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Interactions between electrons and photons are a source of rich physics from atomic to astronomical scales.
Here, we examine a new kind of electron-photon interaction in which an electron, modulated by light, radiates
multiple harmonics of plasmons. The emitted plasmons can be femtosecond in duration and nanometer in
spatial scale. The extreme sub-wavelength nature of the plasmons lowers the necessary input light intensity
by at least four orders of magnitude relative to state-of-the-art strong-field processes involving bound or free
electrons. The results presented here reveal a new means of ultrafast (10-1000 fs) interconversion between
photonic and plasmonic energy, and a general scheme for generating spatiotemporally shaped ultrashort pulses
in optical materials. More generally, our results suggest a route towards realizing analogues of fascinating
physical phenomena like nonlinear Compton scattering in plasmonics and nanophotonics with relatively low
intensities, slow electrons, and on nanometer length scales.

Intense optical fields drastically modify the light emission
properties of electrons in atomic, molecular and solid-state
systems. This modification arises from the fact that the emit-
ting electrons are dressed by the driving field, thus altering
their basic physical properties such as energy and momen-
tum [1–9]. At sufficiently large driving fields (the strong-
field regime), one can induce radiative processes such as high-
harmonic generation (HHG) [10–13] and nonlinear Compton
scattering (NLCS) [14–16]. In HHG, a strong driving field
causes electrons in atoms and molecules [17–22], or in solids
[23–28], to absorb many photons and emit very high harmon-
ics of the driving field. This process is very attractive for
producing bright attosecond pulses of high-energy photons in
the UV to soft x-ray range. In NLCS, it is not a bound elec-
tron but a relativistic free electron, which is interrogated by a
strong optical field [14–16]. The result is the conversion of
many driving photons into a Doppler-shifted photon and its
harmonics (as many as 500 [16]).

Common to HHG and NLCS is the fact that the emission is
into the electromagnetic modes of free space. It is both natu-
ral and interesting to consider whether these strong-field phe-
nomena could be adapted such that electromagnetic energy
is emitted into a general optical medium, e.g. a nanostruc-
tured surface, which fundamentally alters the nature of light
emission [29–34]. However, achieving strong-field emission
phenomena in an optical medium is difficult. This is because
processes like HHG and NLCS [35, 36] require very strong
fields, which inevitably create complications such as material
nonlinearities and material damage.

Here, we propose laser-driven electron modulations near
materials supporting nano-confined modes as a means to
demonstrate strong-field effects in nanophotonics. In particu-
lar, we present a means to generate multiple high harmonics
of plasmons from incident light intensities over four orders of
magnitude lower than would have been required for an equiv-
alent strong-field effect in free space (such as NLCS). The re-

duced intensities needed are a direct result of the extreme spa-
tial confinement of the plasmons emitted. This allows us to ac-
cess highly nonlinear free-electron emission in nanophotonic
systems at driving fields well below internal atomic fields and
below the damage threshold of the relevant materials. In par-
ticular, we predict significant generation of multiple high har-
monics of graphene plasmons with pump fluences on the order
of 1-10 mJ/cm2 (compared to a damage threshold of around
66-100 mJ/cm2 [37]). The ability to access strong-field pro-
cesses in nanophotonics provides a fundamentally new mech-
anism for coupling between different types of electromagnetic
quanta with free electrons (e.g., photons and plasmons).

The scenario we consider is illustrated in Fig. 1(a), where
a single electron with initial velocity v ≡ cβ travels along
the z-direction near a plasmonic film illuminated by a strong
laser field of frequency ωi and wavevector ki (c being the
speed of light in free space). Due to the translational invari-
ance of the film, the laser alone does not couple to plasmons
in the film. The proximity of the electron to the plasmonic
film allows the electron to spontaneously emit plasmons of
wavevector q and frequency ωq, traveling in the yz-plane at

an angle θ = cos−1
(

q·v
qv

)
relative to the z-direction. Hence-

forth, unbolded, italicized counterparts of bolded variables de-
note the magnitude of the respective vectors (e.g. q = |q|). By
spontaneous emission (as opposed to stimulated emission), we
mean that the plasmon is emitted in the absence of a driving
plasmonic field. Here, we consider a normally incident, y-
polarized laser pulse (see Figs. 1(a,b)). We show in the Sup-
plementary Information (SI) that our conclusions generalize
to other parameter choices.

The mechanism of plasmon emission can be understood
both in classical and quantum mechanical terms. In classi-
cal terms, the field modulates the electron trajectory and this
undulatory motion induces plasmon emission. In quantum
terms, the electron stimulatedly absorbs and emits multiple
photons of the driving field, causing the electron to sponta-
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FIG. 1: Multi-harmonic plasmon generation by optically modu-
lated free electrons. (a) An intense pulse is incident on an electron
moving in the vicinity of a medium supporting highly confined plas-
mons. The electron converts multiple driving photons into a single
plasmon. (b) Top-down view of the scenario in (a). (c) Diagram-
matic depiction of ways in which a driving laser can cause plasmon
emission by an electron. The many diagrams can equivalently be
considered as a first-order transition between laser-driven electron
(Floquet) states.

neously emit a plasmon, as illustrated in Fig. 1(c). The fre-
quency of the emitted plasmon, even for fixed angle of emis-
sion, depends on the number of quanta of the driving field
stimulatedly absorbed or emitted. Thus, for any given angle,
there will be plasmons of multiple frequencies (“plasmon har-
monics”) emitted.

We now determine the intensity of plasmon emission by
first considering the laser-driven electron states, which are the
Floquet states of the time-periodic Hamiltonian describing the
interaction of the electron with the driving laser. That Hamil-
tonian is H = (p+eA)2

2m , with e the magnitude of the electron
chage and m its mass. This Hamiltonian couples the electron
momentum operator p to the driving vector potential, which
in this case is given by A = A0 cos(ωit)ŷ. The laser-driven
electron states are given by

ψk(r, t) =
eikyy+ikzz−i ~k2

2m t

√
A

×

exp

[
− i
~

(
e2A2

0

4m
t+

eA0~ky
2mωi

sin(ωit) +
e2A2

0

8mωi
sin(2ωit)

)]
,

(1)

where ~ is Planck’s constant, k = (ky, kz) is the wavevec-
tor of the laser-driven electron state, and A is a normalization
area. The driving field confers upon the electron an energy
spectrum consisting of discrete energies ~2k2

2m + n~ωi, with
n being any integer. We now examine the coupling of these
laser-driven electron states to the quantized electromagnetic
field describing the plasmons.

While the mechanism we propose applies to general nano-
optical systems, we assume henceforth for concreteness that
the plasmonic film in Fig. 1(a) is graphene. The extreme light
confinement possible with graphene plasmons makes it possi-
ble to achieve wavelengths over 200 times shorter than the cor-
responding wavelength of light in free-space [38–47]. For re-
alistic plasmonic losses and wavelengths, the plasmonic field
operator is well-described [34] by a quantized scalar poten-
tial written as an expansion over evanescent plasmon modes

[38, 40, 47]:

φ(r, t) =
∑
q

√
~ωq

4ε0qA

(
eiqyy+iqzz−qx0−iωqtaq + h.c

)
,

(2)
with ε0 being the permittivity of free space, q = (qy, qz)
being the plasmonic wavevector, ωq being the plasmon fre-
quency set by the dispersion relation of graphene plasmons,
and x0 being the out-of-plane position of the electron. For
non-relativistic electrons, the effects of magnetic fields are
negligible and x0 becomes a classical constant of motion. In
writing Eq. (2) this way, we have assumed that we operate in
a regime where graphene’s optical response is linear [68].

We calculate the rate of transitions from an initial state com-
prising a laser-driven electron state to a final state compris-
ing a different laser-driven electron state and a single plasmon
(Fig. 1(c), bottom right). As a result, we obtain a fully ana-
lytical expression for the rate of plasmon emission Γ per unit
frequency ωq and angle of propagation θ, dΓ

dωqdθ . It is ex-
pressed as a sum over the discrete orders n, each term given
by

dΓn
dωqdθ

=
αωqe

−2qx0

βg,q
J2
n(ξ)sinc2[(ωq − qv cos θ − nωi)T ],

(3)
with α the fine-structure constant, βg,q the group velocity of
the graphene plasmon mode, v the magnitude of the electron
velocity, T the interaction time, Jn being the Bessel function
of the first kind of order n, and ξ ≡ qeE0

mω2
i

sin θ, with E0 =

ωiA0 being the amplitude of the driving electric field. These
expressions are derived in detail in the SI both in a quantum
manner and in a classical manner. These two distinct methods
of calculation agree when the energy and momentum imparted
to the electron by its interaction with photons and plasmons is
weak, as is the case for the examples considered in this work.

In Fig. 2, we show the rate of plasmon emission per unit
frequency and angle of propagation. In doing so, we have as-
sumed that the graphene is described by a 2D Drude model.
In such a model, the dispersion relation is q = n(ω)ωc with
n(ω) = εr+1

4α
~ω
Ef

, where n(ω) is the effective index of refrac-
tion (or confinement factor), εr is the substrate permittivity, α
is the fine-structure constant, and Ef is the magnitude of the
Fermi energy of graphene [38, 40, 41]. Our conclusions are
general and do not depend critically on this assumption.

A striking new feature associated with plasmon emission in
a strong field is the presence of many discrete spectral peaks
at positions given by the zeros of the sinc function in Equation
(3): ωq−qv cos θ = nωi. Note that the plasmon harmonic fre-
quencies are generally not evenly spaced due to a combination
of strong plasmonic dispersion and Doppler shifts caused by
the finite velocity of the electron. Equal spacing is achieved in
the case where v = 0 or when the plasmon frequency is linear
in the plasmon wavevector in the frequency range of interest.
In the SI, we show through energy-momentum considerations
that n can be interpreted as the number of driving laser pho-
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FIG. 2: Multi-harmonic plasmon generation using relatively
weak fields. Normalized plasmon emission rate for plasmon emis-
sion angle θ = 1.1 rad, as a function of driving field and emitted
plasmon frequency. For fields of 500 MV/m, we already find that
conversion of photons into plasmons is nearly as probable as emis-
sion of plasmons with no influence from the driving field.

tons absorbed by the electron (if n is positive) or stimulatedly
emitted (if n is negative). The labels on the peaks in Fig. 2
correspond to this net number of photons absorbed (or stim-
ulatedly emitted) in the emission of a single plasmon. This
scheme is also shown in Fig. 1(c) [69].

For weak fields of 100 MV/m (top panel of Fig. 2), the
spectrum is dominated by the zero order peak, correspond-
ing to plasmon emission by a free electron in the absence of
any driving field (sometimes called plasmonic Cherenkov ra-
diation [48, 49]). At 1 GV/m (bottom panel of Fig. 2), the
plasmon spectrum becomes quite intricate, with higher-order
processes greatly surpassing the zeroth order process, which
dominates at weaker fields. The large frequency and wavevec-
tor widths (∆ωq and ∆q respectively) of the peaks at 1 GV/m
will correspond to fast temporal variations on the order of

1
2∆ωq

≈ 1 fs and spatial variations on the order of 1
2∆q ≈ 1

nm. Due to the extreme spatial confinement of the emitted
plasmons, the resulting plasmon wavelengths (e.g., 10 nm for
the -8 peak at 160 THz) are comparable to photon wavelengths
of extremely high harmonics (50-100) in conventional HHG.

The mechanism of multi-harmonic plasmon generation due
to a strong driving laser field that we study here is quite dis-
tinct from HHG and plasmon-enhanced HHG of light [20]
in that emission is into a plasmon rather than the far-field
[70]. The process considered in this work is also distinct
from effects in photon-induced near-field electron microscopy
(PINEM) [2–6, 9, 50] and the related electron energy-gain
spectroscopy [51, 52]. PINEM involves the energy gain and
loss of an electron due to multiple absorption and stimulated
emission of a driving field, with effects of spontaneous emis-
sion seldom considered [53, 54]. These differences are dis-
cussed in SI section ”Relation to photon-induced near-field
electron microscopy”.

Eq. (3) allows us to derive a quantitative estimate of the
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FIG. 3: Frequency and angle spectrum of multi-harmonic plas-
mon generation Colormap of the number of photons emitted per
unit plasmon frequency per unit plasmon angle as a function of fre-
quency and angle for a β = 0.02 electron. The electron 5 nm away
from the graphene sheet (doped to -0.5 eV Fermi energy) interacts
with a laser field of frequency 16 THz for 250 fs with a field inten-
sities between 100 MV/m and 5 GV/m. The graphene is assumed
to be on an optically transparent substrate with an index of refrac-
tion of 2. For strong fields, there can be a relatively high probability
of plasmon emission accompanied by the absorption or stimulated
emission of multiple (as many as 10) driving photons. Overlaid on
the colormaps (dashed cyan lines) is the relation between plasmon
angle and plasmon frequency prescribed by Equation (3).

field amplitudes E0 at which higher-order (i.e., |n| ≥ 1, or
multiphoton) effects become prominent. It is E0 such that
ξ & 1. Physically, ξ & 1 is equivalent to saying that the
amplitude of the electron modulation from the driving field
is comparable to the wavelength of emitted electromagnetic
wave, leading to an impedance matching between the emitter
and the emitted plasmon, which is known to enhance typically
inefficient emission processes [34, 56–59]. For a graphene
plasmon wavelength of 70 nm (as in [60] for example) and
an emission angle such that sin θ ≈ 1, ξ = 1 corresponds to
E0 on the order of 500 MV/m, entirely in line with the results
found in Fig. 2. If the emission were into a free-space photon
of the same frequency, the field needed for ξ = 1 would be
over 50 GV/m (corresponding to an intensity of about 300
TW/cm2), which is comparable to atomic scale fields. Fig. 2
along with Equation (3) represent the main result of this work.

In Fig. 3, we expand on Fig. 2 by presenting the full plas-
mon frequency and plasmon angle dependence of the plas-
mon emission spectrum of Equation (3). Overlaid on the col-
ormap are lines corresponding to the solutions of the equation
ωq − qv cos θ = nωi. The full phase-space dependence of
the spectrum reveals two major features. The first is that un-
like the order zero process, which can happen in the absence
of a driving field, higher-order processes have zero proba-
bility to occur when the plasmon is emitted along the direc-
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tion of the electron velocity. This is reflected by the factor
J2
n( qeE0

mω2
i

sin θ), which is zero when n 6= 0 and θ = 0. The
second feature is that unlike the plasmon emission that occurs
in the absence of a strong field (namely, plasmonic Cherenkov
radiation), here plasmons can be emitted in directions oppo-
site the initial electron velocity (i.e., π2 < |θ| < π). We denote
these regions as “backward radiation” (or emission) in Fig.
3. This is noteworthy, as all known schemes for backwards
emission in a medium require modes with effective negative
indices arising from metamaterials [61–64]. Here, all modes
have a positive index but the electromagnetic wave can prop-
agate backwards.

In Fig. 4, we elaborate on the timescale of plasmon emis-
sion into different integer bands by plotting the plasmon emis-
sion rate Γ into each band (0, ±1,±2,±3,±4,±5) as a func-
tion of the driving field. For weak driving fields, the emission
rate into the |n| order follows a power law E

2|n|
0 ∼ I |n|, with

I being the driving intensity. As a result of this, the differ-
ent orders are separated in rates by many orders of magnitude
for weak fields. For example, for a field of 100 MV/m, the
zero order conventional Cerenkov and the fourth order emis-
sion process differ by nearly sixteen orders of magnitude. On
the other hand, once the field approaches 1 GV/m, even the
seemingly unlikely fifth order process (four photons + one
plasmon) occurs on nearly picosecond timescales. The field
scaling of the lifetimes at these strong fields is no longer a
power law; a clear hallmark of a non-perturbative regime. For
additional context, we note that the corresponding rate of pho-
ton emission into the far field is much lower than the plasmon
emission rate in this study. Consider an electron moving at a
normalized speed of β = 0.02 in a 16 THz field of amplitude
5 GV/m. The rate of photon emission (called Thomson scat-
tering in this case) is estimated by the Larmor formula to be
4 × 108 s−1, much less than the value of about 1013 s−1 for
the order±1 processes induced by the same drive (see Fig. 4).

In the SI, we generalize the scenario studied here to cases
where the electron is relativistic, the light polarization is not
restricted to point along the y-axis, and the incident photons
propagate in an arbitrary direction. We mention that in this
last case, the emitted plasmons satisfy the more general dis-
persion relation ωq − q · v = n(ωi − ki · v).

In summary, we found that non-relativistic electric field
strengths (MV/m-GV/m) are sufficient to generate high har-
monics of plasmons. Our findings go against the perturbative
wisdom that the emission in a medium is always dominated
by Cherenkov-like processes which happen in the absence of
a driving field, rather than driven processes [35, 65, 66]. These
fields can be below the damage threshold in undoped graphene
[26, 36, 37]. Further work is needed to determine the exact
damage threshold for pulses at lower frequencies and for fi-
nite doping in graphene. The concept proposed here applies to
general polaritonic (plasmon, phonon, exciton, magnon) ma-
terials which have widely different damage thresholds as these
materials can be insulators, semiconductors, or metals [67].

From a fundamental perspective, our findings present a
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FIG. 4: Timescales for multi-harmonic plasmon generation: Rate
of plasmon emission associated with 0 through 5 photons being ab-
sorbed (+) or stimulatedly emitted (-). E|n| denotes the weak-field
power-law scaling of the rates. The black dashed line is the rate
summed over channels -5 through 5. The red region denotes where
the scaling departs significantly from a power law.

route to take phenomena like NLCS, typically considered in
settings of extreme laser facilities, ultrarelativistic electrons,
and/or astrophysical settings, and bring them to low intensi-
ties, low electron speeds, and nanoscale dimensions. From an
applied perspective, these findings may enable new schemes
to couple light to plasmons, as well as schemes to achieve
increased spatio-temporal resolution in nano-optics, which
could be of use for biological and chemical sensing, and imag-
ing at wide range of frequencies.
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M. Soljačić, Science 353, 263 (2016).
[35] V. Ginsburg, Applications of electrodynamics in theoretical

physics and astrophysics (Routledge, 1989).
[36] L. J. Wong, I. Kaminer, O. Ilic, J. D. Joannopoulos, and
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