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We study spectral features of ion velocity and magnetic field correlations in the magnetosheath
(MS) and in the solar wind (SW) using data from the Magnetospheric Multi-Scale (MMS)
spacecraft. High resolution MMS observations enable the study of transition of these correlations
between their magnetofluid character at larger scales into the sub-proton kinetic range, previously
unstudied in spacecraft data. Cross-helicity, angular alignment and energy partitioning is examined
over a suitable range of scales, employing measurements based on the Taylor frozen-in approximation
as well as direct two-spacecraft correlation measurements. The results demonstrate signatures of
alignment at large scales. As kinetic scales are approached, the alignment between v and b is
destroyed by demagnetization of protons.

Introduction Turbulence is a ubiquitous feature of as-
trophysical plasma flows. Interplanetary spacecraft ob-
servations have been used to study various aspects of
plasma turbulence over the last few decades including
the systematic appearance of correlations of several types
between fluctuations of the plasma velocity and the fluc-
tuations of the magnetic field (e.g. [1–7] and many refer-
ences therein). Such correlations are widely regarded as
signatures of magnetohydrodynamic (MHD) fluctuations
and are an essential consideration in turbulence
theories (e.g. [8–14]). Here we employ the unique
observational capabilities of the Magnetospheric Multi-
Scale (MMS) Mission to examine these hitherto inacces-
sible correlations at kinetic sub-proton scales.

One of the features of MHD turbulence is the conser-
vation of cross helicity [15]. The normalized cross helicity
is defined as

σc = 〈|δz+|2 − |δz−|2〉/〈|δz+|2 + |δz−|2〉 (1)

where δz± = δb/
√
µ0mini ± δvp; δb is the increment

of magnetic field fluctuation b(x)− b(x + r), written in
Alfvén speed units as suggested by this definition, where
r is a lag, ni is the proton density, and vp is the proton

fluid velocity fluctuation (mean removed), and the brack-
ets indicate a suitable volume average. σc is sensitive
to both the relative alignment of the velocity and mag-
netic fluctuations, and their degree of energy equipar-
tition. For an “Alfvénic” state the magnitude of cross
helicity is very close to the value for Alfvén waves (∼ 1).
A lower value suggests a non-Alfvénic state. The impor-
tance of the ideal incompressible invariant cross helicity
〈|z+|2 − |z−|2〉 in selecting equilibria was noted early on
by Chandrasekhar [16] and Woltjer [17]. Later, in the
context of MHD turbulence theory [18–20] it was noted
that relaxation of energy in both 2 and 3-dimensions can
lead to states that tend toward point-wise geometrical
alignment, but not necessarily equipartition, of v and
b. Simulations subsequently showed that this tendency
occurs rapidly and locally [21–24]. Subsequent research
exploited the tendency for alignment of v & b fluctu-
ations to estimate the degree of suppression of nonlin-
earity, thus influencing the slope of the turbulent spec-
trum [13, 14, 25, 26]. See [4, 7, 27, 28] for detailed
comparisons of observations to various theoretical
models of turbulence in the MHD range.

The situation becomes more complex as proton
kinetic scales are approached, and non-MHD ef-
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fects become important. The concept of helicity
needs to be generalized as kinetic approximations,
e.g. Hall physics [29], Hall & electron inertia [30],
gyrofluid closure [31], and electron MHD [32] etc.,
are retained. This is a diverse set of closures,
but one common feature is the breakdown of the
MHD invariants as kinetic effects are retained.
To the best of our knowledge this has not been
demonstrated in observational studies, probably
due to the lack of high time-cadence plasma data
prior to MMS. We fill this gap by studying the
scale-dependent breakdown of MHD concepts of
alignment. A computation of the generalized he-
licities is beyond the present capabilities given the
difficulties in measuring quantities such as vortic-
ity in observational data.

The residual energy (difference of energy density in
flow fluctuations and magnetic fluctuations) is related
in MHD to the alignment issue both kinematically and
dynamically. The normalized residual energy, σr =
(δv2 − δb2)/(δv2 + δb2) obeys an exact kinematic re-
lation involving the alignment cosine: cos(θ) ≡ (δv ·
δb)/

√
|δv||δb| = σc/

√
1− σ2

r . This relationship holds
point-wise and for averages. Even prior to invoking tur-
bulence theory, one sees readily, for a pure non-dispersive
Alfvén wave packet, that one necessarily has σc = 1,
cos(θ) = ±1, and σr = 0. There is evidence that
large scale properties of plasma might control
the signatures of alignment and magnetic helicity
close to the end of the inertial range [33]. Var-
ious turbulence theories pertain to the behavior of the
alignment angle, and to the residual energy, in MHD
and in the inertial range [19, 23, 25]. To the best of our
knowledge no theory exists that describes alignment in
the kinetic range where the MHD approximation breaks
down.

Here we use burst-mode data from the MMS space-
craft to provide a novel view of cross helicity, alignment
and residual energy in the magnetosheath (MS) as
well as the solar wind (SW), exploiting MMS time-
resolution and the multi-spacecraft observations to probe
these quantities in the kinetic range.

Data: We use data from the four spacecraft MMS
mission, which emphasizes high cadence observations of
magnetic reconnection [34, 35]. The magnetic field data
are obtained from the Fluxgate Magnetometer (FGM)
[36], providing 128 samples per second. The plasma mo-
ments used here are taken from the Fast Plasma Instru-
ment (FPI) [37], providing proton moments at 15 samples
per second, and electron moments at 30 samples per sec-
ond. The four MMS spacecraft maneuver in a tetrahedral
formation, varying the inter-spacecraft separation over a
wide range of distances. The spacecraft separation dur-
ing the intervals employed here lies below proton inertial
length di = c/ωpi, where c is the speed of light and ωpi

is the proton plasma frequency. We study two intervals:
i) A 40 minute long magnetosheath interval from 2017-
12-26 starting at 06 : 12 : 43 UTC. The spacecraft
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FIG. 1: Equivalent spectra for B, Vi, Ve. Lines are sin-
gle spacecraft values using Taylor’s hypothesis, symbols are
multi-spacecraft estimates.

were at roughly 14.8 RE, Vp ∼ 238 km/s, n ∼ 22
cm−3, and βp ∼ 4.49. ii) An hour long interval in the
solar wind from 2017-11-24 starting at 01 : 10 : 03 UTC.
The spacecraft were at roughly 24.9 RE, Vsw ∼ 377
km/s, n ∼ 8.6 cm−3, and βp ∼ 1.3. The FPI so-
lar wind data were pre-processed using a spectral
Hampel filter as described in detail in Bandy-
opadhyay et al. [38].
Results: We begin by studying the spectral features

of magnetic field and flows. To leverage the advantages
afforded by multi-spacecraft observations we compute the
equivalent spectra using the structure function technique
as described in [39]. The second-order structure function
of a vector (e.g. magnetic field) is defined as

D
(2)
b (r) ≡

〈
|b(x + r)− b(x)|2

〉
(2)

With this definition of D
(2)
b , S(2)(λ) ≡ D(2)(λ) · λ be-

haves like an “equivalent spectrum” as a function of an
effective wavenumber k ≡ 1/λ.

Structure functions from a single spacecraft use the
Taylor hypothesis to transform time lags into spatial lags,
i.e., λ = V τ where V is the mean flow speed and τ the
time lag. Multi-spacecraft observations enable the di-
rect computation of structure function at a particular
physical lag λ defined by the spacecraft separation, using
time averaging to attain statistical significance. The four
MMS spacecraft correspond to six different physical lags
without resorting to Taylor’s hypothesis. Given the small
separation of the MMS spacecraft, the directly computed
two-point structure functions can be compared with the
single-spacecraft Taylor hypothesis results at scales well
into the kinetic range.

Figure 1 shows the equivalent spectra for the mag-
netic field, proton velocity, and electron velocity for the



3

−0.50

−0.25

0.00

σ
c
,r

(k
)

σc

σr

10−8 10−7 10−6 10−5

k = 1/` (m−1)

−0.4

−0.2

0.0

co
s
θ(
k
)

1/di

MS 2017-12-26 06:12:43

12 13 14 23 24 34

cos θ

FIG. 2: Magnetosheath equivalent spectra of (top panel) σc

and σr, and (bottom panel) the alignment cosines. Lines
are single spacecraft estimates using Taylor’s hypothesis and
symbols are multi-spacecraft estimates.

magnetosheath interval of interest. As above, the mag-
netic field has been converted to Alfvénic units to make
direct comparisons with proton and electron velocities.
In the inertial range the magnetic field and the pro-
ton and electron velocities have similar power. How-
ever, they begin to depart from one another at scales
almost a decade larger than di. In the kinetic range
the multi-spacecraft observations match extremely well
with the single-spacecraft observations computed using
Taylor’s hypothesis. This indicates that Taylor’s hy-
pothesis is applicable even in the kinetic range at least
to scales slightly below the ion inertial length, consis-
tent with earlier reports [39]. The distances between
spacecraft were spread over a moderate range (18.9-35.41
km) and the multi-spacecraft values follow the single-
spacecraft curve through this range. The slight mismatch
of single-spacecraft and multi-spacecraft values for pro-
tons is likely due to noise in proton measurements.

Having compared the single-spacecraft and multi-
spacecraft observations for the familiar spectra of the
magnetic field and proton velocity, we now proceed to
compute the cross helicity spectrum using the structure
function technique described above. First the equivalent
spectra of z± are computed and Equation 1 is used to
compute the equivalent spectrum of cross helicity.

The top panel of figure 2 shows the equivalent spec-
trum for cross helicity, computed from the Elsasser vari-
ables, for the magnetosheath interval. The figure also
shows the estimates of cross helicity at sub-proton lags
computed using multi-spacecraft lags. At larger scales
the interval has a cross helicity of -0.3 and it approaches
0 as we approach smaller scales. Multi-spacecraft val-
ues not only match the single-spacecraft estimate, they
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FIG. 3: Solar wind equivalent spectra for σc, σr, and align-
ment cosines.

continue the single-spacecraft trend. The decrease in
cross helicity with decreasing lag indicates that the align-
ment between flow and magnetic field decreases as ki-
netic scales are approached. The decrease in cross helic-
ity begins at about the scales where electron and proton
spectra depart from each other (k` ∼ 10−6), hence this
decrease is likely a direct result of break-down of the
MHD approximation (see e.g. [40, 41]). The scales
between k` ∼ 10−6 and kdi = 1 are most likely described
by Hall-MHD physics, and the generalized helicity [24]
would likely be better conserved at these scales. This,
however, requires a computation of vorticity using multi-
spacecraft methods,and is left for a future study.

The same panel shows the normalized residual en-
ergy spectrum for the magnetosheath case. σr ∼ 0
at large scales, hinting at near-equipartition of energy
between flow and magnetic energies. It decreases ap-
proaching smaller scales, indicating a loss in flow en-
ergy and dominance of magnetic energy at kinetic scales.
Once again, a good agreement with single-spacecraft and
multi-spacecraft values is observed. This hints at a dif-
ference between magnetosheath and solar wind cases, as
will be discussed below.

The bottom panel of this figure shows the alignment
angle as a function of scale. At large scales, it has a
value ∼ −0.4, indicating a degree of anti-alignment. Ap-
proaching kinetic scales, cos(θ) approaches zero, indicat-
ing a lack of (anti-)alignment. This behavior is also seen
for the solar wind intervals that we analyzed.

We turn now to discussion of the spectral features of
the selected solar wind interval. Spectra of magnetic
field, proton flow and electron flow (not shown) display
typical features, e.g. power-law spectra, increasing kurto-
sis at smaller scales etc.; see Ref [38] for details, including
issues of cleaning FPI moments in the solar wind. Here
we directly move to the study of the equivalent spec-
trum of cross helicity (shown in figure 3). The vertical
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FIG. 4: Solar wind interval: PDFs of alignment angles for
various increment lags (top panel) as well as multi-spacecraft
lags (bottom panel) with number pairs representing pairs of
spacecraft.

green dash-dotted line shows the low-pass scale for the
data cleaning procedure [38]. The light blue cross he-
licity curve extending beyond the low-pass cutoff is the
“Fourier interpolated” data, obtained at the original time
cadence after imposing the low-pass filter. Although the
results at these scales show a trend similar to figure 2,
the results in this range are of questionable validity.

The cross helicity in figure 3 remains close to -0.7 in
the inertial range. As kinetic scales are approached, the
cross helicity approaches zero, as was seen in the mag-
netosheath case. However, because the data at these
scales is interpolated, this conclusion is qualitative at
best. Nevertheless, this interpretation is further sup-
ported by multi-spacecraft measurements of σc, that are
seen also to be close to zero. The overall qualitative
picture is similar to what was observed in the magne-
tosheath, supporting the idea that the trends seen here
are not an artifact of sampling, noise, or the data cleaning
procedure.

The residual energy for the solar wind interval, also
shown in Figure 3, is magnetically dominated at large
scales with a value ∼ −0.6, and, moving towards proton
scales, it approaches equipartition. It is interesting that
the multi-spacecraft estimates, deep in the sub-proton
kinetic range, have values approaching ∼ 1., indicating
a preponderance of fluctuation flow energy compared to
magnetic energy. The alignment angle spectrum shown
in bottom panel of figure 3 also supports the “isotropiza-
tion” conclusion. Evidently the multi-spacecraft data in-
dicate that magnetic and velocity field have little or no
preference to be aligned at the 10 km scale, deep in the
kinetic range.

Alignment can be further studied by examination of
the probability distribution functions (PDFs) of align-
ment angles, shown in figure 4. The top panel shows
PDFs of cos(θ) obtained from increments, from single
spacecraft measurements and for lags ranging from 1 to
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FIG. 5: Cross helicity spectrum, alignment PDFs for small
increments, and probability density at maximal alignment
(stars in middle panel) as a function of lag for the PIC simu-
lation of [47]. See text for details.

10000 points (≡ 56 km to 5.6×105 km), that is, from sub-
proton scales to several correlation scales. The bottom
panel shows PDFs for δv, δb alignment cosines com-
puted from multi-spacecraft lags, corresponding to ki-
netic scale measurements. The inset shows a magnifi-
cation of the initial part of the PDFs. In this particular
interval the alignment PDFs peak at cos(θ) = −1, consis-
tent with σc = −0.7 at large scales. However, a counter-
intuitive result is that decreasing the lag decreases the
alignment probability even in the inertial range. Once
kinetic scales are approached, the alignment is essentially
absent, consistent with demagnetization of the protons.
Multi-spacecraft PDFs show very slight departures from
isotropy. However, the values are close to 0.5 and the
PDFs can be treated as almost isotropic.

Discussion: We have presented an analysis of pro-
ton velocity and magnetic field fluctuation correlations,
alignment and partitioning of energy, studying the tran-
sition from MHD to kinetic scales. Such studies are en-
abled in the MMS mission by the unique combination of
high time-cadence and small inter-spacecraft separation,
in both magnetosheath and solar wind.

Our main observational results, for the selected inter-
vals, are as follows: • The normalized cross helicity σc
tends towards zero for decreasing scale approaching pro-
ton kinetic scales. This has been anticipated in theory
[42], but is not always manifest in observations [43] nor
realized even in MHD for varying types of turbulence
(e.g., [44]). Spacecraft observations of σc in the kinetic
range have not been previously reported. • Behavior
of σr in SW inertial range is qualitatively consis-
tent with MHD theories [45] in that it is magnet-



5

ically dominated and approaches isotropy as ki-
netic scales are approached. The MS case is only
partially consistent in the sense that it is magneti-
cally dominated but does not show a tendency to-
wards equipartition. The kinetic range behavior
is very different in both cases, indicating a signifi-
cant departure from MHD behavior. • The (v, b)
alignment vanishes towards kinetic scales and into
the kinetic range. This is a general phenomenon
that we have observed in all the MMS intervals
that we have analyzed, mainly slow wind, and
one fast wind interval (not shown). More fast
wind intervals are needed to confirm if this effect
prevails in fast wind as well. These findings are
inconsistent with MHD simulation [19] and MHD theory
[25]. Hints of this departure can be seen in some
existing studies [26, 43, 46] as the end of inertial
range is approached. Evidently it is a purely kinetic
plasma physics phenomenon, deserving of further theo-
retical study.

Simulation. To further support and elucidate these, we
present an analysis from a fully kinetic 3D PIC simula-
tion [47]. The simulation was done on 20483 grid points,
with L = 42. di, βi = βe = 0.5, with ∼ 2.6× 1012 parti-
cles, and an initial cross helicity of ∼ 0.44. The analysis
is performed on a snapshot late in time-evolution of the
simulation. For more details, refer to [47]. Figure 5 shows
the corresponding simulation results for cross helicity,
alignment, and residual energy, to be compared with the
main observational results above. The Figure shows that
σc approaches zero in the kinetic range, consistent with
the observations. The PDFs of cos(θ) show decreasing
probability of pure alignment approaching proton kinetic
scales. In the bottom panel we also plot the probability of

maximal alignment (stars in middle panel) as a function
of lag. The probability of maximal alignment increases
with decreasing lag initially, consistent with MHD the-
ories [22, 23, 25]. However, at around 10 di, the maxi-
mal probability begins to drop, indicating increasing fre-
quency of non-aligned proton flow and magnetic field at
smaller scales.

These results strengthen the idea that the alignment
dynamics are much richer in the kinetic range than they
are in inertial range dominated by MHD. The MMS in-
strument suite opens the doors for these and other novel
space plasma studies by providing high-resolution plasma
measurements in the kinetic range. Data sets with var-
ied parameters and of longer durations are needed to
start exploring some of these counter intuitive and “non-
MHD” results. Observational examination of gen-
eralizations of cross helicity in the kinetic range,
and of related properties in Hall MHD, EMHD,
and other models would require challenging ma-
nipulations of the MMS data, and may not be
feasible at present. It would be useful to employ
a combination of observations and simulations to
study these in the future.
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