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High-order harmonic generation stands as a unique nonlinear optical up-conversion process, me-
diated by a laser-driven electron recollision mechanism, which has been shown to conserve energy,
momentum, and spin and orbital angular momentum. Here we present theoretical simulations which
demonstrate that this process also conserves a mixture of the latter, the torus-knot angular momen-
tum J, by producing high-order harmonics with driving pulses that are invariant under coordinated
rotations. We demonstrate that the charge J, of the emitted harmonics scales linearly with the har-
monic order, and that this conservation law is imprinted onto the polarization distribution of the
emitted spiral of attosecond pulses. We also demonstrate how the nonperturbative physics of high-
order harmonic generation affect the torus-knot angular momentum of the harmonics, and we show
that this configuration harnesses the spin selection rules to channel the full yield of each harmonic
into a single mode of controllable orbital angular momentum.

Nonlinear optical processes offer the unique possibil-
ity of mediating interactions and transferring energy be-
tween modes of the electromagnetic field at different fre-
quencies [1]. When this transfer happens in a symmetric
medium, the interaction will also carry the symmetry’s
conserved charge to the recipient mode [2, 3], so one can
e.g. combine two photons with well-defined orbital an-
gular momentum (OAM) [4] to make a single photon at
twice the frequency and twice the angular momentum [5].
The few-photon exchanges of perturbative nonlinear op-
tics, however, have a relatively limited scale and com-
plexity in comparison to high-order harmonic generation
(HHG) [6, 7], where strong-field interactions can produce
harmonics with photon energy hundreds or thousands of
times larger than the driver [8]. HHG is a nonperturba-
tive phenomenon which is best understood using a semi-
classical picture: an ionized electron is accelerated back
to its parent ion, emitting high-frequency light in the
ensuing recollision [9-11]. Despite the lack of a photon-
exchange model, HHG is often regarded as a paramet-
ric process, and its conservation properties have been
explored extensively as regards energy [12], linear mo-
mentum [13], and orbital and spin angular momentum

(SAM) [14-21,22-26].

The individual symmetries associated with these con-
servation laws of the electromagnetic field can be com-
posed in nontrivial ways to make new ones. This is the
case for coordinated rotations (CRs): symmetry trans-
formations in which the spatial dependence of the field is
rotated by an angle 6§ about the propagation axis, while
the light’s polarization is rotated by v6 around the same
axis, v being a coordination parameter. CRs are gener-
ated by the linear combination J, = L+4+.S of the orbital
and spin angular momenta, L and S, which are otherwise
independently conserved in the paraxial regime [27]. For

monochromatic light, ~ is restricted to integer or half-
integer values [28,29], with the latter case imparting on
the field the topology of a Mdbius strip [30-32]. How-
ever, when the monochromatic restriction is lifted, v can
take arbitrary values and still admit invariant states of
the field [33], since polychromatic combinations can have
polarization states with higher-order internal rotational
symmetries.

One particularly relevant example is the three-fold-
symmetric trefoil field present in the ‘bicircular’ HHG
configurations [22-26, 34-41] used to produce circularly-
polarized harmonics. This field consists of two counter-
rotating circularly-polarized drivers at different frequen-
cies, and exhibits the same configuration after a polar-
ization rotation by an angle 27 /n, with n > 3. If we then
add different OAM to the two drivers, this polarization
rotation can be realized over a 27 rotation of the spa-
tial dependence. The resulting field, which carries both
SAM and OAM, but is not an eigenstate of either, has
the topology of a torus knot: when the polarization and
spatial dependences of the field are unfolded, the trefoil
tips trace out a knotted curve embedded on the surface
of a torus [33]. With suitable choices of the OAM and
frequency of the two components, any arbitrary torus
knot [42] can be achieved. Moreover, this topology mir-
rors the subgroup of the independent-rotations group
SO(2) x SO(2) generated by the torus-knot angular mo-
mentum (TKAM) J, = L+~ [33].

In this work, we show that the topological charge J,
is conserved in high-order harmonic generation for any
arbitrary rational coordination parameter v € Q [43],
providing an infinite family of topological charges (corre-
sponding to an infinite family of dynamical symmetries)
that are preserved by the nonperturbative nonlinear in-
teraction. We show that this spin-orbit linking appears
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High-harmonic generation driven by a torus-knot beam. The combination of counter-rotating circular beams at

frequencies w and 2w with different OAM and therefore different azimuthal phase gradients ((a), with optical phase as the
hue color scale) produces a bicircular trefoil polarization which rotates and acquires a delay over azimuthal displacements (b).
Here, with ¢; = ¢ = 1, tracking one lobe over an azimuthal loop around the beam axis (black dots) produces a 120° rotation,
which induces the topology of a torus knot [33], as well as a time delay within each trefoil (arrows). When this combination
incides on a gas jet at high intensity (c), the attosecond pulse trains produced share the coordinated-rotation invariance of the
driver, so that the emission at different azimuthal points is related by a time delay and a rotation of the polarization.

in the time domain as a structured spiral of attosecond
pulses, that it opens a new window for the exploration of
nonperturbative effects in harmonic generation, and that
it provides an XUV light source with controllable OAM.

To demonstrate this conservation property, we study
HHG driven by TKAM beams that are invariant under
coordinated rotations with a mixing parameter v € %Z.
This configuration corresponds, as we will show below, to
a bicircular field consisting of two beams at frequencies w
and 2w, with counter-rotating right- and left-handed cir-
cular polarizations, ¥D) and C, and carrying independent
OAM, ¢y and /5, respectively, as shown in Fig. 1. The
OAM of the drivers determines the mixing parameter
under which the bicircular beam is CR-invariant, so that
the two components carry a TKAM of js,l) = /{1 4+ and
J( ) = 2], = (5 — v, respectively [44]. (The drivers are
required to carry different TKAM to have identical CR
dynamical symmetries, since phase and time delays corre-
spond differently at different frequencies.) Within that
framework, then, the TKAM conservation is expressed as

i = q5M, (1)

i.e. in the linear scaling of the J, charge carried by the

b harmonic with the harmonic order gq.

In this configuration, the local field at each point in the
beam is the usual bicircular trefoil [22], so that each atom
in the target emits harmonics in circularly-polarized dou-
blets with opposite helicities: ¥D-polarized harmonics at
frequencies (3n + 1)w, and C-polarized harmonics at
(3n — 1)w; in the time domain, the emission forms a
train of attosecond pulses with linear polarizations at
120° from each other [35, 38]. The orientation of this local

trefoil, given by the relative phase between the two com-
ponents rotates around the beam, as shown in Fig. 1(b).
Thus, the dynamical symmetry of the driving field F is

R(ya)F (R Ya)r,t) = F(r,t + Ta), (2)

where 7 is a time-delay constant and the angle «
parametrizes the transformation. Here the rotations act
on the circular polarization basis 1 = %(éx +ie,) and
on the spatial dependence via

R(ya)ér = eT%6,  and (3a)

R Ya)(r,0,2) = (1,0 — a, 2), (3b)

i.e. as an active and a passive transformation, re-

spectively, with the polarization rotation R(y«) acting
through a fraction ya of the spatial rotation angle a.

Our driving field consists of two components with well-

defined SAM and OAM,
=Re [F1é4 f1(r, z)e”lee_i“’t] (4a)
= Re [Fhé_ fo(r, z)eiz?ee*%“’t] , (4b)

Fl (I‘, t)
FQ (I‘, t)

each of which satisfies separate orbital and spin invari-
ance properties

R(vya)Fq(r,t) =Fi(r,t +ya/w), (5a)
Fi(R Y a)r,t) = Fi(r,t + la/w), (5b)
R(ya)Fay(r,t) =Fy(r,t — ya/2w), (5¢)
Fo(R™Ya)r,t) = Fo(r,t + lra/2w). (5d)

The correct CR invariance of the system can then be
found by requiring that the combined time delay imposed
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FIG. 2. Simulated HHG spectra of the right and left-polarized
components (shown in red and blue, respectively) driven by
a bicircular field with £; = £2 = 1. We compare the (a) OAM
and (b) TKAM spectra, with v = —1/3, as a function of the
harmonic order. We calculate the OAM spectrum by taking
a standard Fourier series over the azimuthal dependence and
integrating over the radial dependence. For the TKAM spec-
trum the OAM charge of the ¥D- and C-polarized components
is shifted by ~ times their SAM. The conservation of TKAM
is clear in the linear trend shown in (b).

by Egs. (5a, 5b) matches that produced by the combina-
tion of Egs. (5¢,5d), so that
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with a time-delay constant 7 = %. This then sets the

TKAM charge jﬁ(yn) for each driver, defined in analogy to
the OAM charge in Egs. (5b, 5d) by requiring that

R(ya)F, (R Ya)r,t) = F(r,t + jMa/nw),  (7)

to be j) = nwr = nftle [45].

Turning to the HHG radiation, we can now see the con-
served TKAM charge in action, via the standard corre-
spondence between dynamical symmetries and conserved
charges, and their associated selection rules [46,47].
Since in our configuration the application of a CR to the
driving field is equivalent to a time delay, via Eq. (2),
and the gaseous generating medium is unaffected by the
transformation, the same must be true for the emitted
HHG radiation. With the XUV emission’s TKAM charge
defined as in Eq. (7), the CR invariance then guaran-
tees the conservation of the TKAM charge as expressed
in Eq. (1).

To explore the conservation of TKAM in HHG, we
perform numerical simulations of HHG by solving the

wt

FIG. 3. Twisted-spiral structure of the attosecond pulse train
emitted by CR-invariant bicircular drivers at ¢1 = {2 = 1,
as in Fig. 2. (a) Iso-intensity surface of the HHG emission,
filtered above harmonic order 10, over the far-field diver-
gence Cartesian coordinates z and y, with the color denot-
ing the local polarization direction as in (b). (b) Polariza-
tion angle of the attosecond pulses over azimuthal emission
angle 6, obtained from the time-windowed T52(r,t) field mo-
ment of Eq. (8) with 0 = 15°/w and integrated over angu-
lar divergence, with %arg(ng (r,t)) plotted as the hue and
|T22(r, t)| (which closely follows the XUV intensity) as the
color saturation. The polarization angle rotates by —120°
over each turn of the spiral, directly confirming the v = —1/3
rotation-coordination parameter of the beam. At each fixed
0, the polarization jumps over three complementary colors
such as blue-green-red (dashed line) or cyan-yellow-magenta
(dot-dashed line), showing the local polarization structure as
a train of linear pulses at 120° from each other.

Schrodinger-Maxwell equations for a sample of atoms in
the interaction region within the SFA+ approximation
and using the electromagnetic field propagator described
in Ref. 48; further details of our method can be found in
Refs. 15,17, 49.

We consider the harmonic emission driven by a bi-
circular field with ¢4 = ¢ = 1, as shown in Fig. 1,
equal beam waists of 30 um, and pulses of total inten-
sity I = 2 x 10 W/cm?. The w and 2w driving pulse
envelopes are modelled as a trapezoidal function with
5.3fs linear on- and off-ramps and 10.7fs of constant
amplitude. Harmonics are generated in a thin-slab ar-
gon gas jet and propagated to the far-field (i.e. longitudi-
nal phase-matching effects are neglected, since transverse
phase-matching effects are dominant [17,49]).

We present our results in Fig. 2, by comparing the
(a) OAM and (b) TKAM spectra of the circularly polar-



ized components of the HHG emission as a function of
harmonic order. Since in this configuration ,jf,l) = 2/3,
following Eq. (1) the ¢'" harmonic exhibits a TKAM of

0 = 24 (so e.g. jﬁ,m) = 26 and ;1M = 2 and, fol-

lowing the definition of the TKAM, its OAM would be
l = qu) — Sy = (2¢ £1)/3 for right- (+) and left-
(—) polarized harmonics (therefore giving ¢13 = ¢14 = 9,
in agreement with the results of Refs. 41,50).  Thus,
while the OAM behaviour can be explained using photon-
counting methods, the spectrum is much easier to under-
stand via the TKAM conservation law, which is embod-
ied in the linear trend observed in the TKAM spectrum,
as in Eq. (1). A similar conservation law, with v = 1/2,
can also be observed in HHG driven by monochromatic
CR-invariant beams [51].

The CR invariance can also be seen in the time domain:
similarly to OAM-beam HHG, where a spatial rotations
are equivalent to time delays and the attosecond pulse
train (APT) forms a spiral [15, 18, 49], the addition of a
polarization rotation means that here the spiral also has
a twisted-polarization structure [51]. We present this in
Fig. 3(a), using an isosurface plot for the XUV intensity
and the color scale to represent the polarization direction,
which twists smoothly along the attosecond pulse spiral.

To study this polarization structure quantitatively, we
require a measure of the absolute orientation of the APT
at different azimuthal points in the beam—and, ide-
ally, one which is sensitive to the pulse train’s struc-
ture as a sequence of linearly-polarized pulses at non-
trivial angles 35, 38]. For monochromatic radiation, the
polarization ellipse orientation angle is obtained via the
eigenvectors of the polarization matrix (E;E;) [52] or,
equivalently, as the phase of the quadrupole component
Ty = [ (Eo(t)+iE,(t))?dt [33]. The symmetry of our
APT means that the average orientation is undefined, so
we use a time-windowed version [53],

Tya(r.1) = / (BS™) (r, ) + B0 (e, )2 (8)

—00

% e—(t’—t)2/202dt/’

from which the local polarization orientation angle can
be obtained as § arg(T2(r,t)) [54]. Thus, for example, a
linearly polarized pulse along &, produces a positive Ths,
an &, polarization gives a negative moment, and there is
a continuous passage between the two behaviours.

The time-windowed quadrupole moment, which we
plot in Fig. 3(b), clearly shows the twisted-spiral struc-
ture of the XUV emission: the amplitude is constrained
to two strips that wind around the azimuthal axis, acquir-
ing a time delay of 47 /3w after one revolution, while the
polarization direction, indicated by the hue color scale,
turns by —120° over that span, in an essentially linear
progression. This directly confirms the CR invariance of
the HHG emission, in the sense of Eq. (2), and, with that,
its nontrivial torus-knot topology.

Here it is also instructive to broaden our scope to con-
sider what happens when the coordinated-rotation in-

yield (arb.u.)

1 I(b) perturbed: ¢ =1 (90%), ¢ =0 (10%), in phase

1072
10

10°°

yield (arb.u.)

10°%

1 g (c) perturbed: £ =1 (90%), ¢ =0 (10%), out of phase

1072

1074

10°°

yield (arb.u.)

107

6 7 8 9 10 11 12 13 14 15 16 17 18 19
OAM

FIG. 4. OAM spectrum of the HHG radiation driven by a
bicircular field with 1 = ¢ = 1 (a), as in Fig. 2, as well as
with a 10% intensity perturbation on a donut-like £ = 0 mode
on both drivers: (b) with both perturbations in phase, with
matching intensity profiles, and (c) with the perturbations in
opposite phase, with complementary intensity profiles. (The
lines are color-coded by harmonic order, as in (a).)

variance gets broken, by perturbing the OAM of one
or both of the drivers. For single-color driving fields,
this fully brings into play the nonperturbative physics
of HHG, through the intrinsic dipole phase of the har-
monics, which is proportional to the field intensity [55—
58]. In that case, an OAM perturbation imprints an az-
imuthal intensity gradient which, through the intrinsic
phase, broadens the OAM content of each harmonic [17].
Bicircular drivers, on the other hand, allow us to per-
form a wider exploration of the nonperturbative physics
of OAM-HHG, since we can now affect both the field
intensity and its shape.

To impart an intensity gradient, as in the single-color
case, we divert 10% of the intensity to a donut-like £ = 0
mode (with an amplitude profile ~r2¢=""/?") on both
modes; the results are displayed in Fig. 4(b) and, as
in the one-color case [17], they display an OAM broad-
ening on each harmonic. To impart a phase gradient,
on the other hand, we switch the phase of one of the
¢ = 0 modes, so that the intensity profiles are comple-
mentary, giving a constant total intensity but a varying
1, /I, intensity ratio. This produces a smaller broad-
ening, shown in Fig. 4(c), with a different origin: the
intensity ratio affects the quantum-path dynamics [40],
which alters both the action and the vector aspects of
the recollision [39]. Note that similarly, even in the
unperturbed case, quantum-path dynamics and phase-
matching effects should contribute to radial structures in



the HHG emission [49, 59].

Finally, it is important to note that this configuration
also allows for the production of XUV radiation with
controllable OAM, as recently pointed out in Refs. 41,
50,60. In single-color collinear experiments the OAM
scales linearly [16-18], with the gth harmonic carrying
OAM ¢, = g¥ [15,17]; for high ¢, this OAM is often
too big to be useful, and it is challenging to detect and
characterize in the first place [16,61]. One solution is to
use a non-collinear perturbing beam [16, 19, 20|, but that
spreads the harmonic yield over a range of different OAM
modes.

Here, however, the use of CR-invariant drivers allows
us to imprint the ¢** harmonic with an arbitrary OAM Ly
by leveraging the bicircular spin selection rules [22, 24, 46]
to concentrate all of the harmonic yield at a given har-
monic order into a single OAM mode. Moreover, the in-
teraction region is no longer constrained to lie within the
intersection of two non-collinear beams, allowing it to be
substantially longer and therefore to support a stronger
harmonic emission when properly phase-matched.

The generation of structured high-frequency pulses
through TKAM conservation provides a source of bright
XUV radiation with customized polarization and OAM.
For example, it opens a scenario to explore spin-orbit
coupling at the nanoscale [62], and to study the modifi-
cation of photoionization dynamics of single atoms and
molecules [63, 64]. Such XUV beams with controlled an-
gular momenta can also be used to enhance light mi-
croscopy — through high-contrast high-resolution spiral-
phase imaging [65] or XUV microscopy [16] —, in lithog-
raphy [66], and as tailored waveforms for developing and
improving spectroscopic techniques [67,68]. Finally, we
note that TKAM conservation in HHG provides a new

tool to study ultrafast magnetism, in particular to image
magnetic domains [69], to uncover spin/charge dynam-
ics in magnetic materials [70] and to generate ultrafast
magnetic fields [71].
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