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Mitigation of the beam hose instability in plasma-based accelerators is required for the realiza-5

tion of many applications, including plasma-based colliders. The hose instability is analyzed in the6

blowout regime including plasma ion motion, and ion motion is shown to suppress the hose insta-7

bility by inducing a head-to-tail variation in the focusing force experienced by the beam. Hence,8

stable acceleration in plasma-based accelerators is possible, while, by use of proper bunch shaping,9

minimizing the energy spread and preserving the transverse beam emittance.10

Plasma based accelerators [1] are able to generate11

ultra-high accelerating gradients, offering the possibility12

to deliver high energy charged particle beams over dis-13

tances orders of magnitude smaller than achievable with14

conventional accelerator technology. This has attracted15

considerable interest in developing a plasma-based col-16

lider [2–5]. Transverse beam stability, i.e., suppressing17

beam hosing [6], has been identified as a critical challenge18

toward realizing a plasma-based collider. In beam hosing,19

the excited transverse wakefield of a beam couples to the20

beam transverse position, leading to exponential growth21

in the beam centroid displacement. This implies that22

small asymmetries or misalignments are exponentially23

amplified during the acceleration process in experiments.24

Variation of the transverse or longitudinal wakefields25

along the beam (head-to-tail) can mitigate hosing [7–26

9]. This mechanism is similar to Balakin-Novokhatsky-27

Smirnov (BNS) damping of the beam-breakup instability28

in conventional accelerators [10]. However, plasma ac-29

celerators operate in a strongly beam-loaded regime for30

high efficiency, ideally generating non-varying longitudi-31

nal and transverse wakefields along the beam for quality32

preservation. The stable and quality preserving accelera-33

tion of witness beams therefore poses a crucial challenge34

in this strongly beam-loaded regime [11].35

The high beam densities associated to collider-relevant36

beam parameters (high energy, high charge, and low37

emittance) induce a space charge force which moves the38

background ions on the time scale of the beam dura-39

tion [12]. Ion motion has been identified as a potential40

source of emittance growth in plasma-based accelerators41

[12–14]; however it has been shown that this emittance42

growth may be mitigated via slice-by-slice matching the43

transverse beam phase space distribution to the nonlinear44

ion-motion-perturbed plasma wakefields [14]. Ion motion45

will be relevant in near-future experiments (e.g., [15]).46

In this Letter we show that ion motion can allow47

for stable and quality-preserving acceleration of witness48

beams in plasma-based accelerators. As we describe in49

this work, ion motion results in a head-to-tail variation in50

the focusing force provided by the background ions. Such51

a longitudinal variation results in a BNS-type damping of52

the hosing instability. We demonstrate this by deriving a53

theoretical model for the coupled evolution of the beam54

centroid and rms width along the beam with ion motion.55

This model is successfully compared to three-dimensional56

(3D) particle-in-cell (PIC) simulations with the quasi-57

static code HiPACE [16] for a case with non-relativistic58

ion motion. After confirming the validity of our model59

we demonstrate via PIC simulations that hosing is sup-60

pressed within a single betatron period for witness beams61

with collider-relevant beam parameters, which excite rel-62

ativistic ion motion. In addition, the preservation of the63

beam emittance can be realized through a slice-by-slice64

matching of the transverse beam distribution to the non-65

linear wakefields [14] while the small energy spread is66

preserved by use of a tailored beam current profile [17].67

In the following we consider a monoenergetic witness68

electron beam in the ion cavity driven by an intense laser69

or electron beam, i.e., in the nonlinear bubble [18] or70

blowout [19] regime. The witness beam may experience71

a constant accelerating gradient along the beam by shap-72

ing the longitudinal beam distribution [17]. The beam73

slices with centroid Xb = 〈x〉 are assumed to be Gaus-74

sian with an rms width of σ2
x =

〈
(x−Xb)

2
〉
, where 〈·〉75

represents the slice-dependent average with respect to the76

transverse phase space distribution. The slice-emittance77

is assumed constant on the betatron timescale. The cou-78

pled differential equations for the first and second order79

moments for each longitudinal bunch slice are80

d2Xb

dz2
= −kp

γ

〈Wx〉
E0

, (1a)81

d2σx
dz2

=
ε2x
γ2σ3

x

− kp 〈(x−Xb)Wx〉
E0γσx

, (1b)82

where Wx = Ex − By is the transverse wakefield acting83

on the beam electrons, εx = [
〈
x2
〉 〈
p2x
〉
− 〈xpx〉2]1/2/mc84

is the phase-space emittance for each slice, γ the Lorentz85

factor of the monoenergetic beam, kp = ωp/c =86

(4πn0e
2/mc2)1/2 the plasma wavenumber, and E0 =87

ωpmc/e the cold nonrelativistic wavebreaking field, with88

e and m the electronic charge and mass, respectively, c89

the speed of light, and n0 the ambient plasma electron90

density. For simplicity, the increase of beam energy is91

neglected here, which otherwise results in an adiabatic92

damping of Xb and σx. In the quasi-static approxima-93

tion, and assuming non-relativistic ion motion and beams94
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FIG. 1. Illustration of a wakefield Wx with hosing and
nonrelativistic ion motion. The zero-crossing of the homo-
geneous ion channel wakefield (dashed blue line) is shifted
by the plasma electron centroid Xp due to hosing. In addi-
tion, ion motion causes a nonlinearity of the wakefield [solid
blue line; see Eq. (2)]. Also depicted is a Gaussian distributed
beam slice (black curve) with centroid Xb, subject to the force
exerted by Wx.

short compared to the plasma ion wavelength, an expres-95

sion for the transverse wakefield is given by [14]96

Wx

E0
=
kp(x−Xp)

2
− Zi

m

Mi
k2p

∫ ζ

∞
dζ ′(ζ − ζ ′)Eb,x(ζ ′)

E0
,

(2)97

where ζ = z − ct is the longitudinal co-moving coordi-98

nate, Zi denotes the ionization level of the background99

ion species, Mi the ion mass, and Eb,x the beam trans-100

verse electric field. Here Xp is the centroid of the plasma101

wake [20, 21]. Figure 1 illustrates the relative centroids102

of a witness beam slice and the plasma wakefield. Ion103

motion causes a nonlinearity of the wakefield, which, in104

general, is shifted from the beam and plasma wake cen-105

troids.106

We consider a cylindrically-symmetric beam distribu-107

tion with a small slice-dependent centroid perturbation108

δXb = Xb − Xb0 with respect to the beam propagation109

axis Xb0 = Xb(ζ = ζ0) (ζ0 being the location of the bunch110

head),111

nb ' n∗b − δXb cos(θ)
∂n∗b
∂r

, (3)112

where n∗b(ζ, r) = Îb g‖(ζ) g⊥(ζ, r)/ec is the cylindrically-113

symmetric distribution with the peak beam current Îb,114

an arbitrary longitudinal profile g‖(ζ) ≤ 1, and a115

slice-dependent Gaussian transverse profile g⊥(ζ, r) =116

exp [−r2/2σ2
x(ζ)]/2πσ2

x(ζ), where r = [(x−Xb0)2+y2]1/2117

is the radius with respect to the beam propagation axis.118

The transverse electric field of the beam with a centroid119

perturbation is120

Eb,x ' cos(θ)E∗b,r−δXb

[
cos2(θ)

∂

∂r
+

sin2(θ)

r

]
E∗b,r, (4)121

where E∗r,b is the radial field induced by the relativistic122

cylindrically-symmetric Gaussian beam [14],123

E∗b,r(ζ, r)

E0
=

2Îb
IA

g‖(ζ)
exp

[
−r2/2σ2

x(ζ)
]
− 1

kpr
, (5)124

with the Alfvén current IA = mc3/e ' 17 kA. Combin-125

ing Eqs. (2)–(5) yields126

〈Wx〉
E0

' kp[Xb(ζ)−Xp(ζ)]

2

+ Zi
m

Mi

Îb
IA
kp

∫ ζ

∞
dζ ′ (ζ − ζ ′)g‖(ζ ′)

Xb(ζ)−Xb(ζ
′)

σ2
x(ζ) + σ2

x(ζ ′)

(6)127

and128

kp 〈(x−Xb)Wx〉
E0

' k2pσ
2
x(ζ)

2

+ Zi
m

Mi

Îb
IA
k2p

∫ ζ

∞
dζ ′ (ζ − ζ ′) g‖(ζ ′)

σ2
x(ζ)

σ2
x(ζ) + σ2

x(ζ ′)
.

(7)129

In Eqs. (6) and (7), terms O[δX2
b (ζ)] � O(σ2

x) and130

O[δXb(ζ)δXb(ζ
′)] � O(σ2

x) were neglected. Employing131

a model for the plasma wake centroid evolution along132

the beam, e.g., Refs. [20, 21], Eqs. (1a) and (1b), with133

Eqs. (6) and (7), form a closed set of equations for134

σx(ζ, z), Xb(ζ, z), and Xp(ζ, z).135

Note that for straight beams, Eq. (6) implies that 〈Wx〉136

is identical to kp(Xb − Xp)/2. However, if slices are137

misaligned with respect to the head of the beam, e.g.,138

owing to hosing, various slices experience differing av-139

erage wakefields. This head-to-tail variation in average140

wakefields can result in decoherence and suppression of141

the hosing (beam centroid) growth. Despite having the142

same effect of suppressing hosing through a head-to-tail143

decoherence, the above described mechanism is funda-144

mentally different to the mechanism in the regime of lin-145

ear plasma waves. In the linear regime, the decoherence146

is induced by a head-to-tail variation of the transverse147

wakefield and the decoherence length depends only on148

the length and position of a monoenergetic beam in the149

plasma wave [9]. As seen from Eq. (6) and as illustrated150

in Fig. 1, ion motion has the effect of perturbing the151

wakefield, forcing beam slices to follow the head of the152

beam, and thereby inducing a head-to-tail variation of153

the average wakefield. The strength of this effect de-154

pends on the relative displacement, rms size and current155

profile along the beam.156

To gain further insight on the physics of the system,
we consider the evaluation of Eqs. (1a), (1b), (6), and (7)
with a simple two-particle (or two-slice, head-tail) model
of the witness beam in the plasma wakefield: g‖(ζ) =
[δ(ζ−ζ0)+δ(ζ−ζ1)]Lb/2 where Lb = |ζ0−ζ1| is the length
of the two-particle beam and ζ0 and ζ1 are the positions of
the head and tail particles, respectively. The head parti-
cle oscillates according to Xb0(z) = X̂b,0 cos(kβ0z), where
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X̂b,0 is the initial offset of the particles and the betatron
wavenumber of the head particle is kβ0 = kp/

√
2γ. The

transverse size of the beam head is matched to the homo-
geneous ion channel, such that σ2

x0 = εxk
−1
p

√
2/γ. The

tail particle is assumed to be matched to the perturbed
wakefield. The equilibrium solution of Eq. (1b) yields a
matched rms size of σ2

x1 ' σ2
x0(1−Λ/4) for Λ� 1, where

Λ = Zi(m/Mi)(Îb/IA)(L2
b/σ

2
x0) is a parameter that char-

acterizes the amplitude of the ion motion perturbation.
For σx1 = const, the analytic solution of the centroid of
the trailing particle using Eqs. (1a) and (6) is

Xb1

X̂b,0

' cos(kβ1z) + α [cos(kβ1z)− cos(kβ0z)] , (8)

where k2β1 ' k2β0[1 + Λ/2] and α = −2Iζ/Λ, for157

Λ � 1. Here Iζ = Xp(ζ1)/Xb0 is a blowout-geometry-158

dependent constant, e.g., for the adiabatically gener-159

ated blowout with non-relativistic electron sheath, con-160

sidered in Ref. [6], Iζ = 1 − cos(kpLb/
√

2). The161

difference of the betatron wavenumbers in Eq. (8) is162

∆kβ = kβ1 − kβ0 ' kβ0Λ/4, such that the decoher-163

ence length is kβ0Ld ' 4π/Λ for Λ � 1. For a Hy-164

drogen plasma with density n0 = 1017cm−3, Λ ' 6.0 ×165

10−5Îb(kA)[Lb(µm)]2[E(GeV)]1/2[εx(µm)]−1. For exam-166

ple, a beam with εx = 1.0 µm, a current of Îb = 17 kA,167

a length of Lb = 20 µm, and an energy of E = 1 GeV168

yields Λ ' 0.36, such that a full head-to-tail decoherence169

is reached after a distance of kβ0Ld = 34.9, or, equiva-170

lently, after ∼ 6 betatron periods.171

We validated the proposed model by comparing its pre-172

dictions with results from 3D PIC simulations performed173

with the quasi-static code HiPACE [16]. We consider a174

witness beam with the parameters above, causing nonrel-175

ativistic ion motion (Λ ' 0.36). The beam has a flat-top176

current profile with Îb/IA = 1.0, a length kpLb = 1.2,177

energy of γ = 1000, and emittance kpεx = 0.07 such that178

σx0 = (εx/kp)
1/2(2/γ)1/4 = 0.047 k−1p = 0.79 µm in the179

blowout wake with background density n0 = 1017 cm−3.180

The blowout wake is generated by an electron drive beam181

with ndb/n0 = 4.0, σx = σy = 0.8 k−1p , and σz =
√

2 k−1p182

in a Hydrogen plasma. The witness beam current pro-183

file starts at a distance of 5 k−1p behind the center of184

the drive beam. To isolate the effect of the ion mo-185

tion on hosing, and for an easier comparison with the-186

ory, the witness beam was initialized monoenergetic and187

its energy was kept constant in the PIC simulation in188

this case. Initially, the witness beam is misaligned by189

X̂b,0 = 0.1σx0 from the drive beam propagation axis.190

In the PIC simulations, we use a box with dimensions191

16×16×11.5 k−3p , and cell size 0.031×0.031×0.02 k−3p .192

In the witness beam region we employ a refined mesh193

with a resolution of ∆x = ∆y = 1.1 × 10−3 k−1p and194

∆ζ = 6.4× 10−3 k−1p . The witness beam consists of 107195

numerical particles. The plasma electrons are rendered196

with 4 numerical particles per cell (p.p.c.) in the cen-197

ter and 1 p.p.c. close to the transverse computational198
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FIG. 2. Beam tail centroid displacement predicted by the
model presented in this Letter (dashed lines) and by 3D PIC
simulations (solid lines), with and without ion motion. Ion
motion suppresses hosing and the suppression occurs over the
decoherence length kβ0Ld = 34.9, approximately after ∼ 6
betatron periods for the parameters considered, as predicted
by the two-particle model.

box boundaries. The plasma ions are sampled with 9199

p.p.c. in the center and no particles (assuming a static200

ion background) close to the transverse computational201

box boundaries. The quasi-static time step is 5 ω−1p , and202

a 10-fold sub-cycling is used to push the witness beam203

particles. PIC modeling results were compared with nu-204

merical solutions of Eqs. (1a) and (1b), with Eqs. (6) and205

(7), where the model presented in Ref. [21] was used to206

describe the plasma wake centroid Xp. Figure 2 shows207

the displacement of the witness beam tail centroid versus208

propagation distance kβ0z, with and without ion motion209

as predicted by the model and obtained in PIC simula-210

tions. We see that ion motion suppresses the growth of211

the centroid displacement. The suppression occurs over a212

decoherence length, approximately ∼ 6 betatron periods,213

as predicted by the simple two-particle model.214215

For collider-relevant witness beam parameters (i.e.,216

high energy, high charge, and low emittance), the mo-217

tion of the ions may be relativistic, i.e., Λ � 1. In this218

regime ion motion in a plasma-based accelerator will also219

suppress the hosing. To demonstrate this, we consider a220

PIC simulation of a beam with an initial energy of 25221

GeV (γ0 = 49000) and an emittance εx = 0.26 µm, in a222

blowout wake (the background plasma is Hydrogen with223

n0 = 1017 cm−3) such that the linearly matched rms224

size, i.e. the matched beam size assuming a homogeneous225

ion channel, is σx0 = (εx/kp)
1/2(2/γ0)1/4 = 0.01 k−1p =226

0.17 µm. The beam has a length of Lb = 2.0 k−1p =227

33.6 µm, and a trapezoidal current profile ranging from228

27 kA at the head to 17 kA at the tail such that the229

blowout wake is optimally loaded, generating a constant230

longitudinal electric field along the beam, so that the en-231

ergy spread (initially zero) remains small (< 0.1%) dur-232

ing acceleration. The blowout wake is generated by a par-233

ticle drive beam with ndb/n0 = 4.0, σx = σy = 0.8 k−1p ,234
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and σz =
√

2 k−1p in a Hydrogen plasma. The witness235

beam current profile starts at a distance of 5 k−1p behind236

the center of the drive beam. Initially, the witness beam237

is misaligned by X̂b,0 = σx0 from the drive beam propa-238

gation axis. For the above parameters Λ ∼ 35, so that in239

this regime we expect ion motion to suppress the beam240

centroid growth within a single betatron period.241

In the PIC simulations, we use a box with dimensions242

16×16×11.5 k−3p , and cell size 0.031×0.031×0.02 k−3p .243

In the witness beam region we employ a refined mesh244

with resolution ∆x = ∆y = 5.9 × 10−4 k−1p and ∆ζ =245

6.4×10−3 k−1p . The witness beam consists of 107 numer-246

ical particles. The plasma electrons are sampled with247

4 p.p.c. in the center and 1 p.p.c. close to the trans-248

verse computational box boundaries. The plasma ions249

are sampled with 9 p.p.c. in the center and no particles250

(assuming a static ion background) close to the transverse251

box boundaries. The quasi-static time step is ≥ 15 ω−1p ,252

where a dynamic time-step adjustment and a 10-fold sub-253

cycling to push the witness beam particles is used.254

Figure 3 (top) shows the growth the centroid displace-255

ment observed in the PIC simulation at the tail of the256

witness beam versus propagation distance kβ,0z, where257

kβ,0 = kp(2γ0)−1/2 is the initial betatron wavenumber.258

Shown are the results from a simulation neglecting ion259

motion (gray dashed curve) and from two simulations260

with ion motion for different transverse beam distribu-261

tions (red dashed curve and green curve). It can be ob-262

served that hosing is suppressed in the cases with ion263

motion while, neglecting ion motion, hosing results in an264

amplification of the beam centroid.265

As shown in Fig. 3 (bottom), hosing leads to a contin-266

ual growth of the projected transverse emittance owing to267

the increasingly misaligned slices along the beam for the268

case where ion motion is neglected (gray dashed curve).269

A beam which is conventionally (linearly) matched,270

i.e. assuming a homogeneous ion channel and injecting271

at the respective beta function of k−1β = k−1p (2γ)1/2 (the272

rms size is thereby constant along the beam), also un-273

dergoes an emittance deterioration as shown by the red274

dashed curve in Fig. 3 (bottom). Since hosing is sup-275

pressed and since the ion motion is symmetric w.r.t. the276

symmetry axis of the beam, the mechanism of emit-277

tance growth is solely due to the ion-motion-induced278

nonlinearity of the transverse wakefields, discussed in279

Refs. [12–14]. The beam emittance grows over the first280

few betatron periods owing to a betatron phase deco-281

herence and saturates as soon as the beam distribu-282

tion is matched to the nonlinear fields owing to com-283

plete phase mixing (red dashed curve for kβ,0z & 5).284

However, emittance growth can be completely eliminated285

by using a witness beam with a transverse phase-space286

distribution that is, slice-by-slice, nonlinearly matched287

to the ion-motion-perturbed transverse wakefields (green288

curve). The transverse phase space distribution of such289

nonlinearly matched beams is slice-by-slice an equilib-290
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FIG. 3. Top: Comparison of the centroid amplitude at the
tail of a witness beam, computed using 3D PIC simulations,
for a linearly matched beam (red dashed) and a nonlinearly
matched beam (green solid). As a comparison, a simulation
result neglecting ion motion effects is shown (gray dashed).
Bottom: Respective evolution of the projected beam emit-
tance for the three cases.

rium solution of the Vlasov equation for the respective291

ion-motion-perturbed wakefield, as described in detail in292

Ref. [14]. Such slice-by-slice matched distributions can293

be generated adiabatically from linearly-matched distri-294

butions during the acceleration in the plasma without295

significant emittance deterioration [22]. Hence, ion mo-296

tion suppresses the hose instability, and a proper slice-297

by-slice transverse matching also ensures the emittance298

preservation in the ion-motion perturbed wakefields.299

In this Letter, we have demonstrated that the ion mo-300

tion induced by a witness electron beam in the nonlin-301

ear blowout wake of an intense driver (laser or parti-302

cle beam) will suppress the hosing instability owing to303

the ion-motion-induced head-to-tail variation in the fo-304

cusing force. A model was developed to describe the305

beam motion (beam centroid and spot size evolution) in306

the plasma wakefield including the influence of ion mo-307

tion. This model was compared to PIC simulations in308

the regime of validity, and good agreement was found.309

Suppression of the hosing instability occurred over a de-310

coherence length. For collider-relevant beam parame-311

ters (high energy, high charge, and low emittance) the312

ion motion is relativistic and hosing suppression occurs313

within one betatron period. By using a witness beam314

with a transverse phase-space distribution that is slice-315

by-slice matched to the ion-motion-perturbed wakefield,316

emittance growth from both hosing and ion motion may317
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be eliminated. If the bunch current distribution is also318

shaped to beam load the longitudinal wake such that a319

constant accelerating gradient is achieved, energy spread320

growth will also be minimized. Hence, by proper beam321

shaping, ion motion may be employed to provide stable322

and quality-preserving plasma-based acceleration of elec-323

tron beams.324
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