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The ability to create large highly entangled ‘cluster’ states is crucial for measurement-based
quantum computing. We show that deterministic multi-photon entanglement can be created from
coupled solid state quantum emitters without the need for any two-qubit gates and regardless
of whether the emitters are identical. In particular, we present a general method for controlled
entanglement creation by making direct use of the always-on exchange interaction, in combination
with single-qubit operations. This is used to provide a recipe for the generation of two-dimensional,
cluster-state entangled photons that can be carried out with existing experimental capabilities in

quantum dots.

The cluster state quantum computing paradigm is
believed to be the most feasible approach for pho-
tonic quantum computing. In this approach, the
difficulty of entanglement creation between photons
is shifted to the upfront creation of a highly entan-
gled multiqubit cluster state [I]. To date, photonic
cluster states have been created by passing paramet-
rically down-converted pairs of entangled photons
through linear optic elements and subsequent mea-
surement of a photon. This process is inherently
probabilistic, and as a result creating a cluster state
larger than a few photons is a formidable task [2]. In
previous theoretical work it was shown [3] that a pe-
riodically pumped quantum dot (QD) can produce a
cluster state string of photons. Very recently, there
has been an experimental breakthrough material-
izing this deterministic approach and generating a
one-dimensional cluster state [4]. However for appli-
cations, larger dimensional graph states are needed.
To that end, a proposal [5] generalized the scheme
of Ref. [3] to a pair of QDs, introducing the idea
that entangled emitters can emit entangled photons.
The main challenges with that approach are that it
requires the application of experimentally demand-
ing two-qubit entangling gates between the emitters,
and that it assumes that the two QDs do not inter-
act in the absence of optical pulses. Although there
are ongoing efforts to demonstrate this idea, these is-
sues make the experiments challenging. The recent
experimental progress of Ref. [4] makes a practi-
cal protocol to generate a higher dimensional clus-
ter state with existing resources a particularly timely
topic. In addition to quantum computing, the deter-
ministic creation of large-scale cluster states would
also impact quantum communications [6l, [7].

Here we present a deterministic protocol for gener-
ating two-dimensional photonic cluster states which

requires no externally driven two-qubit gates and
which allows for, and in fact makes crucial use of,
an always-on coupling between emitters. The nec-
essary entanglement is built up by free evolution
and the photons are generated in an entangled state
through optical pumping of the emitters. For QDs
it is the always-on exchange interaction between
the spins that provides entanglement. Remarkably,
we show that with carefully chosen pulse sequences
this entanglement is sufficient to generate a cluster
state when combined with single-qubit gates already
demonstrated in experiments. We provide the pulse
sequences that implement the required evolution for
two distinct cases, emitters with (i) equal and (ii)
unequal Zeeman splittings.

While the scheme we describe is applicable to any
pair of emitters coupled with Heisenberg type inter-
action, we focus on QDs, because they are very effi-
cient emitters, and the coupled-QD system has been
studied and understood very well experimentally [8-
T1]. We consider a pair of stacked epitaxial QDs with
a thin enough barrier in between such that they are
tunnel coupled. A bias voltage controllably loads
single carriers (electrons or holes) into each QD. We
consider the bias regime where each QD contains a
single electron. The electrons can virtually tunnel
into the opposite QD, and thus there is an effective
exchange interaction between them (Fig. 1). Recent
experimental advances based on this system demon-
strated ultrafast coherent control, including single
spin rotations and entanglement control [11].

In previous work [5], we showed that to generate a
photonic cluster state the required evolution of the
two emitters should have the form Uygrger = CZ(A®
A), where C'Z is the conditional-Z gate between the
two spins, given by the matrix diag(1,1,1,—1) and
A is either the Hadamard gate, H, or an equiva-



lent gate, e.g., a m/2 rotation about an axis in the
zy plane. Successive applications of Uigrger, €ach
followed by optical excitation and spontaneous pho-
ton emission results in a two-dimensional ladder of
entangled cluster state photons. In Ref. [5] the sug-
gested CZ gate was implemented optically by ex-
ploiting an electron-hole exchange interaction [12]
in the excited state and the two QDs were assumed
completely decoupled in their ground states.

The growth axis (z axis) of the two QDs is a pre-
ferred direction along which the symmetry is low-
ered and which also coincides with the laser prop-
agation direction. Due to the broken symmetry
along z, there are optical polarization selection rules
associated with that axis. As a result, the most
straightforward operations to implement are initial-
ization, measurement and spin rotations about z
[13| 14]. This is due to the fact that polarization
alone provides selectivity between spin states along
+2z, eliminating the need for frequency selectivity
which would necessitate longer pulses. We consider
a magnetic field B, which for simplicity we fix per-
pendicular to the z axis, defining the x axis.
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FIG. 1. Energy levels of QDs with always-on spin ex-
change. The difference between the optical transitions
in the two QDs is A > J. The two middle states in the
ground state manifold are not energy eigenstates; they
are coupled by J, as indicated by the arrow.

In practice, two-spin experiments [I1] are con-
ducted in a regime where the tunnel-coupling in
the ground state is strong, resulting in an always-
on interaction between the spins, while the ex-
cited states are significantly detuned, making the
inter-dot interaction in the excited state practically
zero. The Hamiltonian in the absence of pulses is
Hy=Js1-50+w151z+waS2,, Where w; = g;B is the

Zeeman frequency for dot j, J is the exchange inter-
action strength, and s;; is the spin matrix of qubit
i along the axis j. In this regime, single-spin op-
erations, in particular measurement and rotations
about z, are simple to implement and have been
demonstrated. The relevant QD levels are shown in
Fig. The ground states have one excess electron
per QD in the conduction band; the excited states
have an electron in one QD and a trion (two elec-
trons in a singlet in the conduction band and a hole
in the valence band) in the other. There is generally
flexibility with engineering or tuning QD parame-
ters. The exchange interaction .J is determined by
the overlap of the electronic wavefunctions in the
two QDs; it can be modified by changing the barrier
height between the QDs [8HIO]. Ref. [10] in particu-
lar studies the properties of doubly charged coupled
QD pairs, which are the focus here.

The objective here is to generate a 2D cluster state
using only the always-on exchange interaction in
combination with single qubit operations, elements
that are attainable with existing experimental capa-
bilities [I1I]. Different QDs will generally have dif-
ferent ¢ factors. There is correlation between the
value of the g factor and the size and composition
of the QD and thus some control can be achieved on
this value during growth. Given this flexibility, and
the possibility that the g factors of a stacked QD
pair may not be identical, we examine separately
the equal and unequal Zeeman splitting case. The
symmetry of the problem is different in each case,
resulting in evolution operators of distinct symme-
tries and thus different pulse sequences. In each case
we decompose the evolution operator using the Car-
tan decomposition [I5] into a product of single-spin
operations and purely two-spin operations. This al-
lows us to identify the parameter regime that max-
imizes the entanglement generated between the two
spins and to isolate the purely single-spin part of
the evolution, which may be used or may need to be
compensated with single-qubit gates.

Equal Zeeman frequencies—In this case the evolution
operator can be decomposed into the form

Ueq = (efiwtsz X 67iwtsx) eithsl-sz. (1)

The purely two-spin operator in this equation comes
from the exchange interaction. It is well-known that
Heisenberg exchange interaction yields an entangling
gate, the so-called square-root of SWAP, Ugs. After
evolution time ¢t = w/(2J) = 7, U, is equivalent
to Uss up to single-qubit rotations and is thus max-
imally entangling:
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= (6_1.%8”” ® e—i%sz) USS' (2)

This evolution operator can be used to generate the
target gate Usgrger = CZ(A® A) in the case where A
is a w/2 rotation about x. To see this, first express
CZ in terms of Uss (up to a global phase):

CZ = (e"gsz ® ei%SZ) U, (]l ® e_i’rsz) Uss. (3)
The target gate is
Uta’rget = CZ(e_i%S” ® e_igsw). (4)

Using Eqgs. — we have

Utm'get — (6—1552 ® 61551) (e—lﬁsm ® e—lﬁsz) U;ZGX
% (]l ® e—zﬂ'sz) (6—15(7—&-1)% ® e—zg(j—ﬁ-l)sm) erze_

Thus, for equal Zeeman frequencies, we may gen-
erate the target gate using two sets of single-qubit
gates interspersed with periods of free evolution.
Unequal Zeeman frequencies—The unequal Zeeman
splitting case is somewhat more involved, as the
symmetry of the system is lower. As a result, the
evolution operator does not have a simple decom-
position as in the equal Zeeman case above. The
evolution operator in the product spin basis is sym-
metric, with usy = u13, uzz = uso, and ugg = uy1.
The expressions for the matrix elements are in [16].

A key difference from the equal Zeeman case is
that the condition for maximal entanglement, in ad-
dition to J, also depends on wy,ws. When

2nmw _ (@2m+ 1)
J2 + (CU1 — UJ2)2 J

=1T2 (5)

with n, m positive integers, the free evolution
amounts to an Ising gate up to single qubit oper-
ations:

Ug;zeeq _ (€i¢51 ® eiq&sz) efifrsz®sm, (6)
with
3 w1 + wy)
o= +7 \/4n (2m+1)2 + km, (7)
w1 — w2|

with k integer from which we obtain the constraint
n > |1+ 2m|/2. (8)

Condition requires choosing the integers n and
m such that the values of wy, ws, and J fall in a
physical range.

To construct the sequence that will give us the
target evolution we make an ansatz using single spin
rotations about the z and the z axes in addition
to the maximally entangling free evolution U]C

uneq*
In fact we notice that the square of U}, gives a

separable evolution of the two spins amounting to
rotations about the z axis for both spins. This is a
resource we also use as it will provide additional x
rotations without the need of external pulses. We
equate our ansatz sequence

Uans _ eia (eiqbzgsz ® eiqszsz) (Ume )

uneq

% (eiqBIsz ® eiqﬁzsz) (ezd)zlsz ® e'L(j)zlsz) Ume

uneq’

to the target gate, CZ(H®H ), and examine whether
this equation has a general solution and in that case
determine the angles ¢.1, .2, ¢,. Multiplying both
sides on the right by (H ® H) and inserting the iden-
tity before the entangling part of Uy,%, in the form
(H®H)? we notice that we can introduce CZ on the
LHS, since (H®H)e!™+®%(H®H) is proportional
to C'Z up to single-qubit rotations. We thus reduce
the problem to a single spin equation:

eisz¢z2 eisz (2¢—7T)€’L'81, fors eisz¢zl eisz ¢Heisz _Tﬂ- — ]1(9)

In the middle of the expression in Eq. @[) the ro-
tations about the x axis are left separate to empha-
size that one originates from free evolution while the
other one is implemented by external fields. The so-
lution of Eq. @D is
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We thus find that the overhead for generating each
pair of entangled photons is two single-qubit z-

rotations and a single-qubit z-rotation. The pro-
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FIG. 2. (a) Circuit generating entangled photons from

QDs, with the spin-spin gate G shown for (b) equal Zee-
man frequencies and (c) unequal Zeeman frequencies.

tocols for generating the cluster states for equal and
unequal Zeeman frequencies are shown in Fig. [2}



Implementing the single-qubit x rotations—For the
x rotations we have several options; using longer
pulses, i.e., spectral selectivity; combining free evo-
lution with z rotations; specially engineering or se-
lecting QD parameters to simplify the evolution. Be-
cause our primary goal is to find protocols based on
experimentally demonstrated capabilities, we will fo-
cus on creating the x rotation by combining z rota-
tions and free evolution. Below we discuss this ap-
proach in detail both for the equal and the unequal
Zeeman frequency cases as applicable.

Free evolution for appropriate time interval ¢,, (for
the equal Zeeman case, t,=2m/J and for the un-
equal t,=4nm/\/J?+(w1—w2)?) yields an x rotation
by angle x for each qubit (for the equal Zeeman case,
x=—2nw/J and for the unequal x=2¢, with ¢ in Eq.
(7). Combining this with the ansatz

oSz — efzgsz eiXSa e*“ﬁsz etXSa efzﬁsz’ (10)

which is satisfied for certain ranges of y, limiting the
ratio of the physical parameters to certain values, al-
lows us to tune the z-rotation angle ¢ by adjusting
the z-rotation angles £ and . Out of the physically
viable ranges for the system parameters (w and J),
in the equal-Zeeman case we select the large range
w€[0.58.J,0.87.J], a condition that can be achieved
by tuning the magnetic field. In the unequal Zeeman
case, Eq. [I0] gives a condition on the ratio of the g
factors of the two emitters. The relevant range here
is much narrower, so an alternative approach may
be more desirable. By selecting parameters appro-
priately, we can avoid the = rotation altogether in
the pulse sequence forming U,,s. By combining the
two middle x rotations in Eq. @ we see that in the
special case when ¢=3m/4 the externally induced x
rotation is not needed (¢,=0). This condition gives
us a relation between the Zeeman frequencies of the
two QDs through the constraint

v+1 _ 43/242
- wa, 7= )
2/An2 — 2m + 1)2

(11)

with k a positive integer. A large number of so-
lutions can be obtained by varying n,m,k. More
importantly, a reasonably large number of solutions
persists for physically relevant parameter regimes,
w1 /wa€(1,1.2). For example, n=14,m=13, k=45
gives v=183/(2v/55) so that w;/wy~1.18, which
should be achievable experimentally, e.g., by polar-
izing the nuclear spins [I7HI9] in one QD to obtain
an effective local magnetic field through the Over-
hauser term of the hyperfine interaction, I, s, or via
the use of micromagnets [20] 21], which would pro-
vide a more deterministic approach.

Error analysis—We now address how well the se-
quences presented above perform in the presence of
errors, such as uncertainty in the system parame-
ters. In the equal Zeeman case, we consider an er-
ror, w—w(1+n) and plot the fidelity of the pulse se-
quence of Eq. 7 defined as F=|Tr(UU],_)/4%,
as a function of the ratio w/J for the allowed regime
of interest and as a function of 7, Fig. [3[a). We find
that the fidelity is robust, even for high percentage
of error in w. The remaining operations do not de-
pend on w, so its fluctuations will not affect other
parts of the full sequence.
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FIG. 3. Fidelity of pulse sequence (a) that provides the
r rotations in the equal Zeeman case as a function of
the Zeeman frequency in units of J and the percentage
error 7 in Zeeman frequency and (b) for the unequal
Zeeman case as a function of the error 7 in the ratio of
the Zeeman frequencies.

In the unequal Zeeman case, we consider an error
in the Zeeman ratio discussed above, wy /wa=1.18 +
n. The fidelity is shown in Fig. (b) and it de-
pends more sensitively on the error. Such an error
in i could occur from fluctuations in the Overhauser
field, which has typical widths on the order of 10s of
MHz [22] 23]. Narrowing the nuclear spin distribu-
tion [22 23] to 1MHz (corresponding to n ~ 0.001)
would guarantee high fidelity. Despite the higher
sensitivity to error, this regime has the advantage of
not requiring a rotation about x at all.

The z gates are assumed to be instantaneous com-
pared to the other timescales in the system. This is
an excellent approximation, as faster pulses lead to
a polarization selection rule for circularly polarized
light, which in turn leads to higher fidelities [24].

Additional sources of error are the finite trion life-
time and the finite spin coherence time. The implicit
assumption has been that the QDs emit photons im-
mediately after excitation, which requires that the
spontaneous emission time be much faster than the
Larmor precession periods and the timescale of the
exchange interaction. In addition, the total pulse
sequence should be much shorter than the spin co-
herence time so that a large enough cluster can be
generated before the spin decoheres. The sponta-
neous emission time in free space is ~1 ns, and it can



be made faster through the Purcell effect by embed-
ding the QD into a cavity [25H27]. Then an emis-
sion timescale on the order of 100 ps can be achieved
[25, 26]. Importantly, coupling to a cavity still al-
lows for optical spin rotations by using off-resonant
pulses [28]. Ref. [3] showed that the ratio of the
the Zeeman frequency over the spontaneous emis-
sion rate can be as high as 10-20% with reasonably
low errors. This constrains the Larmor period and
exchange interaction timescale to be on the order of
10 ns (1 ns) or longer for free space (cavity-mediated)
emission. The sequences of free evolution and pulses
have a duration roughly given by several times 7/.J.
Taking J~w;~2m x 1 GHz, each period should be
~20 ns. The coherence time of the electron spin 75
is several us in free-induction decay and can be ex-
tended using decoupling sequences. Based on these
values we estimate we can obtain a cluster state of
size at least 2x100, an order of magnitude larger
than the state of the art.

In conclusion, we developed a method to gener-
ate a large 2D entangled photonic cluster state us-
ing coupled emitters. We showed in detail how this
would work in a QD molecule with current experi-
mental capabilities. Our approach can be adapted
to other systems, including point defects, trapped
ions, etc. Adding emitters to the system would in-
crease the cluster state beyond two photons in the
vertical direction. This could be done with a chain
of emitters and decoupling to select at any one time
coupling between only two neighboring emitters.
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