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The truncated Wigner and positive-P phase-space representations are used to study the dynamics
of a one-dimensional Bose gas. This allows calculations of the breathing quantum dynamics of higher-
order solitons with 103−105 particles, as in realistic Bose-Einstein condensation (BEC) experiments.
Although classically stable, these decay quantum mechanically. Our calculations show that there
are large nonlocal correlations and nonclassical quantum entanglement.

A classical soliton [1, 2] is a non-dispersive pulse caused
by the balance of dispersion and nonlinearity in a nonlin-
ear wave. Their initial shape can be maintained during
propagation. Higher-order classical solitons have addi-
tional spatiotemporal oscillations. Time invariant quan-
tum solitons can exist [3, 4], but are completely delo-
calized in phase and in space. When a coherent soliton
is prepared that is classically invariant, quantum effects
change the soliton shape. These have been theoretically
predicted [5–7] and experimentally verified [8–11].

Higher-order solitons have attracted much recent inter-
est, since their quantum fluctuations can become macro-
scopically large [12–16]. This leads to a macroscopic
quantum initiated decay with fragmentation into mul-
tiple condensates, reminiscent of the decay of a false vac-
uum in scalar quantum field theory [17]. In this Letter,
we show that these quantum effects are accompanied by
nonlocal dynamical correlations, which occur even before
the soliton decays. These fluctuations are largest for a
Bose-Einstein condensate soliton formed at mesoscopic
particle number. This may be testable in proposed ex-
periments [15] in bosonic 7Li, with 103 − 104 Bose con-
densed atoms. These correlations survive to very large
particle number, and we obtain measurable predictions
even for small density changes.

One-dimensional attractive Bose gases form a bright
soliton in photonic [18] and Bose-Einstein condensate en-
vironments [19–21]. The classical description is known
in optics as the nonlinear Schrödinger equation, and in
atomic physics as the Gross-Pitaevskii equation [22–24].
This equation uses a mean-field approximation equiva-
lent to assuming that operator products are factorisable.
In order to include the full quantum properties, beyond
mean-field methods are needed that include correlations,
allowing predictions of rich quantum features. These pro-
vide tests of many-body quantum dynamics in a con-
trolled, experimentally accessible environment.

An early prediction in photonic systems was the gen-
eration of quantum squeezing and entanglement [5, 6] in
one-dimensional bright solitons, verified experimentally

in photonic experiments [8, 9, 11]. More recently, there
has been interest in the quantum dynamical evolution
of higher-order solitons, which oscillate periodically in
space at the mean-field level. They can be generated
from a fundamental soliton with a sech envelope by a
rapid increase in the coupling constant. In atomic gases,
this is obtainable through a Feshbach resonance to give a
stronger coupling regime with fewer particles than in pho-
tonics. Other related studies include a mean-field treat-
ment of quenches [25], and static quantum treatments of
solitons in potential wells [26].

Here we use quantum phase space methods to analyze a
quench experiment in which the full many-body quantum
state is sampled probabilistically, allowing a calculation
of the dynamical evolution of nonlocal correlation func-
tions. These are good indicators of entanglement and
possible Bell violations in BEC systems [27–31]. The
main technique used is a truncated Wigner (tW) method
[32] that employs a 1/N expansion for N particles, with
N = 103 − 105, and a Poissonian number variance. The
general approach has been verified through accurate pre-
dictions of quantum squeezing in optical fibre solitons
[5, 6, 33]. All the local conservation laws of the bright
BEC soliton system are preserved [34]. We also confirm
these results using the exact positive-P and complex-P
phase-space representations [35] up to the first oscilla-
tion peak, and with pure number state initial conditions.

The density dynamics, but not correlations, have been
calculated previously. An approximate variational pre-
diction [13] using the many-body multi-configurational
time-dependent Hartree for bosons method (MCTDHB),
predicted a sudden fragmentation into two equal frag-
ments. Later work [14], pointed out that this MCT-
DHB approximation failed to predict the known center-
of-mass variance growth. This is because the calculation
used only two modes, while there are seven or more con-
densate modes present [16]. Other methods using exact
eigenstates [15] or the DMRG approximation [36], have
several orders of magnitude fewer particles.

For Bose gases strongly confined in a one-dimensional
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waveguide along the r direction with a transverse trap-
ping frequency ω⊥, the Hamiltonian in the occupation
number representation is given by

Ĥ1D =

∫
dr

[
−~2

2m
Ψ̂†

∂2

∂r2
Ψ̂ +

g

2
Ψ̂†2Ψ̂2

]
, (1)

where Ψ̂ (r) is a one-dimensional quantum field operator.
The total many-body Hamiltonian includes two-body

s-wave collisions where g = 2~aω⊥ is the interaction
strength. This is tunable, since the s-wave scattering
length a is a function of the external magnetic field
via a Feshbach resonance [37]. Taking a characteristic
length scale r0, particle number N and and time scale
t0 where r20 = ~t0/2m, the length, time and field op-
erator are transformed into dimensionless form where
z = r/r0, τ = t/t0, and ψ̂(z) = Ψ̂

√
r0/N . The inter-

action strength g is also transformed into a scaled quan-
tity C = mgr0/(N~2). The corresponding Hamiltonian
[3, 38] for a system of dimensionless length L is

ĥ =

∫ L

0

dz
[
−ψ̂†(z)∇2

zψ̂(z) + Cψ̂†2(z)ψ̂2(z)
]
. (2)

We assume an initial coherent state [39] for the BEC,
which has a Poissonian distribution of particle numbers.
This is a good approximation to the lowest observed ex-
perimental BEC number fluctuations in small conden-
sates of 103 particles [40]. In the Wigner representation,
the field operator ψ̂(z) is replaced by an appropriately
scaled stochastic field ψ ∼ ψ̂ [6, 41, 42], which in a sym-
metrically ordered mapping is initially

ψ(z) =
√
n0(z) +

1√
2
η(z). (3)

Here ηz is a complex number with correlations
〈η(z)η(z′)〉 = 0 and 〈η(z)η∗(z)〉 = δ(z − z′)/

√
N , while

n0(z) = 〈ψ̂†(z)ψ̂(z)〉. An alternative approach is to
use the positive-P representation [5, 35], which is exact,
equivalent to normal ordering, and has two stochastic
fields ψ,ψ+ with initial values ψ(z) = ψ+(z) =

√
n0(z).

The Bose gas is assumed to initially have a soliton
size that corresponds to a weakly attractive interaction
C = −2, with n0(z) = sech2(z)/2. At time τ = 0, a rapid
change of interaction strength is activated by changing
the coupling to C = −8. These parameters are chosen
to be the same as that of earlier studies [13, 14, 16].
This is equivalent to an experimental system of photons
or atoms with an interaction quench which increases the
interaction strength by a factor of 4, for example using a
Feshbach resonance in the atomic case [21].

The resulting quantum dynamical equation of motion
in the truncated Wigner representation is

dψ

dτ
= i∇2ψ − 2iCψ

(
|ψ|2 − 2ε

)
+O(1/N), (4)

where ε = 1/2∆z is an ordering correction for a computa-
tional lattice spacing of ∆z. The O(1/N) term represents

higher-order differential operators in the phase-space evo-
lution equations, which are neglected here.

The quantum time-evolution dynamical equations in
the positive-P case are [5]:

dψ

dτ
=i∇2

zψ − 2iCψ+ψ2 − i
√

2iCψη (τ, z) (5)

dψ+

dτ
=−i∇2

zψ + 2iCψ+2ψ −
√

2iCψ+η+ (τ, z) ,

with independent complex Gaussian stochastic noises
η, η+, having non-vanishing correlations:

〈η (τ, z) η (τ ′, z′)〉 = 〈η+ (τ, z) η+ (τ ′, z′)〉

= δ (τ − τ ′) δ (z − z′) /
√
N. (6)

The partial differential equations were solved using
an interaction picture fourth-order Runge-Kutta (RK4)
method, using two different public-domain software pack-
ages [43, 44], with identical results. Most results given
here use the approximate truncated Wigner method, as
it has much lower sampling error for long times in this
system. These were replicated up to the first oscillation
peak with the positive-P equations, as a check on the
method.

A similar calculation has been performed in [16, 34].
This demonstrated that all four local conservation laws
are satisfied in the simulations. The time-evolution of
the density of the classical soliton system near the cen-
ter (z = 0) oscillates with constant period. However,
the true quantum condensate fragments into smaller Bose
condensates. Thus, the soliton gradually breaks up, caus-
ing quantum fluctuations on macroscopic scales.

Here we investigate the quantum correlations caused
by this instability, and their behavior in the largeN limit.
To do this we investigate soliton experiments with differ-
ent number of particles N while keeping C constant, so
the classical results are the same due to the scaling fac-
tor used to define the dimensionless fields. We note that
the characteristic 1/N scaling of the quantum noise terms
leads to the expectation that quantum noise driven insta-
bilities will occur more slowly at larger particle number.

Defining ni = n (zi) ≡ |ψ(zi)|2, the measurable quan-
tum correlations are given by the second order intensity
correlation G(2)(z1, z2) = N2〈ψ̂†(z1)ψ̂†(z2)ψ̂(z2)ψ̂(z1)〉
[45] . In terms of the Wigner ensemble averages, this
is:

G(2)(z1, z2) = N2〈n1n2 − ε (1 + δz1z2) [n1 + n2 − ε]〉W .
(7)

The normalized correlation function is given by

g(2)(z1, z2) =
〈ψ̂†(z1)ψ̂†(z2)ψ̂(z2)ψ̂(z1)〉

〈n̂(z1)〉〈n̂(z2)〉
, (8)

where we note that the product of annihilation and cre-
ation operators is expressed in terms of the Wigner rep-
resentation, so that the scaled number density is:

〈n̂(z)〉 = 〈ψ̂†(z)ψ̂(z)〉 = 〈n(z)〉W − ε. (9)
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Figure 1. Normalized second order correlation g(2)(z1, z2) for
N = 103 at τ = 1.0 (top) and τ = 5.0 (bottom). Here
CN = −8 and L = 20. Simulations have M = 512 modes,
9×104 trajectories and 9×104 time steps. The contour plots
show the region within z = ±1.78. The diagonal axis shows
the local correlation g(2)(z̄, z̄), with z̄ = (z1 + z2) /2. The
anti-diagonal axis shows the nonlocal correlation g(2)(z1, z2)
where z1 = −z2. The maximum sampling error is 10−2 and
the maximum time-step error is 10−6.

The normalized correlation function is used to ob-
serve the bunching

(
g(2)(z, z) > 1

)
and anti-bunching(

g(2)(z, z) < 1
)
amplitude of the soliton. According to

the contour plot displayed in Figure 1, for the N = 103

system, the 1D BEC soliton develops a strong bunching
region with peaks of g(2) increasing from ∼ 1.1 at τ = 1.0
(Figure 1 (top)) to ∼ 2 at τ = 5.0 (Figure 1 (bottom)).

When using the normally-ordered positive-P represen-
tation, the normally ordered averages require no ordering
corrections. In this case we define ni ≡ ψ+(zi)ψ(zi), and
one finds that G(2)(z1, z2) = N2〈n1n2〉P , and 〈n̂(z)〉 =
〈n(z)〉P . This method has no N -dependent truncation,
which allows us to confirm that truncation errors are
negligible in the Wigner predictions, at least up to
the first peak. Figure 2 shows complete agreement of
the two simulations with N = 1000, for g(2)(∆z) ≡
g(2)(∆z/2,−∆z/2). This gives nonlocal anti-correlations
and correlations at the first peak, occurring at τ = π/8.

At larger N values of N = 105, the peak value of
g(2) is significantly reduced to ∼ 1.1 at τ = 5.0, which

appears to give a weaker bunching within the soliton.
Figures 3 and 4 show the time evolution of the nonlo-
cal correlation, g(2)(∆z/2,−∆z/2) at different times, for
N = 103 and N = 105 respectively. These graphs show
that the strongest correlations occur near the peak inten-
sities, and are almost unchanged with particle number.
What changes with N is the width in time of these cor-
relations, as they remain strong for a much longer time
with smaller particle number. The large anti-correlations
at long times show that fragmentation occurs to a highly
asymmetric output, with a much larger fragment occur-
ring at +z than at −z, or vice-versa, leading to strongly
negative correlations relative to the vacuum level.
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Figure 2. Normalized second order correlation g(2)(∆z) ≡
g(2)(∆z/2,−∆z/2) for N = 103, τ = π/8. Simulations have
M = 512 modes, 9× 104 trajectories and 9× 104 time steps.
Graphs compare calculations with the truncated Wigner ap-
proximation and exact positive-P representations, showing
complete agreement within the width of the graphed lines.
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Figure 3. Time-evolution of the normalized second order cor-
relation g(2)(∆z), where N = 103, CN = −8 and L = 20.
Simulations with M = 512 modes, 9.6× 104 trajectories and
9× 104 time steps. These contours correspond to the correla-
tion along the anti-diagonal axis in Figure 1 which represent
the nonlocal correlation. The maximum sampling error is
around 0.2% of g(2)(∆z).
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Figure 4. Time-evolution of the normalized second order cor-
relation g(2)(∆z), with N = 105. Other parameters as in
Figure 3.

Next, we ask: are these simply classical correla-
tions, or do they have non-classical, quantum features?
Classical correlations obey the Cauchy-Schwarz inequal-
ity (CSI), which in terms of the second-order corre-
lation functions, G(2)(z1, z2) = 〈: n̂(z1)n̂(z2) :〉 =

〈ψ̂†(z1)ψ̂†(z2)ψ̂(z2)ψ̂(z1)〉, is given by

G(2)(z1, z2) ≤
√
G(2)(z1, z1)G(2)(z2, z2). (10)

Quantum correlations have been demonstrated with mat-
ter waves using violations of the Cauchy-Schwarz in-
equality [27]. One can introduce a correlation coefficient
CCSI = G(2)(z1, z2)/

√
G(2)(z1, z1)G(2)(z2, z2), to demon-

strate that the system possesses nonlocal fluctuations
that are stronger than any possible classical fluctuations,
when CCSI > 1 [27, 30, 45, 46]. For a system of identi-
cal bosons, the CSI is violated if the coefficient CCSI is
greater than unity. A violation also implies that entan-
glement exists [47]. In our simulations, we find small CSI
violations (of order 10−3 at most) which may not be ob-
servable but are nonetheless suggestive of entanglement.

In fact, we are able to illustrate the existence and ori-
gin of a very strong entanglement directly associated with
the nonlocal correlations, given the BEC is a pure state.
For a laboratory-prepared BEC, this is a good approxi-
mation. If we label the states for locations with x < 0
and x > 0 as |ψ−〉 and |ψ+〉 respectively, then entangle-
ment exists between the two locations if it is not possible
to write in the factorized form |ψ〉 = |ψ−〉|ψ+〉. Ow-
ing to super-selection rules for massive bosons [48, 49],
the pure state for the system is in an eigenstate of to-
tal particle number Ntot = N− + N+, N± being the
particles with x ≷ 0. Hence we can write the over-
all state in terms of states for the two locations, as
|ψN 〉 =

∑N
n=0,1,.. cn|n〉−|N − n〉+, where cn are prob-

ability amplitudes. We see that there is always entan-

glement unless only one cn is nonzero, in which case
the number difference ∆N = N̂+ − N̂− is zero. Hence,

(∆N)
2

=

〈(
N̂+ − N̂−

)2〉
6= 0 is an immediate proof of

entanglement.
A typical number-difference variance result is shown

in Fig (5), using the exact complex P-representation
method with an initial pure number state. There is a
small and nearly unobservable entanglement even ini-
tially, due to the nonlocal character of a pure Fock
state. This rapidly grows by more than an order of
magnitude at the first density maximum. Noting that
〈∆N〉 = 0, the dramatically increasing variance in ∆N
with time indicates an increased weighting in the entan-
gled state |ψN 〉 of the states with a larger number differ-
ence ∆N . The associated entropy of entanglement given
by S = −

∑
n P (n) log2 [P (n)] where P (n) = |cn|2 is also

nonzero, but thus does not give information about the
relative contributions of the states with different ∆N .
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Figure 5. Time-evolution of the normalized number differ-
ence variance, 〈(∆N)2〉/N , with N = 5× 103, demonstrating
creation of an entanglement due to states with a larger num-
ber difference ∆N with time. The simulations have M = 256
modes, with 5× 104 trajectories and 104 time steps. The
two lines plotted are the ±σ bounds due to the finite sam-
pling error. The solid lines use a pure initial number state
and the exact complex-P representation. An initial Poisso-
nian state gives virtually identical results, using either an ex-
act positive-P integration (dashed lines), or the approximate
Wigner method (dotted lines).

The calculation was carried out efficiently with a com-
plex von Mises distribution for the initial P-function,
as recently used to analyze boson sampling experiments
[50, 51]. These results also agree within sampling er-
ror with quantum simulations from a Poissonian initial
condition, using either an exact positive-P or truncated
Wigner method.

Figure (6) shows how the normalized variance changes
on much longer time-scales. The approximate truncated
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Figure 6. Long time evolution of the normalized number dif-
ference variance, 〈(∆N)2〉/N , with N = 103, demonstrating
oscillation and increasing weights in the entangled state |ψN 〉
of states with a larger number difference ∆N . Simulations
have M = 256 modes, 5× 104 trajectories and 3× 104 time
steps. The lines are from a Poissonian initial state integrated
with the approximate Wigner method, as in the previous fig-
ure, with much longer time-evolution.

Wigner method is used for this, as the other methods
have large sampling errors on long time-scales. The two
results plotted have N values that differ by a factor of 5,
but nearly scale-invariant normalized correlations.

To summarize, our quantum dynamical calculations
predict very strong nonlocal anti-correlations in 1D BEC
soliton breathers as they fragment. The oscillatory de-
cay of the nonlocal correlation depends on the particle
number N , with the position and the amplitude of the
correlation peak being relatively stable at large N , but
with a reduced peak width. There is also an extremely
strong nonlocal entanglement, as demonstrated by an ex-
act positive-P simulation using both number state and
Poissonian initial conditions. We interpret this as a gen-
eration of entangled, correlated pairs of daughter soli-
tons, which starts to occur as soon as the first peak. At
subsequent peaks we find that the correlation becomes
even stronger, indicating that it should be readily ob-
servable.
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