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An extensive, model-independent analysis of the nature of triaxial deformation in 76Ge, a can-
didate for neutrinoless double-beta (0νββ) decay, was carried out following multi-step Coulomb
excitation. Shape parameters deduced on the basis of a rotational-invariant sum-rule analysis pro-
vided considerable insight into the underlying collectivity of the ground-state and γ bands. Both
sequences were determined to be characterized by the same β and γ deformation parameter values.
In addition, compelling evidence for low-spin, rigid triaxial deformation in 76Ge was obtained for
the first time from the analysis of the statistical fluctuations of the quadrupole asymmetry deduced
from the measured E2 matrix elements. These newly determined shape parameters are important
input and constraints for calculations aimed at providing, with suitable accuracy, the nuclear matrix
elements relevant to 0νββ.

Neutrinoless double-beta (0νββ) decay is one of the
most promising experimental techniques capable of prob-
ing the fundamental properties of the neutrino [1]. The
observation of this rare weak-interaction process would
signal a violation of total lepton number conservation
and establish the Majorana nature of the neutrino; e.g.,
that the neutrino is its own antiparticle. In addition, the
measured 0νββ half-life would potentially provide exper-
imental access to the absolute neutrino mass scale, pro-
vided that the nuclear matrix elements (NME) mediating
the decay are reliably known. However, results of nuclear
structure calculations of the NMEs differ by up to a fac-
tor of three [2, 3], depending on the methodology. This
translates into an order of magnitude variation in the
decay lifetime. Experimental input from a nuclear struc-
ture perspective to constrain these calculations is, thus,
essential as this would allow models to be selected or
developed based on reproducible benchmarking criteria.

In this regard, wavefunctions of leading 0νββ candi-
dates have been probed in a campaign of experiments
utilizing transfer reactions to determine nucleon occu-
pancies in a consistent way [4, 5]. These studies have
provided critical information for comparison with the-
ory, especially on contributions to the wavefunctions from
competing single-particle orbitals. In much the same
way, recent inelastic neutron scattering measurements

have provided spectroscopic information on the structure
of low-lying states [6, 7], with implications on the kine-
matic phase space available for the 0νββ process. How-
ever, all these studies lack the required level of sensitivity
to collective degrees of freedom which have been shown
to significantly impact the calculated NMEs. For exam-
ple, deformation due to quadrupole correlations has been
found to reduce the calculated NME strengths [8–11], es-
pecially when the parent and daughter nuclei have differ-
ent shapes. On the other hand, NMEs are enhanced when
the deformations are similar [11, 12]. Moreover, it has
been demonstrated that the calculated NMEs are largest
when spherical symmetry is assumed in both parent and
daughter nuclei [13]. Hence, the proper treatment of de-
formation and the role of axial asymmetry are essential
for reliably calculating the NMEs for 0νββ decay.

Experimental investigations aiming to observe 0νββ
decay are underway. Among the isotopes considered, the
0νββ decay of 76Ge into 76Se possesses high discovery po-
tential and is currently the focus of the Gerda [14, 15]
and Majorana Demonstrator [16, 17] collabora-
tions. For this parent-daughter pair, theoretical NME
predictions differ by factors of ∼2-3 between different
shell-model approaches and by as much as ∼5-6 between
quasiparticle random phase approximation (QRPA) and
energy density functional (EDF) ones [9].
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From a nuclear structure point of view, the low-lying
structure of 76Ge is a subject of significant interest, since
it has been suggested to represent a rare example of rigid
triaxiality at low spin, including the ground state [18].
For decades, the experimental observation of such rigid
triaxiality has remained a major challenge. Nuclear tri-
axiality, which is expressed in terms of the asymmetry
parameter γ, has traditionally been described using two
major phenomenological models. The γ-rigid triaxial ro-
tor model of Davydov and Filippov (DF) [19] assumes
a collective potential with a stable minimum at a finite
value of γ. In contrast, the γ-soft rotor model of Wilets
and Jean (WJ) [20] incorporates a γ-independent collec-
tive potential.

As mentioned above, experimental evidence for low-
spin rigid-triaxial deformation was recently proposed,
based on the energy pattern of the low-spin structure
of 76Ge [18], where the phase of the odd-even stagger-
ing in the γ band is consistent with DF model pre-
dictions. Since then, a similar pattern was observed
in 78Ge as well [21]. Note that the phase of the en-
ergy staggering in the DF model is opposite to that of
the WJ one, and has been suggested to be a measure
of the degree of stiffness or softness of the γ deforma-
tion [22]. It is also important to note that, while the
phase of the staggering in 76Ge is consistent, the ampli-
tude is less than the DF model prediction for γ = 30◦.
This discrepancy has resulted in a range of theoretical
investigations with varying, and sometimes conflicting,
conclusions. For instance, while calculations performed
within the relativistic Hartree–Bogoliubov (RHB) ap-
proach with a universal functional [23] predict dynamic
(γ-soft) deformation for 76Ge [24], microscopic calcula-
tions using the multi-quasiparticle triaxial projected shell
model (TPSM) [25] and the symmetry-conserving config-
uration mixing methods based on the Gogny D1S inter-
action [26] require a fixed (rigid) triaxial deformation of
γ ≈ 30◦ to reproduce the structure of 76Ge. Similarly,
theoretical investigations with the proton-neutron vari-
ant of the interacting boson model (IBM2) [27] are able
to reproduce the energy staggering of the γ band. On the
other hand, phenomenological pairing-plus-quadrupole
shell-model calculations [28] account for the level struc-
ture of 76Ge without invoking γ deformation.

In this letter, a model-independent study of the
quadrupole triaxial degree of freedom, based on measured
E2 transition matrix elements in 76Ge, is presented. The
E2 properties of nuclear states, determined via Coulomb
excitation, are the most sensitive measure of quadrupole
collectivity and provide a more direct indication of triax-
iality than level energies or branching ratios used earlier
to investigate the nature of γ deformation in this nucleus.
It is noted that this process was used to investigate 76Ge
in the earlier work of Toh et al. [29], but with limited
population of the relevant states. The unique and com-
plete set of E2 matrix elements obtained in the present

study now permits a model-independent characterization
of the low-spin structure of 76Ge. Model independency is
obtained from the direct application of the rotational in-
variant sum-rule method [30, 31]. The latter is model in-
dependent within the general framework of the collective
model; it enables the determination of the deformation
parameters in the intrinsic frame from the measured E2
matrix elements without any assumption about the nu-
clear shape. This approach was recently followed in the
case of 76Se, the 0νββ-decay daughter of 76Ge, to char-
acterize the degree of triaxiality of its ground state [32].
The comprehensive data set obtained in the present work
allows the expansion of this sum-rule analysis further,
showing not only that the 76Ge ground-state and γ bands
exhibit the same triaxial deformation, but that, in addi-
tion, rigid triaxiality with an asymmetry close to 30◦ is
derived for the three lowest states in the nucleus.

The present measurements were performed using the
same experimental approach as that described in Ref. [33]
for Coulomb excitation of 72Ge. Hence, the experimental
procedure and analysis methods are only briefly summa-
rized here. Two separate experiments with three beam
energies were performed at Argonne National Labora-
tory. In both experiments, 76Ge ion beams from the AT-
LAS accelerator bombarded a 0.5 mg/cm2-thick 208Pb
target, sandwiched between a 6 µg/cm2 Al front layer
and a 40 µg/cm2 C backing. The de-excitation γ rays
were detected by the tracking array, GRETINA [34] in
kinematic coincidence with scattered reaction products
recorded with the CHICO2 array of position-sensitive
parallel plate avalanche counters [35]. The first exper-
iment utilized a sub-barrier beam energy of 304 MeV
and 7 GRETINA modules (28 Ge crystals). For the
second, two beam energies of 291 and 317 MeV were
employed along with 11 GRETINA modules (42 crys-
tals). A summed γ-ray spectrum, after Doppler correc-

FIG. 1. (Color online) Untracked Doppler-corrected γ-ray
spectrum obtained in kinematic coincidence with 76Ge ions.
The insert illustrates the performance of the CHICO2 array
in discriminating between the projectile and target nuclei.
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tion, measured in coincidence with the scattered 76Ge
projectiles is presented in Fig. 1. The inset depicts a
two-dimensional histogram of differences in the time of
flight (∆Ttof) between reaction partners versus scatter-
ing angle, θ, demonstrating the clear separation between
projectile and target nuclei. A partial level scheme, in-
corporating all the 76Ge states populated in this work, is
displayed in Fig. 2; the red-colored transitions are those
seen in the prior Coulomb excitation measurement [36].
The present level scheme confirms results from earlier
works (see Ref. [18], for example).

The measured γ-ray intensities were analyzed using
the semi-classical, coupled-channel, Coulomb excitation
least-squares search code, gosia [40]. To enhance the
sensitivity to the matrix elements and exploit the depen-
dence of the excitation probability on the particle scatter-
ing angle, the data from each of the three beam energies
were partitioned into seven angular subsets. These were
analyzed both independently and combined to check for
consistency. In addition, known spectroscopic data such
as lifetimes, branching and E2/M1 mixing ratios [6, 41]
were included as constraints in the multi-dimensional fit
of the relevant parameters. The final set of matrix ele-
ments, which best reproduces the measured γ-ray yields
and the available literature data, as well as their asso-
ciated uncertainties is displayed in Table I. The abso-
lute values and signs of 103 E2 and M1 reduced ma-
trix elements were determined with sufficient accuracy for
a meaningful determination of the rotational invariants
(see below). The present results are in general agreement
with those of prior measurements of this kind [29, 38, 39].
For the purpose of this discussion, however, only a subset
of the relevant E2 matrix elements are tabulated.

A model-independent analysis of the deformation of
76Ge at low spin was carried out using the non-energy-
weighted sum rules technique described in Refs. [30, 31,
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FIG. 2. (Color online) A partial level scheme with all the
levels populated in the present Coulomb excitation measure-
ment. Transitions in red are those observed in the previous
measurement of this type [29].

TABLE I. E2 matrix elements for 76Ge obtained from the
present analysis and comparisons with previous measure-
ments. Note that not all matrix elements corresponding to
the levels shown in Fig. 2 are given here. The complete set
will be provided in a forthcoming publication [37].

Iπi → Iπf
〈Ii| |M(E2)| |If 〉 (eb)

This Work Ref. [29] Refs. [38, 39]

0+
1 → 2+

1 0.526(2) 0.522(4) 0.550(3)
0+
1 → 2+

2 0.089(3) 0.069(10)
∣∣0.081(14)

∣∣
0+
1 → 2+

3 0.061(3)
0+
1 → 2+

4 0.054(4)
0+
1 → 2+

5 0.023(6)
2+
1 → 2+

1 −0.24(2) −0.14(4) −0.19(6)
2+
1 → 2+

2 0.535+0.003
−0.007 0.54(3)

∣∣0.71(7)
∣∣

2+
1 → 2+

3 −0.126+0.006
−0.004

2+
1 → 2+

4 0.022+0.008
−0.005

2+
1 → 2+

5 −0.048+0.002
−0.007

2+
1 → 3+

1 0.082(5)
2+
1 → 4+

1 0.795(5) 0.71(4) 0.77(4)
2+
1 → 4+

2 −0.22+0.05
−0.03 0.10(2)

2+
2 → 2+

2 0.26+0.02
−0.05 0.28(6)

2+
2 → 3+

1 0.52+0.02
−0.04

2+
2 → 4+

2 0.472(6) 0.56(2)
4+
1 → 4+

1 −0.26+0.01
−0.07 −0.01(5)

4+
1 → 6+

1 1.11+0.03
−0.02 0.87(2)

6+
1 → 8+

1 1.25+0.07
−0.10

6+
1 → 6+

1 −0.23+0.09
−0.04

3+
1 → 5+

1 0.9+0.4
−0.6

4+
2 → 3+

1 0.64+0.03
−0.07

4+
2 → 5+

1 0.9+0.7
−0.2

4+
2 → 6+

2 0.49(3)
6+
2 → 5+

1 −0.74+0.10
−0.08

3+
1 → 3+

1 0.13+0.08
−0.10

4+
2 → 4+

2 −0.24+0.08
−0.04

4+
1 → 2+

2 0.09(2) −0.11(1)
4+
1 → 3+

1 −0.44+0.08
−0.05

4+
1 → 4+

2 0.61(1) −0.10(3)
4+
1 → 5+

1 −0.08+0.09
−0.05

4+
1 → 6+

2 −0.186+0.030
−0.005

6+
1 → 4+

2 0.35+0.05
−0.03 0.21(4)

42]. In this framework, the expectation values of in-
variant products of the collective E2 operator determine
the nuclear charge distribution via an intermediate-state
expansion over the experimental E2 matrix elements.
This allows the collective quadrupole invariants to be ex-
pressed as functions of the two charge deformation pa-
rameters, Q and δ. Specifically, the quadrupole invari-
ant

〈
Q2
〉

provides an average measure of the static and
dynamic intrinsic quadrupole deformation of a charged
ellipsoid; i.e., the overall deviation from sphericity. It
is equivalent to the elongation parameter β in the Bohr
Hamiltonian [43]. Similarly, the quadrupole asymmetry
〈cos 3δ〉 describes the departure from axial symmetry;
the parameter 〈δ〉 = 1

3 arccos (〈cos 3δ〉) is analogous to
the collective-model asymmetry angle γ. Furthermore,
higher-order invariants can similarly be constructed using
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FIG. 3. (Color online) Magnitude of the quadrupole invari-
ant,

〈
Q2

〉
, for the ground-state and γ bands. The bottom

figures present the statistical fluctuation of the quadrupole
deformation, σ

〈
Q2

〉
. Here, red (circle), blue (diamond) and

green (square) correspond to J = 0, 2, 4 couplings, respec-
tively [40, 42] (see text for details).

the J = 0, 2, 4 coupling schemes [40, 42]. In particular,
the relative stiffness in the

〈
Q2
〉

and 〈cos 3δ〉 invariants
can be determined by evaluating their statistical fluctu-
ations, or dispersion, σ

〈
Q2
〉

and σ 〈cos 3δ〉 over a range
of reduced matrix elements. The latter quantities allow
for the unambiguous determination of whether a nucleus
is rigidly deformed and/or rigidly asymmetric.

Figures 3(a) and (b) present the expectation values
of
〈
Q2
〉

for levels within the ground-state and γ bands,
derived from the measured E2 matrix elements. From
Fig. 3, it is clear that the

〈
Q2
〉

values are the same in
both sequences and that they are also constant with spin
within errors. This spin independence of the

〈
Q2
〉

in-
variant implies the presence of strong correlations be-
tween the low-lying states, as expected in view of the
rotational-like behavior exhibited by the E2 matrix ele-
ments. Furthermore, the notable similarity of

〈
Q2
〉

val-
ues for the ground-state and γ bands indicates a uni-
form deformation over the entire spin range that aver-
ages a value of ∼ 0.30 e2b2, corresponding to an average
quadrupole deformation of β ≈ 0.28. Here, the trans-
formation β = 4π

√
〈Q2〉/3ZR2 has been applied with
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FIG. 4. (Color online) Expectation values of the quadrupole
asymmetry 〈cos 3δ〉 for (a) the ground-state band and (b) the
γ band. The same color convention as in FIG. 3 has been
used.

R = 1.2A1/3, Z and A being the atomic and mass num-
bers [42]. This value agrees with recent symmetry con-
serving configuration mixing (SCCM) calculations with
the Gogny D1S interaction that predict β = 0.3 [26].
Moreover, the overall constancy of the

〈
Q2
〉

values over
the entire spin range in both sequences affirms the general
conclusion that the ground-state and γ bands are built on
the same deformation. The dispersion of the quadrupole
deformation, σ

〈
Q2
〉
, for the ground-state and γ bands

can be found in Figs. 3(c) and (d), respectively. Here,
three independent values, calculated based on the differ-
ent J = 0, 2, 4 coupling schemes [44], are presented for
each level.

The magnitude of the quadrupole asymmetry, 〈cos 3δ〉,
for levels in the ground-state and γ bands is presented in
Fig. 4. Oblate, triaxial, and prolate shapes correspond
to 〈cos 3δ〉 values of −1 (δ = 60◦), 0 (δ = 30◦), and 1
(δ = 0◦), respectively. The agreement between the four
independent values of 〈cos 3δ〉 indicates convergence of
the present data set. Furthermore, the near constancy of
this asymmetry parameter over the measured spin range
for both bands confirms the presence of strong correla-
tions between the E2 properties and, hence, the same
deformation, as anticipated for collective behavior. Com-
pared to the

〈
Q2
〉

invariant, however, 〈cos 3δ〉 appears to
exhibit a small increase with spin, although a constant
value is not ruled out within the quoted errors [Fig. 4(a)].
The average value of 〈cos 3δ〉 ∼ 0.15 for the ground-
state band corresponds to a deformation 〈δ〉 of ∼ 27◦, in
line with expectations for a well-defined triaxial shape.
Within the quoted errors, the 〈cos 3δ〉 behavior for the
γ band is the same [Fig. 4(b)], and the average value
of 0.24 corresponds to a deformation parameter 〈δ〉 of
∼ 25◦. Hence, the quadrupole asymmetry, as determined
from the 〈cos 3δ〉 invariant, provides compelling evidence
for triaxial deformation in both the ground-state and γ
bands, in agreement with the interpretation proposed in
Ref. [18] based on the pattern reported for the energy
staggering in the latter sequence. The present conclu-
sions are also in line with calculations within the TPSM
(γ ≈ 30◦) [25] and SCCM (γ ≈ 25◦) [26] frameworks.

As noted above, the nature of triaxial deformation can
only be inferred from a higher-order invariant; e.g., the
statistical fluctuation, or dispersion, σ 〈cos 3δ〉 which de-
termines the degree of rigidity - or softness - in the γ
degree of freedom. Figure 5 presents the magnitude mea-
sured for this quantity from the present data for the three
lowest states in 76Ge: the 0+1 and 2+1 levels in the ground-
state band and the 2+2 bandhead of the γ band. It is
worth noting that data on the σ 〈cos 3δ〉 variance were
also obtained for higher-spin states. However, these are
not presented here as the incompleteness of the avail-
able data set likely increases with angular momentum,
herewith resulting in an interpretation that cannot be
proposed with the same degree of certainty. Neverthe-
less, the available data at these higher-spin values dis-
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play a trend similar to that reported for the lowest-spin
states in Fig. 5. By definition, rigid-triaxial deforma-
tion corresponds to values of σ 〈cos 3δ〉 close to 0. In
contrast, a harmonic vibrator is associated with values
around 0.6, while a soft triaxial rotor is characterized by
σ 〈cos 3δ〉 ∼ 1 [30, 31, 45]. The agreement between the
three independent measures of σ 〈cos 3δ〉 seen in Fig. 5
for the three states of interest not only indicates con-
vergence, but also strongly points to rigid triaxiality for
76Ge at and near its ground state.

The present results indicate that the ground-state and
γ bands are characterized by the same β and γ deforma-
tion parameters as well as by the same degree of triaxial
rigidity. Consequently, these observations directly im-
pact the nuclear matrix elements relevant for neutrinoless
double-beta decay: the various theoretical approaches
will have to reproduce the parent 76Ge as a rigid tri-
axial rotor while also allowing for triaxiality in the 76Se
daughter. In the latter case, the recent results of Ref. [32]
indicate also a significant triaxiality with a dominant pro-
late component, but the degree of rigidity could not be
determined. The potential might well be softer in this
instance, as the odd-even staggering in the γ band is
opposite to that seen in 76Ge, but is in line with that re-
ported for the other even Se and Kr isotopes of the region
as well as for all other Ge isotopes with the exception of
78Ge [21].

In conclusion, a detailed study of the low-spin struc-
ture of the nucleus 76Ge has been undertaken following
Coulomb excitation. An extensive and unique set of re-
duced E2 matrix elements was determined, enabling a
model-independent analysis of the nature of triaxial de-
formation in 76Ge. Results of the rotational-invariant
sum-rule analysis indicate, within experimental errors,
that all levels observed in the ground-state and γ bands
are characterized by the same quadrupole (β) and asym-
metry (γ) parameter values and, hence, are characterized
by the same deformation. Most importantly, the results
demonstrate that the low-spin structure of 76Ge is rigid
triaxial, with a γ value close to 30◦. These conclusions

are important for calculations aiming to determine the
nuclear matrix elements relevant for 0νββ decay.
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