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We develop energy efficient, continuous microwave schemes to couple electron and nuclear spins, using
phase or amplitude modulation to bridge their frequency difference. These controls have promising applications
in biological systems, where microwave power should be limited, as well as in situations with high Larmor
frequencies due to large magnetic fields and nuclear magnetic moments. These include nanoscale NMR where
high magnetic fields achieves enhanced thermal nuclear polarisation and larger chemical shifts. Our controls
are also suitable for quantum information processors and nuclear polarisation schemes.

Introduction.— Color centers in diamond, such as the
nitrogen-vacancy (NV) center [11 2]], have emerged as a solid
state system that can detect, polarise and control individual
nuclear spins in their vicinity [3H6]. This ability promises
applications that range from quantum information processing
and quantum simulation on small scale quantum registers [[7-
13]] to nanoscale nuclear magnetic resonance (NMR) [[14H16]
and other sensing tasks in biological environments [17]. A
fundamental question in this field is how to extend the coher-
ence time of color centers —insulating them from their fluc-
tuating magnetic environment—, while enabling strong and
selective interactions with individual nuclear spins. For the
NV center this challenge is met through dynamical decoupling
(DD) schemes: continuous [[18H21]] or pulsed microwave se-
quences [10}22H31]] that can be applied to mitigate the impact
of solid state [32H34] and biological environments [35}136].

In the context of NMR e.g., the presence of strong magnetic
fields would be of great benefit as they increase the NMR sig-
nal by enhancing the spin polarisation, induce large chemi-
cal shifts that encode molecular structure [37]], and aid in the
spectral resolution of spins. Moreover, strong magnetic fields
lead to longer nuclear spin lifetimes, facilitating quantum in-
formation processors and nuclear polarisation schemes.

Nevertheless, experiments with color centers are typically
realised in the sub-Tesla magnetic field regime [4} (89, 11,38~
48| due to experimental limitations. The obstacle is the need
to bridge the frequency mismatch between the NV center and
the target spin in the presence of a high externally applied
magnetic field. When using continuous microwaves, the Lar-
mor frequency of the target nucleus determines the Rabi fre-
quency of the microwave control —the Hartmann-Hahn (HH)
condition [49]—, implying microwave powers that grow with
the magnetic field and imposing serious stability requirements
on the microwave source. The situation does not improve
for pulsed controls: the Larmor frequency determines the fre-
quency at which m-pulses are applied to the color center, im-
plying very fast and energetic pulses with high-frequency rep-
etition rates. These power requirements also imply signifi-
cant challenges for their use in biological samples, because a
strong microwave heats the organic matter, perturbing its dy-
namics or even destroying it. In recent work this challenge

was identified and addressed [50]. However, in microwave
power sensitive applications continuous wave may offer ad-
vantages as their average energy consumption at the same de-
coupling and sensing efficiency can be lower than for pulsed
schemes [36].

In this Letter, we show that there are indeed continuous mi-
crowave controls that can bridge the Larmor frequency dif-
ference between electronic and nuclear spins. These methods
modulate the phase or amplitude of a continuous microwave
field. The modulation is taken to have a frequency v ~ w,—Qg
that provides the difference between the Rabi frequency of the
microwave pulse € and the frequency of the target nuclear
spin w,,. This technique works even when the microwave field
amplitude € is insufficient to achieve a HH resonance. As a
result, our schemes demand lower peak and average powers
to achieve a coherent interaction with a nucleus than all con-
tinuous controls based on the HH condition. Furthermore, we
demonstrate that, thanks to the periodic modulation scheme,
our controls inherit the robustness against control errors that
is typical of DD and pulsed methods.

We start by considering the Hamiltonian of an NV electron
spin coupled to a set of nuclei. This reads (7 = 1)

H =DS? —yeBZSZ—ZyJ-BZIZ +SZZXj-fj+HC, (1)
7 7

with the NV zero-field splitting D = (27) X 2.87 GHz, a con-
stant magnetic field B, applied along the NV axis (i.e. the
Z axis), the gyromagnetic constants for the electronic spin
ve = —(2m) % 28.024 GHz/T and specific nuclei in the en-
vironment y; —e.g. *C nuclei have ysc = (27) x 10.705
MHz/T—. The NV spin operators are S, = 1) (1| = |-1) (-1|
and S, =1/ \/§(|1> (0] + |-1) (0] + H.c.). The hyperfine vec-
tor decays according to a dipole-dipole interaction [51]] A =

& glyf’,ly* -3 (Z"rf;"‘)j’] with the vector 7; connecting the NV center
and the jth nucleus. The microwave (MW) control Hamil-
tonian is conveniently written as H, = V2QS , cos (wr — ®),
parametrized by two external controls: the Rabi frequency Q
and the microwave phase ¢, while the MW frequency w will
be on resonance with one of the NV spin transitions, namely

the |0) < |1) transition [52]]. Hamiltonian (I should include
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FIG. 1. a) A discrete phase modulation in time ¢(¢) € {0, 7} (red-solid
line) combined with a constant drive, leads to modulations of the
Rabi frequency Q(f) = Qp + F(1)Q; € {Qy—Qy,Qp +Q;} (blue long-
dashed line). Modulation function F(¢) (green short-dashed line). b)
Harvested signal (o) vs. phase modulation frequency v = 2x/T
for two interrogation times, ¢ = 0.205 ms (black-dashed line) and
ty = 0.308 ms (blue-solid line). Signal is maximal when v = w,, ;-2
spans the difference between the Rabi frequency of the NV and the
resonance frequency of the interrogated nuclear spin.

the dipole-dipole interaction among nuclei. We omit it to sim-
plify the presentation but it will be fully considered in the nu-
merical simulations below.

An external magnetic field and a suitably tuned microwave
field effectively reduce the dimensionality of the NV-center,
which can be treated as a pseudospin. The new Hamilto-
nian [52]

Zw,uwnjl+

is defined in a rotating frame generated by Hy = DS f—yeBzS 2
In this frame, the jth nuclear spin’s resonance frequency
Wyj = |a),,j| with a)nj = (- 2 Ayj, %Ay,j’ wL — 5A4;,;) depends
on the hyperfine vectors and the nuclear Larmor frequency
wy, = y;B.. For simplicity we assume a cluster of '*C nuclei
vj = ync Yj (a common situation in diamond samples) and
introduce the normalized vectors &, ; = @, j/w,,;. When the
magnetic field B, is large, the resonance frequency of the jth
nucleus deviates linearly from its Larmor frequency w, as a
function of the hyperfine vector

ZA I+—(|1)(O|e’¢+Hc) 2)

1
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The HH condition [49] is a standard procedure to achieve res-
onant interaction with a nuclear spin (e.g. the jth one) in
which the Rabi frequency matches the frequency of the tar-
getspin Q = w,, ; = yucB, — AZ ;- In high-field environments
this implies large Rabi frequenc1es and microwave powers —
e.g. B=1T gives Q/(2m) ~ 10 MHz for a 13C and 42 MHz
for a 'H nucleus—. Our goal is to lower these requirements
with minor changes in the control field.

Phase modulation control scheme.— We address this chal-
lenge and enable N'V-nuclear coupling at high magnetic fields

by introducing a continuous drive in Eq. (I} described by
H, = V2QuS ; cos (wt) + V29,8, cos (wt — @),  (4)

with a phase ¢ that will be switched periodically between the
values 0 and 7. The control in Eq. (4) gives rise to the follow-
ing Hamiltonian that we will use as the starting point of our
simulations [52]]
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For the sake of clarity of presentation we consider the phase
flips as instantaneous, but stress that in our numerical simu-
lations the phase flips will take a finite time determined by
experimental limitations. In Eq. (3) the phase flip between
0 and & allows to write the driving term, i.e. the last term
at its right hand side, as [(Qo + F(r) ©;)/2]1)(0| + H.c.]
where the modulation function F(f) takes the values +1 (or
—1) for ¢ = 0 (or ¢ = 7). Control of the phase allows for
the construction of a modulation function F(#) with period
T, see Fig. [[(a), that can be expanded in its Fourier compo-

nents as F(t) = “70 + 20 [an cos (2’7”%) + b, sin (%’t)] where

an = % fOT F(t)cos (zn”t) and b, = = fOT F() sin (2”7”[)

To determine the N'V-nuclear coupling mechanism and the
required resonance condition that result from the phase con-
trol in Eq. . we move to a rotating frame with respect to

=2 Wn,j On,j I and the driving term [(Qo+F(r) Q1)/2 1) {0]+
H.c.]. For 51mphclty we select a phase change that produces
an even F(r), i.e. F(t) = X, a,cos(nvt) where v = 2n/T
but other constructions including odd components for F(¢) are
equally possible. This leads to the Hamiltonian [52]

H(l) — %[ |+> <_|eiﬂolei2:°:l % sin (nvt) + HC] .

Z[Aij j €08 (wp,jt) + A5 1, ,sm((un]t)+A!’j]Z’j], (6)
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where [£) = (1) £ 10), AL = |A; = (A; - &u)) Oul,
A‘Jy'J = |(2),,’j X A_'j|, Alzl,,j = |(A_)j . (:)n,j) &)n,jls IzS,j = 1_; . 3
with § = S, §, or 2, and &, = Sl bus g Gupli
Zj = m":& With the aid of the Jacobi-Anger expansion
(€25 = ]Zn__oo Ju(z) €™, with J,(z) the Bessel function of

the first kind) we can rewrite the exponentials in Eq. (€) as

iQot i Y “':fyl sin (nvt) _ Q1 ) i(Qo+mnv)t
el dn=i = [T oo S| 25 e to find

Qo + mnv = Wy (N

as the resonance condition for the kth nucleus [352]. Equa-
tion (/) implies that, unlike the HH condition, an NV-nucleus
resonance can be achieved for small Rabi frequencies €y, Q;
if we apply a continuous drive interrupted by periodic phase



flips at a large frequency v. Equation exhibits resonances
for a wide variety of values m and » but for small arguments
a,€ /(nv) the interaction strength between the NV and the kth
nucleus is largest form = n = 1 and v = w,, x—€y which yields
the effective NV-nucleus flip-flop Hamiltonian [52]

AL

He (S e+ el ®
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For the discussion of the energy efficiency it is important to

stress at this point that, as we will demonstrate later, a large

value for v does not imply large microwave power.

The Hamiltonian (8] produces a signal that we will quantify
with the electronic expectation value (o), with o, = |1) (0| +
|0) (1]. More specifically, from Eq. one can calculate that
the expected signal for a sequence of length 7 is

L [Axid1(@Q/v)

1 Irl- 9

(o) = cos
Note that, for a periodic phase-modulated sequence as the one
showed in Fig.[T(a) we have a; = 4/x. Finally, we would like
to remark that continuous DD schemes with periodic phase
flips have been proposed for extending the NV coherence [S3]]
and to improve DD robustness [20], but their advantages in
terms of energy efficiency and nuclear spin control have not
been explored to the best of our knowledge.

Amplitude modulation control scheme.— As an alternative
to phase modulation we may also consider amplitude modula-
tion for achieving energy-efficient electron-nuclear coupling.
Let us consider an amplitude modulated continuous driving
field of the form

H, = V2Q(1)S , cos (wf) (10)

with Q) = Qp — Qisin(vr). Analogously to the
previous section (for more details see [52]) we find

H(t) = %[ |+ (—[eif gi 5+ cos (1) +H.c.] >N [A)tjljr cos (wy,;1) +

A; i sin (wy, jt) + A!JIZ]. While we selected an odd ampli-

tude modulation, i.e. a sine-like tailoring for Q;, we would
like to stress that other combinations including even modu-
lations are also possible. Again, using the Jacobi-Anger ex-
pansion, <@ = Jy(z) + 2 3% i"J,(z) cos (n6), we find for
v = wyx — Qo the following flip-flop Hamiltonian between

the NV and the kth nucleus [521 H ~ “-1( 2 )| i1+ (-11; -

i) (+] I |, that leads to (ory) = cos? | 22U |

Numerical verification.— In the following we will anal-
yse the phase-modulated scheme numerically to verify the ac-
curacy of the theoretical analysis (see [52]] for the analysis
of the amplitude modulated scheme which yields similar re-
sults). This provides two alternatives which, depending on
the specifics of the experimental equipment and the physical
set-up, can be chosen for optimal performance in practice.

To demonstrate the performance of the method, in Fig. [I(b)

we show a spectrum involving an NV center and a single

3

13C nucleus such that A ~ (27) x [-6.71, 11.62, —17.09] kHz
and B = 1 T which results in a nuclear Larmor frequency of
~ (2m)x10 MHz. This hyperfine vector A corresponds to a *C
nucleus located in one available position of a diamond lattice.
We used two phase-modulated sequences of different dura-
tion (see caption for more details) and show that the obtained
signals (yellow-solid and black-dashed curves) that were nu-
merically computed from Eq. () match, firstly, the position
of the expected resonance v = w,; — Qo form = n = 1,
see Eq. (7), and, secondly, the theoretically calculated depth
(green vertical lines with the circle and square denoting the
maximum theoretical depth) for the signal (o), see Eq. @I),
for two different evolution times. Furthermore, in our numer-
ical simulations we did not assume instantaneous O to 7 phase
flips but allowed the phase change to take place in a time in-
terval of length 75, ~ 5 ns, with ¢ changing from O to 7 in
20 discrete steps which is well within the reach of the time-
resolution of modern arbitrary waveform generators [54]. To
calculate the signals in Fig. [T{b) we used Rabi frequencies
Qy = Q; = (2m) x 1 MHz which are one order of magni-
tude below the Rabi frequency that would achieve a HH reso-
nance and concomitantly more energy efficient. Furthermore,
our phase modulated scheme allows us to get narrower signals
than those obtained with the HH scheme, see Ref. [52].

Nuclear spin addressing and robustness.— Our method
also offers the possibility of improving nuclear spin ad-
dressing by modifying the value of Q;. Hamiltonian (8)
shows that the effective NV-nuclear coupling is given by

A2 (@ /) = Ay, /2 (%) Then, a lower value Q,

implies a longer evolution and better energy selectivity as the
rotating wave approximation over non-resonant terms is more
accurate [[52f]. In addition, fluctuations on the microwave con-
trol are also reduced. Note that these are proportional to the
Rabi frequency, i.e. Qo should be replaced by Qg ;[1 + £(1)]
with &(7) a fluctuating function. We will show the robustness
of our scheme in the face of realistic control errors, see later
in Fig. 2} Furthermore, in Ref. [52] we study situations with
even larger control error conditions, as well as a comparison
with the error accumulation process for the case of the HH
resonance.

For the case of NV centers in diamonds with a low Ni-
trogen concentration, i.e. in ultrapure diamond samples, the
main source of decoherence appears as a consequence of the
coupling among the NV center and the '*C nuclei in the lat-
tice [51}155]. In Fig. 2] we have simulated a system contain-
ing an NV quantum sensor and a three coupled '*C nuclear
spin cluster in a diamond lattice. The hyperfine vectors of
the simulated sample are A_)l ~ (2m) X [-6.71,11.62, -17.09]
kHz, A, ~ (27) x [-8.21,23.70,-34.30] kHz, and A3 ~
(2m) x [6.76,19.53,—-8.02] kHz, such that the resonant fre-
quencies at B = 1 T, see Eq. , are wy,| (2m) x 10.71
MHz, w,, = (27) x 10.72 MHz, and w,3 = (27) x 10.70
MHz. These nuclei present internuclear coupling coeffi-
cients g;; = (/10/4)(7123(:/;";’,)[1 - 3(”;,/)2] (with r;j; the dis-
tance between jth and I/th nuclei, and nil the z-projection
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FIG. 2. Harvested signal (o) as function of v for ideal phase-
modulated sequences (blue-solid curves) and for a situation that
involves fluctuations of the microwave amplitude (black squares).
The microwave amplitude fluctuation has been simulated with a OU
process, while the black squares have been computed by averag-
ing the results that correspond to 200 experiments. In a) we used
Qy = Q; = (2n) x 1 MHz, while in b) Qy = (27) X 1 MHz and
Q; = (2m) x 0.5 MHz.

of the unit vector 7j;/r;;) that are g» ~ (27) X —472 Hz,
g13 = (2m) x 14.95 Hz, and g,3 = (2m) x 50.10 Hz. In
Fig.[2Ja) we use a phase-modulated continuous sequence with
Qy = Q; = (2n) x 1 MHz for a final time 7, = 0.205 ms.
Here, we have simulated an ideal phase-modulated sequence
without microwave control errors (blue-solid line) and a situa-
tion involving microwave power fluctuations (black squares).
It can be observed that both signals overlap, i.e. the method
is noise resilient while, both, the position of the resonances
and the depth of of the signals (green vertical lines) coin-
cide with the theoretical prediction of Egs. (3) and (9), re-
spectively. The noise in the microwave field is simulated by
averaging 200 runs of a Ornstein-Uhlenbeck (OU) stochas-
tic process [S6] with time correlation 7 = 0.5 ms and noise
amplitude p = 0.5% [57)]. In Fig. [2(a) the three spin reso-
nances cannot be fully resolved, however in Fig.[2(b) we used
a different set of control parameters, namely Qy = (27) X 1
MHz, Q; = (2r) X 0.5 MHz and a longer sequence ¢y = 0.411
ms. In these conditions the effective NV-coupling has been
reduced by a factor of 2 (note that we are also implementing
a longer sequence) as the corresponding Bessel functions are
Ji(ai[(27) x 0.5MHz]/v) = %Jl (a1[(2m) x 1IMHz]/v), and the
three nuclear spins can be clearly resolved. Again, the blue
solid line represent the ideal signal while overlapping black
squares have been calculated under the same noise conditions
than the previous case.

Summarizing, from Fig. 2[b) we can observe how our
phase-modulated driving preserves a coherent N'V-target nu-
cleus interaction, while eliminating the contributions of the
rest of spins in the cluster. Hence, our DD scheme is able to ef-
ficiently average-out noisy signals from environmental spins,
for more details see Ref. [52].

Power consumption.— Using phase (or amplitude) modu-
lations leads to a reduction in the microwave field amplitude,
i.e. in the peak power, and may be even lead to a reduction
in the average power, as compared to other controls using the
HH condition. We can quantify the average power reduction

comparing the phase modulation scheme with a constant drive
based on the HH condition (note that the peak power reduction
is obvious as the largest driving we are using is (27) X 1 MHz
which is approximately one order of magnitude smaller than
the required driving to hold the HH condition). For that we
first identify the times 2" and " for phase modulation and
constant HH controls to gather the same signal (o). With this
information, we can compute the average power or energy flux
associated to the microwave control [52]).

Let us do the calculation: the protocol with constant am-
plitude produces a nuclear signal (o) = cosz(A)tktjf’ H/4) in
a time 7{'"'. Comparing with Eq. we find that, for equal
signals, the unmodulated protocol implements a faster inter-
action in a time #{/"' = Jy(a1 /v)t;'.h < (}’i}l. During this time,
the constant driving scheme requires a Rabi frequency Q) =
wn i = Qo + v to interact with the k-th nucleus with frequency
wny. This implies an average energy per cycle EX¥ ~ Qé/ V.
The phase modulated protocol, on the other hand, requires
an average energy per cycle Eih ~ (QF + Q})/v. Counting

the number of cycles in the respective interaction times t;m

and t?h, we obtain the ratio between total powers EXH | EP =

vt?HEfH/(vt?thh) = (Qo+v)2J1(ar11/v)/(QZ+Q?). We can
simplify this formula assuming fast modulation v > Qg, Q
and approximating Ji(a;Q;/v) ~ a1€Q;/(2v). The result is
that the phase modulated protocol demands significantly less
energy EFH/EPh ~ (Q + v)’Qiai /[2v(] + QD] > 1.
For the parameters used in Figs. a) and (b), one finds
EHHEP! ~ 3.8 and EfH JEPh ~ 3.0, respectively, illustrat-
ing the efficiency of our method. A similar calculation can be
done for the amplitude modulation protocol.

Conclusions.— We have proposed to use amplitude or
phase modulation for coupling electron and nuclear spins
at Rabi frequencies well below the Hartmann-Hahn reso-
nance. Our schemes demand lower peak and average power to
achieve the same sensitivity. As a consequence, these meth-
ods can be employed for sensing, coherent control, and nu-
clear polarisation with limited accessible power. In particular,
they enable the operation of such sensors at high magnetic
fields with reduced power. These modulation techniques ex-
tend nanoscale NMR techniques to biological systems that are
sensitive to heating by microwaves. Moreover, these paramet-
ric methods are not specific to the NV center; they can be used
to couple different electron spins to proximal nuclear spins,
both in solid and molecular samples.
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