pG8g3HMvJAMJA84JWCknn1Ucitdfa8grU4KczibVKo9u+iUnVnhZXAzKKKs6j37q9uPaBIyCVQQrTuuE4OXEgWcCmauTjSLCR2RAesYlCRk2ktn+09wySh9HETKHAl4pv6eSEmo9Tj0TWdIYKgXvan4n9dJILj0Ui7jBJik84eCRGCI8DQM3OeKURBjA4QqbnbFdEgUoWAiK5gQ3MUvL0OzWnYN354Xa1dZHHl0jE7QKXLRBaqhG1RHDUTRI3pGr+jNerJerHfrY96as7KZQ/SnrM8fd1SVGA==</latexit><latexit sha1_base64="pcWvJAhM//SvAPF2EJisPWl7X7A=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYCq7amSrosujGZQV7gXYomTTThmYyY3JGKGMXvoobF4q49TXc+Tam7Sy09UDg4//PSU5+PxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH11O/9cCU5pG8g3HMvJAMJA84JWCknn1Ucitdfa8grU4KczibVKo9u+iUnVnhZXAzKKKs6j37q9uPaBIyCVQQrTuuE4OXEgWcCmauTjSLCR2RAesYlCRk2ktn+09wySh9HETKHAl4pv6eSEmo9Tj0TWdIYKgXvan4n9dJILj0Ui7jBJik84eCRGCI8DQM3OeKURBjA4QqbnbFdEgUoWAiK5gQ3MUvL0OzWnYN354Xa1dZHHl0jE7QKXLRBaqhG1RHDUTRI3pGr+jNerJerHfrY96as7KZQ/SnrM8fd1SVGA==</latexit><latexit sha1_base64="pcWvJAhM//SvAPF2EJisPWl7X7A=">AAAB/3icbZDLSgMxFIYz9VbrbVRw4yZYCq7amSrosujGZQV7gXYomTTThmYyY3JGKGMXvoobF4q49TXc+Tam7Sy09UDg4//PSU5+PxZcg+N8W7mV1bX1jfxmYWt7Z3fP3j9o6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH11O/9cCU5pG8g3HMvJAMJA84JWCknn1Ucitdfa8grU4KczibVKo9u+iUnVnhZXAzKKKs6j37q9uPaBIyCVQQrTuuE4OXEgWcCmauTjSLCR2RAesYlCRk2ktn+09wySh9HETKHAl4pv6eSEmo9Tj0TWdIYKgXvan4n9dJILj0Ui7jBJik84eCRGCI8DQM3OeKURBjA4QqbnbFdEgUoWAiK5gQ3MUvL0OzWnYN354Xa1dZHHl0jE7QKXLRBaqhG1RHDUTRI3pGr+jNerJerHfrY96as7KZQ/SnrM8fd1SVGA==</latexit>

1/2
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FIG. 2. Dark states for two fermions on a single site for
different internal level structures.

trivially dark, D̂−j,q
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= 0 ∀q. Then, any arbitrary

product state given by∣∣D{αi},{βj}
〉
≡
⊗
i∈SD

|Dαi
〉i
⊗
j∈SG

∣∣Gβj

〉
j

(6)

fulfills Eq. (3) and is hence a dark state of the multi-
site system. Notice that these states are robust against
imperfect filling, as long as each site fulfills Eq. (3), sep-
arately.

Dark states of the form (6) have remarkable properties.
First, they are independent of the geometry of the lattice.
In particular they do not require short subwavelength
distances between different sites in the array, which is
usually an important ingredient in proposals for two-level
subradiant states with one particle per site. Second, they
can support a large number of excitations, up to one ex-
citation per lattice site. This contrasts with the two-level
unit-filling case, where typical subradiant states involve
only one or few excitations shared among all the atoms,
see e.g. Refs. [3, 4, 7, 10, 11]. Moreover, all dark states
of the form (6) with equal number of excitations are de-
generate with zero energy shift (Ĥ |D〉 = 0), which opens
the door to the creation of stable entangled states.

Preparation.—Due to their product state structure,
preparing a multisite dark state of Eq. (6) reduces to the
problem of preparing a dark state on a single lattice site
(we drop the index i in the following). A laser address-
ing the e-g transition can not coherently excite atoms
into the dark state. This is because the Hamiltonian is
given by ĤL = −∑q

(
Ωq D̂+

q +h.c.
)

with Rabi frequency

Ωq ≡ Ω
(
e∗q · εL

)
and laser polarization εL. This implies

〈D| ĤL |G〉 = 0 for any ground state |G〉 and dark state
|D〉 fulfilling Eq. (3).

We propose an excitation scheme for the dark states
based on a Raman scheme through an intermediate state
|sms〉 with total angular momentum Fs, ms ∈ [−Fs, Fs],
and decay rate Γs, see Fig. 3(a). We couple both states
g and e off-resonantly to state s with detuning ∆ such
that the effective Raman Hamiltonian is given by Ĥeff

L =



4

�
<latexit sha1_base64="YjuMGQARzS8gVjZ3nWNBJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4Km5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAmYCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhRfAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZNYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5UVonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</latexit><latexit sha1_base64="YjuMGQARzS8gVjZ3nWNBJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4Km5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAmYCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhRfAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZNYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5UVonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</latexit><latexit sha1_base64="YjuMGQARzS8gVjZ3nWNBJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4Km5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAmYCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhRfAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZNYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5UVonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</latexit><latexit sha1_base64="YjuMGQARzS8gVjZ3nWNBJ4sKACg=">AAAB/nicbZDLSsNAFIYnXmu8RcWVm8FScCElEUGXRV24rGAv0IQymZ60QyeTMDMRSiz4Km5cKOLW53Dn2zhts9DWHwY+/nMO58wfppwp7brf1tLyyuraemnD3tza3tl19vabKskkhQZNeCLbIVHAmYCGZppDO5VA4pBDKxxeT+qtB5CKJeJej1IIYtIXLGKUaGN1ncPKozr148yXRPQ52P4NcE26TtmtulPhRfAKKKNC9a7z5fcSmsUgNOVEqY7npjrIidSMchjbfqYgJXRI+tAxKEgMKsin549xxTg9HCXSPKHx1P09kZNYqVEcms6Y6IGar03M/2qdTEeXQc5EmmkQdLYoyjjWCZ5kgXtMAtV8ZIBQycytmA6IJFSbxGwTgjf/5UVonlU9w3fn5dpVEUcJHaFjdII8dIFq6BbVUQNRlKNn9IrerCfrxXq3PmatS1Yxc4D+yPr8AWt2lSA=</latexit>

✏L = ez
<latexit sha1_base64="e93VhhfMbMrF9Y1s39+W6WTy8+k="></latexit><latexit sha1_base64="e93VhhfMbMrF9Y1s39+W6WTy8+k="></latexit><latexit sha1_base64="e93VhhfMbMrF9Y1s39+W6WTy8+k="></latexit><latexit sha1_base64="e93VhhfMbMrF9Y1s39+W6WTy8+k="></latexit>

|g, mgi
<latexit sha1_base64="0PuXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4ENgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJsZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOtRHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uEJmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcBTiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPnM8fwO+SEw==</latexit><latexit sha1_base64="0PuXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4ENgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJsZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOtRHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uEJmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcBTiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPnM8fwO+SEw==</latexit><latexit sha1_base64="0PuXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4ENgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJsZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOtRHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uEJmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcBTiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPnM8fwO+SEw==</latexit><latexit sha1_base64="0PuXFCFDK6W8992txLULrKg+jrI=">AAAB9HicbZBNS8NAEIYnftb6VfXoZbEIHqQkIuix6MVjBfsBbSib7SRdutnE3U2h1P4OLx4U8eqP8ea/cdvmoK0vLDy8M8PMvkEquDau++2srK6tb2wWtorbO7t7+6WDw4ZOMsWwzhKRqFZANQousW64EdhKFdI4ENgMBrfTenOISvNEPphRin5MI8lDzqixlv8UncfdqKOojAR2S2W34s5ElsHLoQy5at3SV6eXsCxGaZigWrc9NzX+mCrDmcBJsZNpTCkb0AjbFiWNUfvj2dETcmqdHgkTZZ80ZOb+nhjTWOtRHNjOmJq+XqxNzf9q7cyE1/6YyzQzKNl8UZgJYhIyTYD0uEJmxMgCZYrbWwnrU0WZsTkVbQje4peXoXFR8SzfX5arN3kcBTiGEzgDD66gCndQgzoweIRneIU3Z+i8OO/Ox7x1xclnjuCPnM8fwO+SEw==</latexit>

|e, mei
<latexit sha1_base64="gf4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZRWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMOqkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODqL/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7KpW+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8jRTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7BXTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexit><latexit sha1_base64="gf4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZRWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMOqkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODqL/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7KpW+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8jRTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7BXTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexit><latexit sha1_base64="gf4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZRWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMOqkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODqL/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7KpW+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8jRTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7BXTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexit><latexit sha1_base64="gf4JhcQLFqA3w0HJtP4lGYunROo=">AAACBXicbVDLSsNAFJ3UV42vqEtdBEvBhZREBF0W3bisYB/QhjCZ3qRDJ5MwMxFK2o0bf8WNC0Xc+g/u/BunbRbaemDg3HPu5c49QcqoVI7zbZRWVtfWN8qb5tb2zu6etX/QkkkmCDRJwhLRCbAERjk0FVUMOqkAHAcM2sHwZuq3H0BImvB7NUrBi3HEaUgJVlryrePqODqL/agnMI8YmGPQFRSVb1WcmjODvUzcglRQgYZvffX6Ccli4IowLGXXdVLl5VgoShhMzF4mIcVkiCPoaspxDNLLZ1dM7KpW+naYCP24smfq74kcx1KO4kB3xlgN5KI3Ff/zupkKr7yc8jRTwMl8UZgxWyX2NBK7TwUQxUaaYCKo/qtNBlhgonRwpg7BXTx5mbTOa67mdxeV+nURRxkdoRN0ilx0ieroFjVQExH0iJ7RK3oznowX4934mLeWjGLmEP2B8fkDx/6YHA==</latexit>

|s, msi
<latexit sha1_base64="P8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAEN7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0JJ+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9GaWl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisFdKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqKTmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5Bevn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif14nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkfC0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4Q</latexit><latexit sha1_base64="P8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAEN7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0JJ+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9GaWl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisFdKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqKTmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5Bevn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif14nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkfC0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4Q</latexit><latexit sha1_base64="P8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAEN7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0JJ+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9GaWl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisFdKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqKTmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5Bevn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif14nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkfC0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4Q</latexit><latexit sha1_base64="P8AXElk9vbZCqR3mLp7l+e8XMm4=">AAACFHicbVBLS8NAEN7UV42vqEcvwVIQlJKIoMeiF48VbCu0IWy2k3TpZhN2N0JJ+yO8+Fe8eFDEqwdv/hu3bQRtHVj4HjPMzhekjErlOF9GaWl5ZXWtvG5ubG5t71i7ey2ZZIJAkyQsEXcBlsAoh6aiisFdKgDHAYN2MLia+O17EJIm/FYNU/BiHHEaUoKVlnzruDqKTmI/6grMIwZmdQSawg8dSc1kwXyr4tScadmLwC1ABRXV8K3Pbi8hWQxcEYal7LhOqrwcC0UJg7HZzSSkmAxwBB0NOY5Bevn0qLFd1UrPDhOhH1f2VP09keNYymEc6M4Yq76c9ybif14nU+GFl1OeZgo4mS0KM2arxJ4kZPeoAKLYUANMBNV/tUkfC0yUztHUIbjzJy+C1mnN1fjmrFK/LOIoowN0iI6Qi85RHV2jBmoigh7QE3pBr8aj8Wy8Ge+z1pJRzOyjP2V8fAPTpp4Q</latexit>

0 5 10
Time: �t (103)

0.0

0.5

1.0

S
ta

te
:

|↵
ih
↵
| 87Sr |G9/2i

|GM<9/2i
|D0i

0 200 400
Time: �t

0.0

0.5

1.0

S
ta

te
:

|↵
ih
↵
|

171Yb

|G1/2i
|D0i
|Si
|eei

0 500 1000
Time: �t

0.0

0.5

1.0

D
ar

k
:

|D
ih

D
| ⇡/2 ⇡/2

Ramsey

(a) (b)

(c)
(d)

FIG. 3. (a) Raman excitation scheme for Fg = Fe = Fs = 1/2
and ez polarized light. (b) Excitation of |D0〉{1/2,1/2} for
171Yb level structure with Ωeff = 0.03Γ. (c) Excitation of
|D0〉{9/2,9/2} for 87Sr level structure with Ωeff = 0.001Γ. (d)

Resonant Ramsey sequence for ∆z/Γ = {0, 4, 8, 16, 32}10−3

from top to bottom.

∑
m,n

[
Ωeff
mn σ̂

+
mn + h.c.

]
with σ̂+

mn ≡ (σ̂−nm)† and the ef-

fective Rabi coupling Ωeff
mn ≡ Ωeff

∑
k C̃

(se)∗
m,k−m C̃

(sg)
n,k−n.

Here, we defined C̃
(ab)
mq ≡ 〈Fb,m; 1, q|Fa,m+ q〉(e∗q · ε(ab)

L )

and Ωeff ≡ Ω(sg)Ω(se)/∆, where Ω(ab) is the Rabi fre-
quency of the laser connecting states a and b with polar-

ization ε
(ab)
L (a, b ∈ {e, g, s}). This is valid in the limit

|∆| � Ω(sg),Ω(se),Γs.

The couplings Ωeff
mn are, in general, different from Ωq,

and they can lead to 〈D| Ĥeff
L |G〉 6= 0. To see this con-

sider Fg = Fe = Fs = 1/2 with both Raman lasers
ez-polarized. Starting with both atoms in the ground
state

∣∣G1/2

〉
≡
∣∣g−1/2g1/2

〉
, the single photon Hamilto-

nian, ĤL ∝
∑
m C

q=0
m [σ̂+

mm + h.c.], couples to the su-

perradiant state |S〉 ≡
(∣∣g1/2 e−1/2

〉
+
∣∣g−1/2 e1/2

〉)
/
√

2.

This results from the signs of Cq=0
1/2 = −Cq=0

−1/2. The

Raman scheme essentially changes the signs of the cou-
plings, Ĥeff

L ∝
∑
m(Cq=0

m )2 [σ̂+
mm + h.c.], which leads to a

coupling to the dark state, Ĥeff
L

∣∣G1/2

〉
∝ |D0〉{ 1

2 ,
1
2}.

In general, the Raman Hamiltonian may couple the
ground or dark states to undesired nondark states. In
the previous example, Ĥeff

L will couple the dark state to
|ee〉 ≡

∣∣e−1/2e1/2

〉
. To avoid populating any of these non-

dark states with decay rates ∝ Γ one can take advantage
of the quantum Zeno effect. Using a small effective Rabi
coupling, Ωeff � Γ, the nondark states are populated at a
suppressed effective rate ∼ (Ωeff)2/Γ. Figure 3(b) shows
this for Fg = Fe = 1/2, relevant for 171Yb. At large
Rabi coupling, |ee〉 would get excited and decay into |S〉.
At small Rabi coupling, however, high-contrast coherent
oscillations between the ground and dark states can be
observed.

Our Raman scheme can be used to excite dark states
for other internal level structures too [42]. For this, one
needs to choose (i) an initial ground-state |gmgn〉 and
(ii) an intermediate state and laser polarizations such
that the coupling to the dark state is nonzero. Such
ground states can in principle be prepared by optical
pumping [45–48]. For example, to excite the dark state
|D0〉{F,F} of Eq. (4) for general Fg = Fe = F , one can

start with |GF 〉 ≡ |g−F gF 〉 and choose Fs = F with
ez-polarized lasers. Figure 3(c) shows the coherent os-
cillations of the dark state obtained with this scheme for
F = 9/2, relevant for 87Sr. In this case, however, a full
inversion into the dark state can not be obtained, since
other ground states with

∣∣GF<9/2

〉
get coherently excited

as well.
Implementation.— Alkaline-earth atoms are particu-

larly well-suited due to their lack of hyperfine splitting
in the ground state. We consider, e.g., 171Yb or 87Sr with
nuclear spins I = 1/2 and I = 9/2, respectively.

The natural choice would be to consider the opti-
cal clock transition g = 1S0 to e = 3P0, for which
Fg = Fe = I and Γ ∼ mHz. Because of its slow de-
cay rate, however, dark states on this transition will be
currently hard to observe, due to other competing de-
cay mechanisms such as light scattering [49]. A better
alternative would be to use the faster decaying transi-
tion to e = 3P1, Γ ∼ kHz, either with Fe = I or with
Fe = I + 1. To implement the dark state preparation
scheme one could use 1P1 [50], 3S1, 1D2, or 3D2 as the
intermediate state s, requiring near-optical (CW) lasers.
To probe the dark state lifetime, one may then simply
measure the population in e.

We anticipate two possible sources of complications:
collisions and stray magnetic fields. In general, collisions
may induce mixing of dark and nondark states, and thus
reduce the lifetime of the dark state. However, by tightly
trapping the atoms so that they are confined to be in the
motional ground state, the number of possible collision
channels is greatly reduced. In particular, conservation of
total angular momentum implies that the |FT ,M〉 dark
eigenstates (4) and (5) should be good collisional eigen-
states, as long as collisions are dominated by the long-
range part of the potential. Depolarization effects in 3P1

due to magnetic dipole interactions can be avoided if one
works in the lowest energy F state.

Nonvanishing stray magnetic fields lead to Zeeman
splittings ∆z that also cause mixing between dark and
nondark states. Assuming magnetic field fluctuations in
optical lattice experiments to be of order µG [46] implies
that for the 3P1 linear Zeeman shift of order MHz/G,
one has ∆z/Γ ∼ 10−3 � 1. In this case, the quantum
Zeno effect again protects the dark state, which acquires
an effective decay rate given by Γeff ∼ ∆2

z/Γ. Figure 3(d)
shows an example, for Fg = Fe = 1/2, of a full Ramsey
sequence where the

∣∣e±1/2

〉
states are detuned by ±∆z/2.

The decay implies a reduced contrast for phase estima-
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tion. The lifetime of the dark state is further limited by
the decay to the next motional band with Γeff ∼ η2Γ, for
small Lamb-Dicke parameter η [51].

Applications.—We have shown that multilevel
fermions loaded into doubly-filled optical lattices sup-
port a large set of dark states and, thus, offer an
attractive platform to experimentally observe strong
subradiance. Superpositions of ground and dark states
can be useful for building precise optical clocks, even
on internal levels that are not naturally long lived.
The multilevel dark states will not suffer from dipole
interaction shifts, which may constitute a fundamental
limit for 3D lattice clocks. Qubits made of ground and
dark states will form a large decoherence-free subspace
which could be used in quantum information science,
e.g. as quantum memories, as well as for quantum
simulation, e.g. by including superexchange interactions,
or for quantum optical devices, e.g. to create mirrors or
interesting photonic states.
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and B. Olmos, Phys. Rev. A 96, 041603 (2017).

[24] A. Zhang, X. Chen, V. V. Yakovlev, and L. Yuan, arXiv
e-prints (2019), arXiv:1907.07252.

[25] S. V. Syzranov, M. L. Wall, B. Zhu, V. Gurarie, and
A. M. Rey, Nature Communications 7, 13543 (2016).
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hardt, and V. Sandoghdar, Science 298, 385 (2002).

[33] B. H. McGuyer, M. McDonald, G. Z. Iwata, M. G.
Tarallo, W. Skomorowski, R. Moszynski, and T. Zelevin-
sky, Nature Physics 11, 32 (2015).

[34] Y. Takasu, Y. Saito, Y. Takahashi, M. Borkowski,
R. Ciury lo, and P. S. Julienne, Phys. Rev. Lett. 108,
173002 (2012).

[35] A. F. van Loo, A. Fedorov, K. Lalumière, B. C. Sanders,
A. Blais, and A. Wallraff, Science 342, 1494 (2013).

[36] M. Hebenstreit, B. Kraus, L. Ostermann, and H. Ritsch,
Phys. Rev. Lett. 118, 143602 (2017).

[37] A. Asenjo-Garcia, H. J. Kimble, and D. E. Chang, arXiv
e-prints (2019), arXiv:1906.02204.

[38] M. Gross and S. Haroche, Physics Reports 93, 301
(1982).

[39] D. F. V. James, Phys. Rev. A 47, 1336 (1993).
[40] R. H. Lehmberg, Phys. Rev. A 2, 883 (1970).
[41] L. Novotny and B. Hecht, Principles of Nano-Optics

(Cambridge University Press, 2006).
[42] See Supplemental Material at [URL will be inserted by

publisher].
[43] V. Devanathan, Angular Momentum Techniques in

Quantum Mechanics, Fundamental Theories of Physics
(Springer Netherlands, 2006).

http://dx.doi.org/10.1103/PhysRev.93.99
http://dx.doi.org/10.1103/PhysRevLett.115.243602
http://dx.doi.org/10.1103/PhysRevLett.117.243601
http://dx.doi.org/10.1103/PhysRevLett.117.243601
http://dx.doi.org/10.1038/srep16231
http://dx.doi.org/10.1103/PhysRevA.95.033818
http://dx.doi.org/10.1103/PhysRevX.7.031024
http://dx.doi.org/10.1103/PhysRevX.7.031024
http://dx.doi.org/ 10.1088/1367-2630/ab0134
http://dx.doi.org/ 10.1088/1367-2630/ab0134
http://dx.doi.org/10.1103/PhysRevA.99.023802
http://arxiv.org/abs/1901.10598
http://dx.doi.org/ 10.1103/PhysRevLett.122.093601
http://dx.doi.org/10.1103/PhysRevA.94.013847
http://dx.doi.org/10.1103/PhysRevA.94.013847
http://dx.doi.org/10.1103/PhysRevA.96.023814
http://dx.doi.org/10.1103/PhysRevLett.115.163603
http://dx.doi.org/10.1103/PhysRevLett.115.163603
http://dx.doi.org/ 10.1103/PhysRevLett.119.023603
http://dx.doi.org/ 10.1103/PhysRevLett.119.023603
http://dx.doi.org/ 10.1103/PhysRevA.96.063801
http://dx.doi.org/ 10.1103/PhysRevA.96.063801
http://dx.doi.org/10.1103/PhysRevLett.118.113601
http://arxiv.org/abs/1902.08525
http://dx.doi.org/ 10.1103/PhysRevA.97.053841
http://dx.doi.org/10.1103/PhysRevA.75.032313
http://dx.doi.org/10.1103/PhysRevA.75.032313
http://arxiv.org/abs/1905.01483
http://arxiv.org/abs/1905.00508
http://dx.doi.org/ 10.1103/PhysRevLett.110.143602
http://dx.doi.org/10.1103/PhysRevA.96.041603
http://arxiv.org/abs/1907.07252
http://dx.doi.org/ 10.1038/ncomms13543
http://dx.doi.org/10.1103/PhysRevLett.116.083601
http://dx.doi.org/10.1103/PhysRevLett.116.083601
http://dx.doi.org/10.1103/PhysRevLett.95.243602
http://dx.doi.org/10.1103/PhysRevLett.95.243602
http://dx.doi.org/10.1038/s41467-017-01994-3
http://dx.doi.org/10.1038/s41467-017-01994-3
https://doi.org/10.1038/nnano.2011.72
https://doi.org/10.1038/nnano.2011.72
http://dx.doi.org/10.1103/PhysRevLett.76.2049
http://dx.doi.org/10.1103/PhysRevLett.76.2049
http://dx.doi.org/10.1038/35097017
http://dx.doi.org/ 10.1126/science.1075606
http://dx.doi.org/10.1038/nphys3182
http://dx.doi.org/ 10.1103/PhysRevLett.108.173002
http://dx.doi.org/ 10.1103/PhysRevLett.108.173002
http://dx.doi.org/ 10.1126/science.1244324
http://dx.doi.org/10.1103/PhysRevLett.118.143602
http://arxiv.org/abs/1906.02204
http://dx.doi.org/https://doi.org/10.1016/0370-1573(82)90102-8
http://dx.doi.org/https://doi.org/10.1016/0370-1573(82)90102-8
http://dx.doi.org/10.1103/PhysRevA.47.1336
http://dx.doi.org/10.1103/PhysRevA.2.883
https://books.google.com/books?id=Qrf036kThTQC
https://books.google.com/books?id=KYThBwAAQBAJ
https://books.google.com/books?id=KYThBwAAQBAJ


6
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