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It has so far remained a major challenge to quantitatively predict the boson peak, a
THz vibrational anomaly universal for glasses, from features in the amorphous
structure. Using molecular dynamics simulations of a model CusoZrsy glass, we
decompose the boson peak to contributions from atoms residing in different types of
Voronoi polyhedra. We then introduce a microscopic structural parameter to depict the
"orientational order", using the vector pointing from the center atom to the farthest

vertex of its Voronoi coordination polyhedron. This order parameter represents the



most probable direction of transverse vibration at low frequencies. Its magnitude
scales linearly with the boson peak intensity, and its spatial distribution accounts for
the quasi-localized modes. This correlation is shown to be universal for different types

of glasses.

Atomic vibrations in crystals are well understood as lattice waves, and their
energy can be quantized as quasi-particles termed phonons. At low frequencies, the
lattice waves can be treated as continuum elastic waves, and the vibrational density of
states (VDOS) can be approximated using the Debye squared-frequency law,
g(a))oc @, with @ being the phonon frequency. For glasses lacking long-range
order, however, their low-frequency VDOS universally displays an excess over the
Debye level, forming the celebrated boson peak (BP). Such an anomaly implies that,
around the BP frequency, disordered glasses can no longer be regarded as
homogenous elastic medium; instead, they are spatially elastic-heterogeneous [1-4].
In particular, transverse phonons scatter strongly [3,4], producing additional localized
modes [5,6]. It has been suggested that these quasi-localized low-frequency modes
make up the BP [2,7,8]. An alternative view is that the BP does not involve additional
modes but is just the counterpart of the transverse acoustic (TA) van Hove singularity
in crystals, shifted to lower frequencies because of the structural disorder or low
density of glasses [9-11]. The complex nature of the BP, ranging from extended TA
waves to highly localized modes [3,12], constitutes one of the most fascinating

problems in condensed matter physics.



Considerable efforts have been made to identify the dynamic or structural
signatures of the BP. Grigera et al. [13] found that the BP can only survive in an
inherent-structure (IS)-dominated glass with phonons, but disappears when the glass
approaches a phonon-free, saddle-point-dominated phase. Furthermore, the phonons
associated with the BP are of a transverse character [14,15]. A direct support is that
the BP frequency coincides with the loffe-Regel limit of transverse phonons [2,6], at
which the mean free path of transverse phonons becomes similar to their wavelength,
causing significant scattering of the phonons. Consequently, their eigenvectors tend to
localize in some defective or low-modulus regions where atoms vibrate with larger
mean-square displacements (MSD) or amplitudes [4-6,16,17]. This leads to
apparently localized modes resonantly coupled with the (weak) background transverse
phonons. Such hybrid states are termed quasi-localized modes. The structural origin is
believed to be related to the local regions that are more defective (usually having
lower density or higher volume compared to the system average [2,5,18,19]).
Recently, Ding et al. [20] found that these local “soft spots” are enriched in
geometrically unfavored motifs (GUMs), participating preferentially in the
quasi-localized low-frequency modes. Milkus and Zaccone [21] further argued that
these GUMs actually represent the local breaking of center-inversion structural
symmetry. In addition, Guerdane and Teichler [22] proposed a dynamical model of
local order, and discovered that the BP is closely related to atoms whose coordination
number (CN) fluctuates in a highly time-dependent manner. Despite of these advances,

it remains a formidable challenge to quantitatively predict the BP properties directly



from a structural parameter of the glass.

In this Letter, we accomplish this challenging task using molecular dynamics (MD)
simulations with the LAMMPS code [23] of a prototypical model glass. A simple
structural vector is identified as the tell-tale orientational order parameter underlying
the vibrational modes corresponding to the BP, with predictive power of its intensity

and frequency.

We start from a CusoZrsy model glass containing 221,184 atoms interacting with a
Finnis-Sinclair type embedded-atom method (EAM) potential [24]. A small sample is
first prepared by a heating-quenching technique within an isothermal-isobaric
ensemble [25], and then replicated by 3%3x3 to obtain the final sample with
dimensions of ~15.66x15.66x15.66 nm’ after a proper sub-T, annealing [26,27] and
subsequent cooling procedure to eliminate the artificial boundary effect. The glassy
state of the obtained sample is carefully examined; see Fig. S1. Based on the IS of the
glass, Voronoi tessellation is used to characterize the short-range order (SRO) of the
vibrating atoms. The VDOS g(w) of the glass is calculated by taking the Fourier
transformation of the velocity auto-correlation function ¥ (t) [6,22,28,29]. The
VDOS of those atoms surrounded by a specific type of Voronoi polyhedron can be
directly calculated by extracting l//(l‘) of the selected atoms. The BP can be
determined by plotting the reduced VDOS g () / @ over w. As a reference, the
Debye level g, (a)) / @’ is estimated to be ~87.23 pTHz™ for the present glass. More

details of the calculations are provided in the Supplementary Material [30].
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FIG. 1. (a) Reduced VDOS g () / @’ of the CusoZrso glass. The dashed line shows
the Debye level. Inset: VDOS g(®). Reduced VDOSs g(a))/ @’ of (b) the Cu
atoms and (c) the Zr atoms surrounded by different types of Voronoi polyhedra. For
readability of the legends in the limited space available in both (b) and (c), the
Voronoi indices are marked only for selected polyhedra. (d) Intensities /;, of BPs
versus their characteristic frequencies @, for all types of atoms and the entire glass.

The horizontal and vertical dashed lines benchmark the position of ensemble averaged

value for the entire glass.

Figure 1(a) displays the reduced VDOS, g () / @’ , of the CusoZrs glass, and the
corresponding VDOS g(w) in the inset. A BP (maximum at ~3.63 THz) can be
clearly observed over the Debye level. We next sorted out the contributions of atoms
within different SROs (i.e., in various local structures) to the observed BP. The SROs

of atoms are characterized using their Voronoi polyhedra (the most frequent 50
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include 22 Cu-centered and 28 Zr-centered polyhedra [30]). The present equimolar
binary glass consists of a spectrum of SROs, with no one predominating; see Fig. S2.
The reduced VDOS g (w) / @" for these polyhedra of the Cu and Zr atoms are plotted
in Figs. 1(b) and 1(c), respectively. As expected, atoms of different SROs display
different degrees of BPs. These BPs are arranged from the weakest to the strongest
(from front to back). For Cu atoms in Cu-centered Voronoi polyhedra, their BPs
increase in the sequence of <0,0,12,0>, <1,0,9,3>, <0,2,8,1>, ..., <1,3,5,2>, <0,4,4,4>,
and <0,4,4,5>. For Zr-centered polyhedra, the sequence becomes <0,0,12,3>,
<0,0,12,4>, <0,0,12,2>, ..., <0,4,5,6>, <1,2,7,3>, and <1,3,5,5>. In general, compact
and more symmetrical polyhedra are less conducive to low-frequency vibrations, thus
incurring relatively weak BPs. In contrast, the GUMs make strong and disproportional
contributions to the low-frequency BPs, similar to the case in CuesZrss glass [20].
Figure 1(d) summarizes the characteristic intensities /,, and frequencies @, of
the BPs corresponding to all types of polyhedra. It is found that 7, wvaries
remarkably from the smallest 138.16 nTHz" of Cu-centered <0,0,12,0> to the largest
298.07 uTHZ'3 of Zr-centered <1,3,5,5>. However, all @,, data reside in a rather
narrow range of 3-4 THz around the BP frequency (~3.63 THz) of the entire sample.
This provides solid evidence for the phonon feature of the BPs. That is to say, all
atoms, no matter in what local structural environments, participate in the
low-frequency vibrations around the BP. These partial BP vibrations within different
SROs are strongly coupled, and their characteristic frequency is determined by the

overall spatial distribution of these SROs, rather than their individual local structures.



If these partial vibrations are absolutely isolated, their intensities and frequencies
should follow an inversely linear relationship, as observed in different glass systems
[31]. Instead, they contribute differently to the full BP, as evidenced by the spread of
their 7, , deviating from the BP intensity (~230.97 uTHZ?) of the entire sample. We
also note that the Zr-centered polyhedra generally have higher BPs compared to the

Cu-centered ones.

The challenge then is to find a structural parameter that quantitatively scales with
the BP intensity, beyond the vague topological descriptor above (Voronoi indices).
Obviously, it is not the CN of nearest-neighbor atoms. The volume, and the fraction of
five-fold faces, of the Voronoi polyhedra also show no clear correlation with the BP
intensity; see Figs. S7 and S8, respectively. For example, we notice that the distorted

Cu-centered <1,0,9,3> atoms do not show the strong BP.

We next look into the dynamics underlying the BP to ferret out the controlling
structural feature. We first calculated the vibrational MSD of the center atom in the 22
Cu-centered and 28 Zr-centered polyhedra [30]. It is found that the MSD is linearly
correlated with their BP intensities, but the two lines for Cu and Zr atoms are
separated; see Fig. S9(a). After scaling the MSD with the Voronoi volume, the
resultant “flexibility volume” [16] also shows a similar correlation with the BP
intensity; see Fig. S9(b). But again the correlation with Cu is separated from that for
Zr. These correlations are composition dependent and species-specific, indicating that
the vibrational MSD alone is insufficient to predict the BP intensity for all types of

atoms. For example, the Zr-centered <1,3,5,5> atoms with the highest BP do not have
7



the largest MSD. And, the Cu-centered <0,4,4,5> atoms have the largest MSD, but do
not exhibit the strongest BP. On average, compared with the Cu atoms, the Zr atoms
have lower MSD, but their BP intensities are higher; see Figs. S9(a) and 1(d). Such a
paradox means that the excess low-frequency modes at the BP depend on not only the

atomic vibrational MSD, but also the vibrating atomic species themselves.

We note that the atomic vibrations are directional, with clear local anisotropy
dependent on the SROs or Voronoi configurations. This information is hidden in the
overall atomic MSD [32], and needs to be separated out to quantitatively predict the

BP. To this end, we define a new quantity, termed directionally vibrational MSD for

i

each atom i, <rl.2>a :<(Az7i(t)-cz"/

2
) >, where A7 (t) is the atomic vibrational

displacement that measures the deviation of the instantaneous position from its

equilibrium position in the IS, cz.“ are a series of vectors pointing from the center of

the atom 7 to the vertex « of its Voronoi polyhedron [Fig. 2(a)], c?i‘” is the length

of cz.”’, and the angular brackets denote the average over time. The <rl.2 >a per se is
the projection of the atomic vibrational MSD in the direction of vector cz.“.
Physically, a large <ri2>a means the atom i prefers a low-frequency vibration in the
direction towards the « vertex. It is noteworthy that the directional vibrations

capture the transverse character, because the vectors cz.“ always point at the possible

shear directions. Figure 2(b) plots the sample-averaged <r2 >a versus <‘Ji” >; here

only the 20 longest cz.“ for each atom are considered. It is interesting to find that

<r2 >a and <‘cza‘> are linearly correlated. The longer the <c§f’

> is, the larger the



<r2 >a (corresponding to the modes of lower frequencies). Therefore, Fig. 2(b) clearly
demonstrates that the low-frequency vibrations of the entire system prefer the vector
field c?,.‘”, each pointing from the center atom to the farthest vertex of its coordination
polyhedron. This behavior is confirmed for each and every constituent species. For

each species residing in the same type of Voronoi polyhedron, the atomic <r2>a still

i

follows a linear relationship with < > ; see Fig. S10.
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FIG. 2. (a) A schematic of an atom’s Voronoi polyhedron (blue lines). Red arrow: the
atomic vibrational displacement A7 (¢). Green arrows: vectors cz.“ pointing from
each atom center to the vertices of its Voronoi polyhedron. (b) Projections of Ar; (t)

onto d” for different |d°

averaged for all atoms in the glass.

We shall define the vectors cz.“ having the largest length as the orientational

order " of the BP, and its length ‘C:)?P‘ =max|d”|. This structural parameter O

identifies the most probable direction of transverse vibrations, the one with the largest
vibrational MSD <r2 >a and hence the lowest frequency, and its length ‘(:)?P‘
represents the highest degree of symmetry-breaking for the environments in which the

atoms vibrate. In the ©™ direction, the atom can move or be displaced with little
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energy. This is opposite to other directions where there is less space to move, the atom
is constrained and displacements cost more energy. Therefore, (:)?P should be a useful
measure of the BP. To confirm this, we plot the BP intensity /,, against <‘(:)?P ‘>
averaged over each atomic species and over the entire sample, as shown in Fig. 3. The
correlation between [, and <‘(:)?P‘> is obvious, and can be satisfactorily fitted
using a linear relationship with the Pearson correlation coefficient of ~0.92. Unlike
the vibrational MSD or flexibility volume, the data of all /,, and the structural
parameter ‘(:)?P ‘ collapse onto a general straight line, regardless of which atomic
species and including the average over the entire sample. This implies that the ‘(:)1‘.3"‘
has incorporated the information from both the vibrational MSD and the species (Cu
or Zr) involved; here the atomic species are distinguished by their sizes, since ‘C:)?P ‘
is a length parameter. Moreover, the vibrational property /,, is very sensitive to
‘(:)?P‘ : an increase of the latter by about 7% more than doubles the former. To the best
of our knowledge, this is the first time one can quantitatively correlate the BP

intensity with a simple structural parameter.
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FIG. 3. Correlation between the BP intensity /,, and the length parameter <‘6?P

averaged over all the atoms of each species, and over all atoms in the glass. The red

straight line is a linear fit to the data.

Next, we demonstrate the quasi-localized feature of BP from the new
orientational order © . We plot the spatial distribution of @ (black arrows) for
individual atoms (red filled circles). Fig. 4(a) through (c) each shows a representative
cross-sectional view (4 A in thickness), along one of the three different directions.

The length of the black arrows represents the ‘(:)?P ‘ of each atom. The size of the
filled circles denotes the BP intensity [, associated with this atom. Here, the data
of either (:)f3P or [, are averaged over atoms that reside in polyhedra having the
same Voronoi indices. Figure 4, from the spatial perspective, further confirms that

atoms with larger orientation order ® contribute more to the I, of the BP:

longer black arrows correspond to larger red circles [Fig. 4(d)]. Also, the high-‘(:)?l"
1



atoms have a tendency to aggregate into local patches as fertile “soft spots” for
low-frequency transverse vibrations. This picture looks very similar to the spatial
distribution of the vibrational amplitude around the BP frequency reported by Shintani
and Tanaka [2], and is also reminiscent of the contour plot of the participation fraction
of low-frequency normal modes reported by Widmer-Cooper et al. [33]. These
findings clearly confirm the quasi-localized nature of the BP vibrations. In this
scenario, the BP frequency @,, of the glass is equal to the loffe-Regel limit of

transverse phonons. Thus the limit wavelength A}

ahon Of phonons is estimated as

/leR

Jhon = 277 [ @y , Where ¢, is the transverse phonon velocity. The calculated AR

phon
of about 2.6 nm is close to the characteristic length of the heterogeneous (:)?P [see
magnified view in Fig. 4(d)]. A slight difference may arise from two possible reasons.
One is that we do not distinguish atoms residing in the Voronoi polyhedra with
identical indices. The other is that it is very difficult to precisely calculate c¢,, which
is strongly frequency dependent and has pronounced spatial fluctuation at this limit.
Nevertheless, we believe that the entire spatial distribution of the locally varying (:)?P

acts as a global feature that determines the characteristic frequency @, of the glass.

This is consistent with Fig. 1(d).
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FIG. 4. Representative (a) X-Y, (b) X-Z and (c) Y-Z cross-sections show the spatial
distribution of the orientational order C:)?P (black arrows) for individual atoms (red
filled circles). The length of arrows represents ‘@?P‘ . The size of circles denotes the

BP intensity I, . (d) is a partial magnification of (c).

Finally, we demonstrate the universality of the orientational order of BPs by
examining another 11 glasses, including Ta [34], Zr [35], CosoAlxg [36], NigoP2o [37].
NigoZry [37], PdsoSizg [37], AlgoCuzg [38], CuesZrss [37], CusoZrsg [39], CuseZrasAlg
[37], as well as the general Lennard-Jones (L-J) model [40]. These glasses are of

different types, covering monatomic, binary, and ternary systems of different bonding
13



characteristics. Details about the computer simulations are given in Supplemental
Material [30]. The BP intensity /,, and the sample-averaged <‘@?P‘> for all the 12
glasses are plotted in Fig. 5. It is striking to find that a general linear correlation still
holds, indicating the robustness of the orientational order in predicting BP across a
wide range of glass compositions. It is therefore believed that the anisotropic
vibrations with orientational order are a general physical origin of the mysterious BP
in glasses. Further evidence comes from the clear correlation between the
orientational order and the time-dependent CN fluctuations; see Fig. S14. It has been
demonstrated that atoms with higher CN-fluctuations or frequent cage-breaking

contribute more to the BP [22].
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FIG. 5. Correlation between [I,, and <‘(:)?P‘> for a wide range of glasses. The solid

line serves as a guide for the eye.
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To summarize, the VDOS and BP anomaly of a prototypical model CusoZrs
metallic glass are investigated using MD simulations. It is revealed that all atoms
participate in the vibrational modes around the BP frequency, but the BP contribution
of each type of atoms strongly depends on the local SRO environments in which they
vibrate. We further identify a series of structural vectors, termed orientational order,
pointing from the center of each atom to the farthest vertex of its coordination
polyhedron, as the most probable direction of transverse vibrations at low frequencies.
It is found that the magnitude (length) of the orientational order parameter determines
the BP intensity, and its spatial distribution produces the quasi-localized modes of BP.
Last but not least, these findings appear to be universally applicable to a wide range of

glasses.
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