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Inspired by recent discovery of correlated insulating states in twisted bilayer graphene (TBG), we study
a two-orbital Hubbard model on the honeycomb lattice with two electrons per unit cell. Based on the real-
space density matrix renormalization group (DMRG) simulation, we identify a metal-insulator transition around
U/t = 2.5 ~ 3. In the vicinity of U, we find strong spin/orbital density wave fluctuations at commen-
surate wavevectors, accompanied by weaker incommensurate charge density wave (CDW) fluctuations. The
spin/orbital density wave fluctuations are enhanced with increasing system sizes, suggesting the possible emer-
gence of long-range order in the two dimensional limit. Atlarger U, our calculations indicate a possible nonmag-
netic Mott insulator phase without spin or orbital polarization. Our findings offer new insights into correlated
electron phenomena in twisted bilayer graphene and other multi-orbital honeycomb materials.

Introduction.—The metal-insulator transition (MIT) driven
by electron repulsion is one of the long-standing issues in con-
densed matter physics [1H3]. In particular, the systems with
multiple orbits may harbor different exotic phases and novel
phase transitions due to the interplay between orbit, spin and
charge degrees of freedom.

Recently, correlated insulators were discovered at low tem-
perature in twisted bilayer graphene (TBG) with an integer
number of electrons per superlattice unit cell [4H6]. These
insulating states are found near the “magic” twist angle [4,[5]
or under pressure [6], where the lowest mini-band of TBG
has a very narrow bandwidth. As a result of the reduced ki-
netic energy, the correlation effect becomes significant and
most likely is the driving force for the MIT. The nature of
the insulating states is now under intensive study [7-H21]]. A
paradigmatic theoretical model for MIT is the Hubbard model
and its various generalizations to include multiple orbits and
extended interactions. For TBG, a two-orbital extended Hub-
bard model on the honeycomb lattice [7,[22]] was recently de-
rived from symmetry-adapted maximally-localized Wannier
states of the low-energy bands [22 23]]. Since these low-
energy bands are well separated from higher bands by a suf-
ficiently large energy gap [24, 25, this two-orbital extended
Hubbard model is a reasonable and adequate starting point for
studying correlated electron phenomena in TBG [22} 26]. In
this model, the two sublattices of the emergent honeycomb
lattice correspond to Wannier states centered at AB and BA
stacking regions, and the two orbits are associated with states
from opposite valleys of graphene.

In a completely different context, the two-orbital SU (4)-
symmetric Hubbard model on the honeycomb lattice was re-
cently proposed for d* transition metal compounds with edge-
sharing anion octahedra such as a-ZrCl3 [27], where spin and
orbital combined together describe the j = 3/2 quartets that
emerge in the strong spin-orbit-coupling limit.

In addition to its potential relevance to real materials, it
is also of fundamental importance to study the physics be-
yond SU(2). In contrast to large-S representations of SU(2),
the quantum fluctuations in SU (V) increase with N and thus
opening new realm to explore more intriguing physics. In this

work, we study the two-orbital Hubbard model with SU (4)
symmetry on the honeycomb lattice at quarter filling, i.e., with
two fermions per unit cell. Based on large-scale density ma-
trix renormalization group [28]] (DMRG) simulations, we ex-
amine the nature of the ground state with the ratio of on-site
Coulomb repulsion U and bandwidth . We identify a MIT
occurs around U../t = 2.5 ~ 3 and a nonmagnetic Mott in-
sulator in the large U regime. Interestingly, in the vicinity
of U,, we find a small region where both spin/orbital density
wave (SODW) and charge density wave (CDW) fluctuations
become strong. The SODW fluctuations have commensurate
wavevectors near U, and become enhanced when increasing
system size, indicating long-range SODW order in the two
dimensional (2D) limit. In contrast, the CDW fluctuations
have incommensurate wavevectors and are unstable against
increasing system size. The SODW is robust against pertur-
bations including nearest neighbor interactions or lightly dop-
ing. We do not find any sign of spin/orbital polarization in the
ground state.

Our findings of the nonmagnetic Mott insulator at large U
is consistent with previous studies of the SU(4) Heisenberg
model on honeycomb lattice [29} 30], which is the effective
Hamiltonian of our Hubbard model in U/t — oo limit. Mean-
while, our finding of the SODW near MIT at intermediate
U is a new result. Our work shows that the phase diagram
of SU(4) Hubbard model is distinctly different from SU(2)
case [31H39], where a magnetic ordered phase often appears
in large U limit, a direct phase transition[33H37]] or an inter-
mediate phase[31} 132} 38} 139] are found close to the MIT. It is
also distinguished from half-filled SU (2N > 4) case, where
a direct transition from semimetal to valence bond solid was
identified[40, 41]].

Model and Method—We consider a SU(4) symmetric
two-orbital Hubbard model on the honeycomb lattice. The



model is given by

H = Hy + Hin, (1)
Hy=~t Y > (dpatioathe), @
(i.j)o a=1,2
2
Hiy =UY (Z Mioa — 1) : 3)
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where o = 1,2 denote two orbits. Cio.a (Cio,o ) TEpresents
the electron creation (annihilation) in orbit « at the th site
with spin o (0 =7, ). Nis,« is the electron number operator.
For each orbit, the honeycomb lattice on the torus or cylinder
is spanned by length vectors Ly = L;eyx and Ly, = Lyey,
where ex = (1,0) and ey, = (1/2,+/3/2) are two primitive
vectors, then the total number of sites for each orbit is Ny =
L, x Ly x 2, where L, and L, represent the number of
unit cells along the two primitive-vector directions. For the
two-orbital system on honeycomb lattice we have the number
of sites N = 2 x Ny (where 2 denotes two orbits) and the
number of electrons N, = Ny for a quarter filling.

We set t as the unit of energy and consider Coulomb re-
pulsion U > 0. Given the additional sublattice and orbital
degrees of freedom, we mainly focus on the cylinders or torus
with circumferences up to L, = 4 unit cells (2 x L, = 8
lattice sites in each orbit). In the present calculations, we
keep up to 8000 states with enough number of sweeps to get
the converged data, the truncation error is of the order or less
than 10~%. We also benchmark against quantum Monte Carlo
(QMO) for single orbital model[47]].

Metal-Insulator Transition.—We begin with studying the
expectation value of the double occupancy ng ng =
N Lih
first order derivative of the ground-state energy and is a good
measurement for the Mott transition. Figures [T] (a) and (b)
show ng versus U/t for the model Hamiltonian (I)) on torus
and cylinder. With the increase of U/t, ny monotonically de-
creases, which eventually freezes the charge degrees of free-
dom. The kinks of each curve and crossing of different curves
with different lattice sizes indicate the transition takes place
near U./t = 2.5 ~ 3, which are independent of lattice ge-
ometries we employed. We also show U - ng4 as a function of
U/t in the insets of Fig. |1} where the peaks in the curves may
characterize the transition since the derivatives of the curve
show discontinuity from both sides of the maximum point.

To establish the nature of each phase, we examine the mo-
mentum distribution function n(k), which is defined by the

2
<[ZU o Mio,a — 1} >, which corresponds to the

Fourier transformation of single particle propagator <CIU Cjo >,

ie,n(k) = x5 2 <C;rgcja>€ik(”‘_rj) . As shown in Fig-
1,7,0

ure [2[ (a) and (b), n(k) shows distinct behavior before and

after the transition. For the metallic phase at U < U, there

is a sudden drop near the Fermi surface [see Fig.[2](a)], while

n(k) is near flat without any singularity in the insulating side
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Fig. 1: The average of the double occupancy nq as a function of U/t
for torus (a) and cylinder(b) geometries. The insets show the ng - U
as a function of U/t. The shadow bar indicates the MIT.
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Fig. 2: The momentum distribution n(k) for the metallic phase at
U/t = 1 (a) and insulating phase at U/t = 4 (b). The black dots
represent the momentum points we can access in the Brillouin zone
of the finite size lattice, the contour plot is created by using triangu-
lation interpolation. The cut of n(k) along the line crossing I" point
for different ratios of U/t are shown in (c), where the slope of n(k)
decreases with the increase of U/¢ near the Fermi surface. Here, we
consider the cylinders with No = 12 x 3 x 2. (d) The same cut of
n(k) as (c) at U/t = 1 and U/t = 4 for different system sizes.

atU > U, [see Fig. |Z|(b)]. To show the evolution of the Fermi
surface with increasing U/t, we cut the n(k) along the line
crossing I' = (0, 0) point, as shown in Fig. [2| (c), the smooth
change of the line shape indicates the continuity of this MIT,
which is consistent with the behavior of n4 [see FiglII]. In ad-
dition, We also confirm that results of n2(k) are robust against
system size as illustrated in Fig. [2](d).

Density Wave Fluctuations/Orders.— We have identified
that the MIT occurs near U./t = 2.5 ~ 3. Below we ex-
amine the electronic and magnetic fluctuations and explore
possible orders particularly near the MIT and in the insulating
phase. Numerically the most direct evidence to explore the
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Fig. 3: The contour plot of the structure factor Ng for L, = 3 cylinders at U/t = 2 (a) , and U/t = 2.5 (b) , U/t = 3 (¢), U/t = 4 (d).
Nq are featureless for both metallic phase (a) and insulating phase (d), while the CDW fluctuations arise in the vicinity of the MIT (c). The
splitting of the CDW peaks around M point signifies the incommensurate CDW instability. Here, we consider the cylinders with L, = 12 unit
cells, the black dots represent the momentum points we can access in the Brillouin zone of the finite size lattice. The contour plot is created by

using triangulation interpolation.
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The contour plot of the static spin structure factor Sq for L, = 3 cylinders at U/t = 2 (a), U/t = 2.5 (b), U/t = 3 (c), U/t = 4

(d). Sq are featureless for both metallic phase (a) and insulating phase (d), while the spin/orbital density wave fluctuations arise in the vicinity
of the MIT point (b-c). The peaks of Sq locate at K or M points indicating the commensurate spin/orbital density wave instability. Here,
we consider the cylinders with L, = 12 unit cells, the black dots represent the momentum points we can access in the Brillouin zone of the
finite size lattice. The contour plot is created by using triangulation interpolation. The peaks in (c) is higher than (b), indicating the stronger

fluctuations with wave vector at M points than at K points.

fluctuations or orders is to calculate the correlations and their
structure factors. Here, we consider the correlations within
the same sublattice, which are the same for the two sublat-
tices. Although the systems on cylinders break translational
symmetry due to the open boundaries, we find our results are
robust by neglecting the boundary effects when the system
size is relatively large.

We first measure the structure factor of charge density-
density correlations Ng Nio > (niny) e'a(ri=r5) - Figures
i.J

El shows NV, in the metallic phaée, insulating phase as well
as around the vicinity of the MIT. The black dots indicate
the data points in the contour plot for finite size system with
L, = 12 and L, = 3. Here we have substracted the peak at
q = 0, which is trivially induced by the uniform charge back-
ground. Fig. |§| (a) and (d) show that there are no significant
peaks in Ng deep inside both the metallic phase at U < Ug
and insulating phase at U > U¢, while near the transition
point, N displays strong charge density wave (CDW) fluctu-
ations, as shown in Fig. [3| (c). When U/t = 3, the peaks in
N, locate at available momenta nearby M points, implying
the incommensurate nature of such CDW fluctuations. We
also check the finite size effect by studying wider cylinder
with L, = 4, as shown in the Fig. E] (a). N, also displays

significant peaks around M but with different wave vectors,
which is consistent with the fact that the wave vectors of the
incommensurate CDW fluctuations depend on the system ge-
ometry. Meanwhile, we also notice that the intensity of N, is
weakened with increasing the width of cylinders, as shown in
Fig.[3|(c) and Fig. 5| (a), which suggests the CDW fluctuations
are not strong enough to form CDW order towards 2D limit.

In the spin channel, we study the static spin structure
factor to detect the magnetic fluctuations, which is de-
fined as the Fourier transformation of spin-spin correla-
tions, ie., Sq N%) > <SfSJZ> efa(ri=ri) - where S¢

3
D oa Do czg7asgg,cia/,a is the spin operator on site i. Due
to the SU (4) symmetry of the Hubbard model, the orbital and
spin correlations are identical. Figures [dshow the spin/orbital
structure factor Sq for different values of U/t for the same
L, = 3 systems with L, = 12. Both the metallic phase at
U < Ugc [see Fig.El(a)] and the insulating phase at U > U¢
[see Fig. @] (d)] exhibit the absence of magnetic fluctuations
or orders. While near U,, Sq displays strong SODW fluctua-
tions, as shown in Fig. @] (b) and Fig.[d (c). Interestingly, the
SODW fluctuations display competing wave vectors at com-
mensurate momentum K or M, which depend on the values
of ratio between Coulomb interaction and bandwidth. When
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Fig. 5: The structure factor Ng (a) and Sq (b) for L, = 4 systems at
U/t = 3. Here, we consider the cylinders with L, = 12, the black
dots represent the momentum points we can access in the Brillouin
zone of finite size lattice system. The contour plot is created by using
triangulation interpolation.

U/t = 2.5 [see Fig. c)], there are peaks located at KT =
(47/3,0) and K~ = (27/3,27//3) points in the Brillouin
zone. However, further increasing the ratio to U/t = 3 [see
Fig. [d[d)], the peaks of S(g) near K* become broader while
much sharper peaks arise at M = (£, F7/+/3) points, indi-
cating the SODW fluctuations with wave vector M are more
dominant than the ones with wave vector K near U, This
can be seen more clearly by increasing the cylinder width to-
wards 2D, as shown in the Fig. [5] (b) for S, on L, = 4 cylin-
ders, where the SODW fluctuations display significant peaks
around M. In addition, the intensity of .S, is also enhanced
with increasing the system size [see Fig.[d(c) and Fig.[5] (b)],
indicating the possible existence of SODW order in 2D.
Orbital Polarizations.—We have identified strong charge
and spin/orbital dentity wave fluctuations or orders near the
quantum phase transition, while the structure factors indicate
the featureless nonmagnetic insulating state at U > U, [see
Fig. 3[d) and Fig. @(d) ]. Below, we examine polarization in
the spin/orbital channel. To check the possibility of orbital
polarizations of the Hamiltonian [see Eq. (I)] at a quarter fill-
ing, we define P = |N; — N|/Ng, where N, (a = 1,2)
represent the total electron number in orbit «, and then we
compare the ground-state energies of the unpolarized sector
with equal number of electrons in two orbits (P = 0) and the
orbital polarized sector with all electrons in one orbit (P = 1).
As shown in the Fig. |§|f0r different L, systems, P = 0 sector
always has lower energy than P = 1 sector, which is inde-
pendent of the system sizes, implying the absence of the fully
orbital polarization for the ground states. Due to the SU(4)
symmetry, this result also implies that the ground state is not
fully spin-polarized. This conclusion is consistent with the
absence of enhancement in the q = 0 spin structure factor.
Discussion and Summary.—We now discuss the relevance
of our work to real materials. Recently, the two-orbital SU (4)
Hubbard model on the honeycomb lattice at quarter filling has
been proposed as a realistic model for a-ZrCls and metal or-
ganic frameworks with tricoordinated lattices [27]. It may be
possible to tune the ratio U/t by pressure and to search for
spin/orbital density wave and Mott insulator states.
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Fig. 6: The ground state energy Eq per site as a function of U/t for
both unpolarized P = 0 and polarized P = 1 sectors. Here, we
consider the systems with L, = 12 and different L,,.

For TBG, the microscopic two-orbital Hamiltonian de-
rived from band structure calculations and Coulomb inter-
actions projected to low-energy bands has more terms than
the simplest two-orbital Hubbard model studied here. It in-
cludes single-particle hoppings beyond nearest neighbors[9],
extended density and exchange interactions beyond on-site U,
pair hoppings [23| 42], and the effect of other Moiré bands
may be important [43145]]. These additional terms can sta-
bilize SODW[46] or lead to new phases beyond the density
wave and Mott insulator states. For example, Ref.[21] found
a orbital-polarized state at quarter filling induced by pair hop-
ping, when kinetic energy is set to zero. The fully understand-
ing the physics in TBG requires a more comprehensive study
of the microscopic Hamiltonian. Nonetheless, the current
two-orbital Hubbard model with the nearest-neighbor hopping
and on-site repulsion may be served as a starting and reference
point to study correlated electron physics of TBG.

In summary, based on DMRG simulations of the two-
orbital Hubbard model on honeycomb lattice, we identify a
MIT near U./t =~ 2.5 ~ 3 accompanied by commensurate
SODW orders and incommensurate CDW fluctuations, and
find a nonmagnetic Mott insulator without orbital polariza-
tion at U > U,. Our results enrich the Mott physics near
MIT, where a SODW emerges as an intermediate phase. We
also find the SODW is robust against lightly doping and the
weak nearest neighbor (NN) interactions[47,48]]. In addition,
we have also checked that there is no indication of any den-
sity waves at 1/8 filling[47] , which corresponds to one elec-
tron per unit cell. Our findings can be tested experimentally
in TBG, where applying pressure can drive the system across
MIT and deep into the Mott insulator [6]].
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